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The electron drift velocity and electron average energy for low-energy electrons in binary gas mixtures of 
Ar-COz, Ar-Ne, Ar-H», and Ar-CO are determined using two theoretical methods of approach: (1) a “distri 


bution function,” or “Boltzmann equation” approach; and (2 


an “average electron’? approach. The results 


of the two theoretical methods of approach are compared and discussed 


I. INTRODUCTION 
. I ‘HE study of the behavior of low-energy electrons 
it 


1 gas mixtures under the influence of a de 
electric field is a quite recent one. By and large, the 
research conducted in this field has been of an experi- 
mental nature. The scanty amount of theoretical work 
which has appeared in the literature makes use of the 
“average electron” model.! In a recent article the author 
has presented a method of describing electron behavior 
in gas mixtures based on a solution of the Boltzmann 
equation.” In that article, theoretically derived drift 
velocity vs /:/p curves for electrons in argon and in 
Ar-COz and Ar-N» mixtures were compared to corre- 
sponding experimental data. The results of this com- 
parison appear to confirm the validity of the theoretical 
approach. In the present paper the results of the Boltz- 
mann equation theory, or distribution function theory, 
are compared to those of the average electron theory 
for electron behavior in gas mixtures of Ar-COv, 
Ar-No, Ar-He, and Ar-CO. The electron drift velocity 
and the electron average energy as functions of /, p are 
plotted for these gases. The two iheoretical methods of 
approach yield results which are in good general 
agreement. Discrepancies between the two theories can 
be attributed to the assumptions made in deriving the 
average electron theory. 


* This work was conducted in part at Princeton University, 
Princeton, New Jersey, and supported in part by RCA Labora 
tories, Princeton, New Jersey. 

' For example, W. H. English and G. C 
31, 768 (1953). 

7M. A. Uman and G. Warfield, Phys. Rev. 120, 1542 


Hanna, Can. J. Phys 


1960 


II. “AVERAGE ELECTRON” THEORY 


The most expedient method of analysis of the be- 
havior of low-energy electrons in gas mixtures is the 
electron” method. As the name 
implies, this model assumes that all electrons are 
endowed with the properties of one suitably chosen 
“average” electron. The effects of the electron velocity 
distribution are ignored, with the exception that average 


so-called ‘“‘average 


values of speed can be related to mean squared speed 
by making use of an assumed distribution function. 
Townsend* has shown that, assuming a Maxwell- 
Boltzmann distribution, the equations describing the 
behavior of an average electron in a single gas are 
0.407Fe, (1) 
ve=0.815Ke/.Vmze, (2) 


the fractional electron 
energy loss per collision, c the mean speed, F the 


where v is the drift velo ity, F 


electric field, .V the gas particle density, e the electronic 
charge, m the electron mass, and a the gas cross section. 
The cross section is related to the mean free path by 
A\=1/No. 

The extension of Eq. (1) and Eq. (2) to the binary 
involves the determination of an effective 
F and an effective .V for the binary gas mixture. The 
average fractional electron energy loss per collision for 
the mixture, fy, is the weighted average of the frac- 
tional energy losses to each of the two constituent gases 
of the gas mixture. The probability of an electron 


gas case 


J. S. Townsend, Electrons in Gases 


t Hutchinson and Company, 
Ltd., London, 1947), p. 50 
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Fic. 1. Molecular hydrogen cross-section vs energy. 


colliding with one of the constituent gases, say gas A, 
is proportional to the product of the density of gas A, 
Na, and the collision cross section of gas A, o4. For a 
binary mixture, then, the average fractional energy 
loss per collision is 

Py=(NacaF tN ponF p)/(Naoat+N zon). 
Similarly, the total collision cross section becomes 


(No) m= NacatNaon. 


(3) 


(4) 
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Fic. 2. Molecular hydrogen energy absorption 
coefficient vs energy. 
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Fic. 3. Carbon monoxide cross section vs energy. 


After substitution of Eq. (3) and Eq. (4) into Eq. (1) 
and Eq. (2), respectively, the basic equations for the 
determination of the behavior of electrons in gas 
mixtures become 


(5) 


N 10AF 4 +N zo BF B 
*=0.407| — women 


N iwatNaor 


ek 1 
vc=0.815- (— — ). 
m\Naoat Neon 


To obtain the relationship between », ¢€ (electron 
energy), and E/p, Eq. (5) and Eq. (6) must be solved 
simultaneously using c as a parameter. 
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Fic. 4. Carbon monoxide energy absorption 
coefficient vs energy. 
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Fic. 5. Drift velocity vs E/p in Ar-COs. 


III. “BOLTZMANN EQUATION” THEORY 

The ‘average electron” model is very useful for 
obtaining a qualitative picture of the behavior of 
electrons in binary gas mixtures. It is inaccurate in that 
it cannot adequately take account of the effects of 
the electron energy distribution. In a previous paper 
by the author? a more sophisticated mathematical 
theory, based on the existence of the electron distri- 
bution, was developed. The derivation involves a 
solution of the Boltzmann equation for an electron 
phase space distribution function of the form 


fle)= fold) +[e2/c] filo), (7) 


from which the electron drift velocity and electron 
average energy are calculated : 


1/2\' 7” x 

OL foa/fom 
3\m 0 0 

i= f jade / J ‘fd. (9) 
0 0 


It is found that 
fo=G expl— (6m/M)(N/E)? 

X (Ab+Bei+Cé+De)]}, (10) 
f:= (6m/M)(N/E)[Hé+Lé+Je]fo, (11) 


where A, B, C, D, H, L, and J are functions of the gas 
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Fic, 6. Average energy vs /:/p in Ar-COs, 
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Fic. 7. Drift velocity vs E/p in Ar-Ne 


parameters and percentage mixture, G is the normali- 
zation constant, and N is the gas density of the majority 
constituent.” 


IV. RESULTS AND DISCUSSION 


In this section the behavior of low-energy electrons 
in gas mixtures of Ar-CO»s, Ar-No, Ar-H», and Ar-CO is 
investigated using the two theoretical methods of 
approach. The electron drift velocity and the electron 
average energy as predicted by the “average electron” 
theory and by the “Boltzmann equation” theory are 
compared. All theoretical computations were performed 
on an IBM 650 digital computer using straight-line 
approximations to the experimental cross section and 
to the experimental energy absorption coefficient, 
b=Fp/F 4. 

The cross sections for argon, carbon dioxide, and 
molecular nitrogen and the energy absorption coeffi- 
cients for carbon dioxide and molecular nitrogen have 
been presented previously.? The straight line approxi- 
mations to the molecular hydrogen cross section and 
energy absorption coefficient plotted in Figs. 1 and 2 
are based on the data of Brown‘ and of Healey and 
Reed,® respectively. The straight-line approximations 
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Fic. 8. Average energy vs £/p in Ar-No. 


4S. C. Brown, Basic Data of Plasma Physics 
‘ambridge, Massachusetts, 1959), p. 5 
R. H. Healey and J. W. Reed, The Behavior of Slow Electrons 


in Gases (Amalgamated Wireless, Ltd., Sydney, Australia, 1941) 
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Fic. 9. Drift velocity vs E/p in Ar-He. 


to the carbon monoxide cross section and energy 
absorption coefficient plotted in Figs. 3 and 4 are based 
on the data of Normand® and of Healey and Reed,* 
respectively. It should be noted that the argon atoms 
suffer only elastic collisions with the electrons for the 
range of electron energy under study. 

The drift velocity curves for electrons in Ar-COs, 
Ar-Ne, Ar-He, and Ar-CO are shown in Figs. 5, 7, 9, and 
11, respectively. The average energy curves for electrons 
in the above gas mixtures are shown in Figs. 6, 8, 10, 
and 12, respectively. 

In comparing the results of the distribution function 
theory with the average electron theory, two general 
discrepancies are apparent: (1) For a given E/p, the 
average electron theory in almost all cases predicts 
a larger value of electron drift velocity and average 
energy than does the distribution function theory. (2) 
The average electron theory predicts sharper peaks and 
in general more drastic variation in the drift velocity 
and average energy curves than does the distribution 
function theory. 
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Fic. 10. Average energy vs E/p in Ar-He 


$C. E. Normand, Phys. Rev. 35, 1217 (1930). 
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Fic. 11. Drift velocity vs £/p in Ar-CO. 


The reasons for these discrepancies can be attributed 
to the simplifying assumptions used in deriving the 
average electron theory : (1) The average electron theory 
assumes that the electrons are distributed in a Max- 
wellian fashion, exp[— (€/R7’) ], about the mean energy. 
This assumption is used in relating the mean speed to 
the mean square speed to compute the constants in 
Eq. (1) and Eq. (2). The distribution function theory 
shows that the actual distribution function decreases 
much more rapidly than exp[—(e/k7) ]; in fact, as 
rapidly as exp[—(e/kT)*°]. Thus the electrons are 
forced to remain at a lower average energy for a given 
E/p than would be the case were the distribution 
Maxwellian. It should be noted that, according to the 
distribution function theory, the electrons are forced 
to remain at a lower average energy for a given Fp 
than would be the case were the distribution any 
function of the form exp[—(e/k7)"], where n<4, 
the minimum power [Eq. (10), 4=0] of the distri- 
bution function theory. The average electron theory- 
distribution function theory comparison will give similar 
results no matter what distribution is used to determine 
the constants in Eq. (1) and Eq. (2) as long as n<4. 
Physically, the rapid distribution function dropoff with 
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TWO THEORETICAL 
increasing energy is caused in part by the increase in the 
argon cross section with energy. The larger the cross 
section, the smaller is the number of electrons which 
can be sustained at that cross section if a steady state is 
to exist. The distribution function dropoff is also 
influenced by the increase in the energy absorption 
coefficients with energy, causing higher-energy electrons 
to be scattered back to lower energies. (2) The average 
electron theory assumes that all electrons behave like 
one suitably chosen “average” electron. Thus the effect 
of an abrupt change in the cross-section or energy 
absorption coefficient with energy is to change abruptly 
the behavior of all electrons as they increase in energy 
through the change region. Since, in the distribution 
function theory, the electrons are spread out in energy, 
only a fraction of them experiences any abrupt change 
in cross section or energy absorption as E/p is in- 
creased. Therefore, the distribution function theory 
tends to smooth out the »—F/p and é—F/p curves 
from any abrupt variation which the average electron 
theory may predict. 
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The distribution function theory and the average 
electron theory yield results which are in good general 
agreement. In particular, there is good correspondence 
between the magnitudes and the curve forms derived 
from the two theoretical approaches. If a distribution 
function which decreases more rapidly with energy than 
the Maxwellian is used in the derivation of the average 
electron theory, the two theoretical methods of approach 
will be in even closer agreement, although the peaking 
effects of the average electron theory will still exist. The 
peaking effects can be diminished slightly by increasing 
the accuracy of the cross-section and energy absorption 
coefficient approximations; but the improvement is 
minimal. 
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Experimental results about diffusion of Ne, HT, and Dz in liquid He are reported and analyzed with the 
corresponding states principle. The features of the quantum deviations are indicated. 


INTRODUCTION 


RANSPORT properties for classical liquids (such 
as argon, krypton, etc.) have recently been the 
object of a number of investigations and some promising 
pictures of the phenomena have been derived.' However, 
in the case of quantum liquids (such as neon, hydrogen, 
etc.) not so much has been done to understand the 
nature of quantum deviations. For the time being, 
probably the first thing to do is to develop some kind 
of semiphenomenological analysis (such as correspond- 
ing states theories which are quite general and simple), 
and it is therefore necessary to have many experi- 
mental data. Since very little experimental work has 
been done? in the case of the diffusion coefficient, we 
have investigated the diffusion of various tracers in 
liquid hydrogen. We report here the results obtained for 
the diffusion of neon, HT, and deuterium in liquid 
hydrogen, as a function of temperature between 15° 
and 20°K at constant pressure. 
These substances are of particular interest, as they 
have nearly the same parameters for the intermolecular 
potential (for example, the Lennard-Jones 6-12 poten- 


TABLE I. Experimental results for Ne-He diffusion. 


Run Length L 
No. (cm) 


2.23+0.03 
2.23+0.05 
2.23+0.05 
2.23+0.05 
2.23+0.05 
2.45+0.05 
2.60+0.05 
2.60+0.05 
2.60+0.05 


Time # Temperature D 
(sec) (°K) (10-5 cm?/sec) 


3.600 5.8520.60 
7.200 6.34+0.40 
11.340 5.91+0.3 
7.200 4.82+0.35 
9.000 5.20+0.30 
10.800 4.45+0.10 
7.380 4.40+0.40 
9.120 15.54+0.03  3.42+0.40 
7.200 15.46+0.03  3.43+0.40 





20.25+0.05 
20.25+0.05 
20.25+0.05 
18.52+0.03 
18.52+0.03 
16.70+0.03 
16.55+0.03 


SNDOU Sewn 


~ 


* Now at: Consiglio Nazionale delle Ricerche, Istituto di 
Metrologia, Sezione Termometrica, Torino, Italy. 

1 See, for review: F. C. Collins and H. Raffael, Advances Chem. 
Phys. 1, 135, (1958); S. A. Rice and H. L. Frisch, Ann. Rev. Phys. 
Chem. 11, 187 (1960). 

2G. Careri, J. Reuss, and J. M. Beenakker, Nuovo cimento 13, 
148 (1959) 

3R. L. Garwin and H. A. Reich, Phys. Rev. 115, 1478 (1959). 

*W. P. A. Hass, G. Seidel, and N. J. Poulis, Physica 26, 834 
(1960). 


tial) and therefore they behave in first approximation 
as isotopes with very great mass differences. Further- 
more, a comparison between the results of HT and Dz 
gives information about the effect, on the diffusion 
process, of the asymmetry in the center-of-mass system 
of the diffusing molecule. 


EXPERIMENTAL DETAILS AND RESULTS 


The experimental technique has been fully described 
in previous papers.*~7 Slight modifications have been 
made, since at these temperatures thermal inputs are 
more severe. Our apparatus consists essentially of a 
capillary (0.04-cm diam and various lengths) in contact 
with an infinite bath. The capillary is filled with pure 
hydrogen, and the bath with hydrogen mixed with the 
substance which has to diffuse. The diffusion of the 
tracer into the capillary is allowed to proceed for a 
certain time. 

It is possible to calculate the diffusion coefficient 
from the well-known equation® using the tracer con- 
centration of the mixture in the bath, the average tracer 
concentration in the capillary after diffusion, and the 
time of diffusion. 

The tracer concentration in the bath has been kept 
very low in all runs, so we are in the case in which it 
seems that no effect of the concentration upon diffusion 


TABLE II. Experimental results for HT-He diffusion. 


Run _ Length L 
No. (cm) 


1 2.23+0.05 
2 2.20+0.05 
3 2.45+0.05 
4 
k. | 


Time? Temperature D 
(sec) (°K) (10-5 cm?/sec) 
5.400 
14.820 
8.100 
9,000 
9.000 


5.00+0.10 
5.58+0.20 
4.17+0.20 
2.67+0.10 
3.50+0.05 


20.25+0.05 
20.25+0.05 
18.50+0.03 
15.04+0.03 
16.55+0.03 


2.45+0.05 
2.45+0.05 


6G. Cini-Castagnoli, G. Pizzella, and F. P. Ricci, Nuovo 
cimento 10, 300 (1958) 

6G. Cini-Castagnoli and F. P. 
(1960). 

7G. Cini-Castagnoli and F P 


(1960) 


Ricci, J. Chem. Phys. 32, 19 


Ricci, Nuovo cimento 15, 795 
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DIFFUSION OF Ne, HT, 
is present.’ (We have 1% for deuterium and neon, and 
10-"% for HT.) 

In each run the diffusion took place under constant 
pressure of 1.5 atm. The low temperature of the experi- 
ment was provided by putting the diffusion chamber 
in a liquid hydrogen bath boiling under constant 
pressure. 

The concentration analyses of neon or deuterium in 
hydrogen were performed with an_Italelettronica 
SP21Fx/3 sector analyzer mass spectrometer,’ and 
those of HT in hydrogen with a system of internal gas 
Geiger-Miiller counters." Each analysis was repeated at 
least three times. 

The experimental results are listed in Tables I-III. 
The errors in the temperatures are given by the fluctua- 
tions of the controlled pressure of the hydrogen bath. 
The errors in D are determined, taking into account 
the errors due to the concentration measurements and 
to the length of the capillary.® 

The reproducibility of experimental data is within 
experimental error, except for one point of HT at the 
highest temperature. We believe that this could be due 
to turbulence occurring for a short period of time during 
run No. 2. 

Turbulence might very well happen at 20.25°K, be- 
cause the bath is freely boiling at atmospheric pressure 
and so the temperature is not under differential oil 
manometer control. But for completeness in Tables 
I, II, and III, we report all the experimental runs per- 
formed, including the somewhat suspect point discussed 
above. Incidently we want to stress that we have 
searched many times>~’ for systematic errors in our 
technique by changing the various experimental fea- 
tures such as the capillary length or the time of diffusion. 
We have never found any systematic dependence on 
these variables. 

In Fig. 1 the experimental data of the present in- 
vestigation are shown together with those previously 
obtained by Careri ef al.,? for diffusion of deuterium in 
liquid hydrogen, which agree satisfactorily with our 
point at a higher temperature. 

The experimental results can be represented by the 


Taste IIL. Experimental results for Dz2—H2 diffusion. 


Time ¢ 


Run Length L 


Temperature D 


No. (cm) (°K) (10-5 cm?/sec) 


4.95+0.10 
4.60+0.20 


20.25+0.05 
20.252-0.05 


1 2.23+0.05 
2 2.23+0.05 


10.980 
5.280 


8 G. Cini-Castagnoli, F. Dupré, and F. P. Ricci, Nuovo cimento 
13, 464 (1959). 

® A. Giardini-Guidoni and G. G. Volpi, Nuovo cimento 17, 919 
(1960). 

” G, Cini-Castagnoli, A. 
cimento 13, 916 (1959). 
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IN LIQUID 


Fic. 1. Diffusion coefficient as a function of temperature. 


following equations: 
D(Ne— He) = 36e-**/7 & 10-* cm?/sec, 


D(HT—H:)= D(D2— He) 
= 30.5e-*¢/T 10-5 cm?/sec. (2) 


(1) 


DISCUSSION 


As pointed out previously, a very powerful method 
to investigate the aspects of the quantum deviations in 
the liquid state is that of the corresponding state prin- 
ciple, as already shown in the case of equilibrium proper- 
ties." Strictly speaking it is correct to apply the corre- 
sponding state principle only to the rare gases, but it 
is possible to verify that it holds with quite good ap- 
proximation (~10%) also for some simple diatomic 
molecules." 

So we think it useful to treat our experimental data 
according to this scheme. In this case, the experimental 
relationship D=D(T) must be transformed into 
D*= D*(T*), where D* and 7* are dimensionless 
quantities and therefore independent of the substance 
with which we are dealing. 

In the case of self-diffusion, just by means of dimen- 
sional analysis one derives! 


D* = D(1/c)(m/e)', (3) 


and 
T*=kT/e. 


In the case of isotopic diffusion (i.e., when the sub- 
stances involved have the same intermolecular force 
parameters), using the previous reduced expressions, 
the only ambiguity could arise in Eq. (3) from the dif- 
ference between the masses of the tracers and the atoms 
of the solvent liquid. 

However, from the analysis of diffusion in classical 
liquids one clearly derives that the mass appearing in 
Eq. (3) (in the case of binary diffusion) is the reduced 
mass m,;= 2m m;/(m;-+-m;). Therefore in our cases Eq. 

"J. de Boer, Physica 14, 139 (1948). 


2G. Cini-Castagnoli, G. Pizzella, and F. P. 
cimento 11, 466 (1959). 


Ricci, Nuovo 
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Fic. 2. D* versus 1/T7T*. 


(3) can be written as 
D* = D(1/c)(mj;/€)}. (5) 


In Fig. 2, D* vs 1/7* is shown for our data (Ne— Hz, 
D.—H2, HT—H:) and for a perfect classical liquid 
(i.e., argon). 

If quantum effects were not present, all the systems 
would behave in the same way as the perfect classical 
liquid. 

The essential features of the quantum effects in the 
diffusion process can be summarized as follows (see 
Fig. 2): 


(a) The diffusivity increases strongly going from dif- 
fusions in liquid argon to those in liquid hydrogen, and 
at the same time the temperature dependence decreases. 

(b) Considering the diffusion of various tracers in 
liquid hydrogen, one notices that the diffusivity of 
neon is higher than that of deuterium. The temperature 
dependence seems to be the same for both the tracers. 

(c) HT and Dz behave in the same way, within the 
experimental errors. It seems, therefore, that the dif- 
fusion process is not appreciably affected by the internal 
configuration of the molecules. [In vapor pressure 
measurements" a small effect (8%) was detected and 
ascribed to the different mass configuration. ] 


With respect to point (a) one could say that both 
the effects are due to the more relaxed structure of the 
quantum liquids. 

It is interesting to see that the viscosity shows this 

3 The experimental values of D refer to diffusion under constant 
pressure. The value of the reduced pressure p* = p(o?/e) is almost 
the same; moreover, the value of (0D/0~)r-—coust seems to be small 
[See H. Watts, B. J. Alder, and J. H. Hildebrand, J. Chem. Phys. 


23, 659 (1955) ], and anyway this effect would tend to increase the 


absolute value of the deviations. For the values of « and a see 


reference 11. 
4 A, Bellemans, Suppl. Nuovo cimento 9, 181 (1958). 
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Fic. 3. n* versus 1/7*. 


same behavior of the diffusion coefficient. This is il- 
lustrated in Fig. 3 where n*=n[o?/(me)'] is reported 
as a function of 1/7* for argon, deuterium, hydrogen, 
and helium.'>'8 

Point (b) has no simple explanation. The effect, how- 
ever, is clearly outside the experimental error. One 
could object that this is not a quantum effect but that 
it is due to the biatomicity of deuterium compared with 
the monatomicity of neon. We do not believe that this 
fact could account for this discrepancy as large as 30%. 
In fact, with regard to equilibrium properties,'! we can 
see that in the liquid state the hydrogen isotopes fit 
well on the curve drawn for the monatomic substances, 
and furthermore the same thing happens if we consider 
the reduced viscosity at the same reduced temperature 
as a function of the quantum parameter. 

We would like to mention one more thing: As pointed 
out, for each tracer it is possible to fit the experimental 
data with an Arrhenius law in which the activation en- 
ergy of the diffusion process seems to be independent of 
the tracer. This is quite similar to what is found in the 
case of classical liquids.’ (See work cited in reference 13.) 

So it seems that the basic mechanism of the diffusion 
process in quantum liquids (at least up to hydrogen) 
could remain the same as in classical liquids.’ This is 
in agreement with two considerations based on the 
viscosity results: first, London’s suggestion’® that the 
classical liquid-like behavior is only a matter of density ; 
and second, considering the results on the viscosity of 
argon and nitrogen” at various densities, one finds that 
in the transport processes the liquid-like behavior is 
retained until p22 ., where p, is the critical density 
(in our case p= 2.3p,). 
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The magnetic moment and the differential magnetic suscep 
tibility of two spherical samples of tin and tantalum have been 
measured as a function of magnetic field and temperature. The 
differential paramagnetic effect (DPE) is observed in both ac and 
de mutual inductance measurements provided the sample exhibits 
a good Meissner effect. For a superconducting sample in which the 
infinite conductivity behavior dominates the Meissner effect, the 
DPE does not appear in the ac measurements but does, under 
certain conditions, show up in dc measurements. The results of 
the dc mutual inductance measurements are used to classify the 
DPE as reproducible or nonreproducible. The former is charac 


INTRODUCTION 


IRECT current mutual inductance techniques! 
have been widely employed to study the magnetic 
properties of superconductors at temperatures below 
1°K. Daunt and Heer’ used such a method to determine 
the critical magnetic fields of Al and Zn. Chips of Al or 
Zn were imbedded in the paramagnetic salt ‘“‘pill” used 
to cool the specimens. to temperatures below 1°K. 
Critical magnetic fields were determined by observing 
the differential magnetic susceptibility of the composite 
sample, i.e., metal chips plus salt, as it warmed in the 
presence of an externally produced magnetic field. The 
differential susceptibility is defined here as (AM /AH)1x,. 
AM is the change in magnetic moment accompanying 
the application or removal of a small incremental mag- 
netic field AH. AH is longitudinal to the larger applied 
magnetic field 7,, which is maintained constant. These 
particular warmups displayed a new feature. They indi- 
cated that the metal samples, when in an applied mag- 
netic field less than critical, exhibited, over a finite 
range of temperature, an “excessive paramagnetism.” 
Daunt and Heer attributed this region of “excessive 
paramagnetism” to the presence of multiply-connected 
superconducting regions. Steele* pointed out that this 
effect should also occur for singly-connected super- 
conductors as it is due to the fact that in the inter- 
mediate state AM/AH is positive.‘ We refer to this 
phenomenon of ‘excessive paramagnetism” as the 
differential paramagnetic effect and denote it as the 
DPE. For this effect to be observed, the external mag- 
netic field must have a measurable component longi- 
tudinal to the axis of the secondary coils.° 
For the purpose of establishing that a given material 
is a superconductor, the results of magnetic measure- 
Roy. Soc. (London) A151, 
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teristic of ideal Meissner-type superconductors while the latter is 
more characteristic of superconductors whose macroscopic mag- 
netic properties are dominated by the classical infinite electrical 
conductivity behavior. The superconducting-to-normal transitions 
obtained by the three techniques are compared and the data dis- 
cussed in view of (a) occurrence of the DPE; (b) magnitude of 
the DPE; (c) ability of these data to give information about the 
volume participation of the sample; and (d) relation of the 
“characteristic magnetic fields’? determined by these transitions 
and the bulk critical field of the sample. 


ments are felt to be more trustworthy that are those of 
direct electrical resistance measurements.® This feeling 
has led to the relatively wide use of ac and dc mutual 
inductance methods to study the magnetic properties 
of superconductors. The belief that the observed dia- 
magnetism is a property of the sample as a whole, and 
is not the result of some superconducting impurity, is 
often conveyed through statements to the effect that 
100°) superconductivity was observed or that the entire 
volume was superconducting. These statements, when 
based only on the observation of the correct magnitude 
for the diamagnetic susceptibility, are open to serious 
criticism. Such an observation is only a necessary and 
not a sufficient observation from which to conclude that 
the entire volume of the sample was superconducting. 
Hudson’ has shown that small amounts of superconduct- 
ing impurities can lead to a large apparent volume 
participation in de mutual inductance measurements. 
Therefore, the question arises: Can ac or dc mutual 
inductance measurements reveal information about the 
actual volume of the sample which is superconducting ? 
Steele’s explanation of the DPE indicates that this effect 
may be of use in answering this question. 

There is, however, a rather disturbing inconsistency 
between theory and experiment as far as the DPE is 
concerned ; namely, the failure of dc mutual inductance 
measurements to exhibit a DPE in hard superconductors 
like Ti,®? Zr,° and U.° The failure to observe this effect 
in Ti was attributed to the nonideal superconducting 
properties of the specimen.’ This explanation is in- 
complete as all superconductors, ideal or otherwise, 
exhibit magnetization curves which possess a positive 
AM/AH over some range of magnetic fields. This should 
manifest itself as a DPE in any superconducting-to- 
normal transition which takes place in the presence of a 
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properly oriented applied magnetic field. Since this was 
not the case with the above mentioned superconductors, 
what is the relationship between such dc inductance 
data and the slope of the magnetization curve? 

The experiments quoted so far have all been per- 
formed below 1°K with samples which were not of 
simple geometry and therefore a quantitative analysis 
of the DPE observed for (Al, Zn),? Th," and Cd 8 is 
difficult. The present work was undertaken to put the 
basic ideas of the DPE to a quantitative check as well 
as to study the effect in nonideal superconductors. 
Ac and dc mutual inductance measurements, as well as 
magnetic moment measurements, were performed as a 
function of magnetic field and temperature, on spherical 
specimens of Sn and Ta. 


EXPERIMENTAL DETAILS 


The dc mutual inductance method employed here is 
of the standard type.'"" The coil system consisted of 
two equal turn coaxial secondaries (1.3 cm long) placed 
in series opposition. The secondaries were spaced a 
center-to-center distance of 4.5 cm, and were equally 
spaced from the ends of a thin coaxial primary winding 
9.2 cm long and 3.4 cm in diam. The sample to be in- 
vestigated was placed in the center of one of the 
secondaries. 

For all these measurements the applied field, H., was 
supplied by a nitrogen cooled solenoid, 51 cm long, with 
an i.d. of 6.0 cm and an o.d. of 19 cm. The field, H., was 
constant within 0.2% over the distance through which 
the sample was displaced in the magnetic moment 
measurements. 

Magnetic moment measurements were made by ob- 
serving the deflection of the galvanometer produced 
when the specimen was displaced from the center of one 
secondary coil to the center of the other. The galva- 
nometer and a decade resistance box were connected in 
series with the secondaries. The series resistance was 
necessary to keep the deflections on scale. 

Direct current mutual inductance measurements were 
made by observing the deflection of a galvanometer, 
connected in series with the secondaries, when a current 
was initiated or interrupted in the primary winding. 
The magnetic field of the primary winding is referred 
to as the incremental field, AH, and was equal to 1.8 
gauss. In these measurements data were obtained with 
two different galvanometers. One was a 6.6-sec period 
galvanometer; the other was a 20-sec period galva- 
nometer. When the sample was in the superconducting 
state, the deflections were adjusted to a convenient 
value by means of an external variable mutual induc- 
tance. Therefore, the change in the observed deflections, 
with either external magnetic field or temperature, is 
proportional to the change in the differential magnetic 
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Fic. 1. Magnetic field dependence of (a) the magnetic moment, 
(b) the de susceptibility, and (c) the ac susceptibility of the tin 
sphere at 3.17°K. 


susceptibility of the specimen; i.e., the galvanometer 
deflection plus a constant is proportional to the suscep- 
tibility. This assumes that the change in the magnetic 
moment occurs in a time which is short compared to the 
period of the galvanometer. 

In the course of this paper we will have occasion to 
refer to first and second deflections as well as the “off” 
deflection. This terminology was arrived at in the follow- 
ing manner. After adjusting H, to a constant value, 
current is initiated through the primary, and the re- 
resulting deflection is referred to as the first deflection. 
When the galvanometer returns to rest, the current is 
interrupted and the deflection observed is referred to as 
the “off” deflection. The primary field is again turned 
on, in the same direction, and the resulting deflection is 
referred to as the second deflection. This terminology is 
applicable for AH parallel or antiparallel to H,. After a 
series of such measurements, H, is changed to a new 
and larger value and the sequence is repeated. 

Alternating current susceptibility measurements were 
performed by incorporating the mutual inductance coil 
system, described above, into a Hartshorn-type bridge.” 
The bridge was balanced with the metal in the super- 
conducting state. The unbalanced emf of the bridge as 
a function of magnetic field was observed at various 
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fixed temperatures. This signal was filtered, amplified, 
rectified, and displayed on one axis of an X-Y recorder. 
The longitudinal magnetic field (47,) was continuously 
and smoothly varied. That is, the time rate of change in 
H, was approximately constant in any given field sweep. 
This was accomplished by means of a motor which 
drove the control of a variable voltage power supply 
The value of the magnetic field was displayed on the 
other axis of the recorder. In this manner a continuous 
record of the unbalance as a function of magnetic field 
was obtained. Alternating current mutual inductance 
data were also obtained by interrupting the sweep of the 
field H, and recording the steady-state unbalanced emf. 
We refer to this method as the point-by-point method. 
The amplitude of the ac signal was, unless otherwise 
stated, about 1.8 gauss (3.6 gauss peak to peak). The 
frequency used in obtaining all data presented here was 
30 cps. 

The specimens used in this work were machined 
spheres, both of nominal 1.3-cm diam. The tin sphere 
was annealed for two days in an oil bath at 200°C. The 
tantalum was not annealed, as we wanted this sample to 
display the characteristics of a “hard” superconductor. 


RESULTS 
Moment Measurements 


The results obtained with the tin sphere at a tem- 
perature of 3.17°K are shown in Fig. 1(a). Galvanometer 
deflections, observed with a series resistance of 2000 
ohms, have been plotted as a function of the external 
magnetic field H,. Results obtained with the tantalum 
sphere, at a temperature of 4.2° and 2.93°K, are shown 
in Figs. 2(a) and 3(a), respectively. In order to keep 
the galvanometer deflections on scale, for the larger 
moment values, it was necessary to increase the value 
of the series resistance. Therefore, the ordinates in 
Figs. 2(a) and 3(a) are the observed deflections normal- 
ized to a series resistance of 2000 ohms. Data are shown 
for both increasing and decreasing values of H,. 


Direct Current Susceptibility 


The data obtained for tin at 3.17°K is presented in 
Fig. 1(b) while that for tantalum at 4.2° and 2.93°K is 
presented in Figs. 2(b) and 3(b), respectively. Figure 
1(b) contains data obtained with a 6.6-sec period and a 
20-sec period galvanometer. The left-hand ordinate 
yields the actual deflections observed with the longer 
period galvanometer. The shorter period galvanometer 
deflections have been scaled in such a manner that the 
superconducting and normal deflections of both galva- 
nometers coincide. The right-hand ordinate in Figs. 
1(b), 2(b), and 3(b) has been obtained by setting the 
normal state deflection equal to zero and setting the 
superconducting deflections equal to minus unity. We 
have plotted the first and second deflections (see experi- 
mental details) obtained by the application of the in- 
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cremental field AH parallel to the external field H,. 
These data are for increasing values of H,. 


Alternating Current Susceptibility 


The data obtained with tin at 3.17°K are presented 
in Fig. 1(c), while Figs. 2(c) and 3(c) show the data 
obtained with tantalum at 4.2° and 2.93°K, respectively. 
This data consists of a recorder trace of the unbalanced 
voltage across the bridge as a function of Hy. The ex- 
ternal field H, was increased to its maximum value and 
then decreased to zero in a relatively slow and con- 
tinuous manner. Figure 3(c) also includes the results 
obtained when H, was increased and decreased in a 
step-wise manner, the unbalanced voltage being meas- 
ured at various fixed values of H,. Figure 4 shows the 
results obtained for tantalum at various fixed tempera- 
tures between 4.2° and 1.57°K. 
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the magnetic moment 


DISCUSSION OF RESULTS 
Occurrence of DPE 
Direct Current Susceptibility 


We refer to the DPE as reproducible when the first 
and second deflections are equal in magnitude and both 
deflections indicate that AM/AH is large and positive. 
We take the over-all behavior observed for tin, Fig. 1(b), 
as a practical example of a reproducible DPE. Ta, on 
the other hand, exhibited a nonreproducible DPE, 
Figs. 2(b) and 3(b). The deviations from reproducibility 
observed for tin in the early stages of the intermediate 
state are discussed later. 

The relative behavior of the first and second deflec- 
tions is determined by the degree to which the magneti- 
zation curve is reversible. To show this, the results of a 
series of measurements are discussed with the aid of the 
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insert in Fig. 3. The line EF represents a segment of the 
magnetization curve. When the externally applied mag- 
netic field H, was increased to, and held constant at, a 
value corresponding to point A on the magnetization 
curve, the observed deflections are interpreted as fol- 
lows: With the tin specimen the first application of the 
measuring field AH parallel to H, produced a deflection 
which indicated AM/AH was positive. Therefore the 
moment changed along a path with termini 4 and B. 
From measurements such as these we can only deduce 
the termini of the path and not the actual path itself. 
However, for the sake of brevity we shall speak of the 
path AB. When AH was removed the resultant deflec- 
tion, referred to as the “‘off”’ deflection, not included in 
the graphs, indicated that path AB was retraced. The 
second and all subsequent applications of AH indicated 
that the moment always changed along the path AB. 
The application of AH antiparallel to H, produced 
equal, but opposite, deflections as did AH parallel. This 
type of behavior, observed with tin, gives rise to the 
reproducible DPE. 

With Ta, Fig. 3, the situation is quite different. Here, 
the first application of AH parallel to H, indicated that 
AM/Ad was positive and therefore the moment changed 
along the path A B. When AH was removed the resulting 
deflection indicated that AM/AH was negative and 
equal to the superconducting value. This means the 
moment changed along a path similar to BC with an 
effective slope equal to that of the superconducting 
state. For the same value of H, a second application of 
AH parallel to H, produced a deflection, second deflec- 
tions in the graphs, which also indicated the supercon- 
ducting value for AM/AH. Path CB must have been 
retraced. If AH were initially applied anti-parallel to 
H,, the deflections not included in the graphs indicated 
that AM/AH was negative and equal to the super- 
conducting value. Paths like 4D must have been taken 
on both the first and second deflections. Upon increasing 
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H, to a new value greater than H,+AH, similar be- 
havior was noted. 

The Ta data obtained at 4.2°K, Fig. 2, show a DPE 
for both first and second deflections. This is not con- 
sidered a reproducible DPE as the second deflections 
were consistently smaller than the first. Also, the range 
of H, for which the effect shows up in the second de- 
flections is smaller than the corresponding range for the 
first deflections. With the exception of the virgin data, 
the magnetization curves in Figs. 2(a) and 3(a), ob- 
tained after subjecting the sample to magnetic fields 
greater than the critical magnetic field H., are referred 
to as the major magnetization curves. Realizable paths 
such as BC and AD, in the insert of Fig. 3, are denoted 
as minor hysteresis paths. Therefore in order for the 
nonreproducible DPE to show up in the second de- 
flections two requirements must be met. First, the major 
magnetization curve, for decreasing values of H,, must 
possess a region of positive slope. Second, this region of 
positive slope must lie within AH of the major mag- 
netization curve obtained for increasing values of Ha. 
If these two conditions are met, then the minor hystere- 
sis path can intersect the major magnetization curve in 
such a manner that the resulting AM/AdH is positive. 
Figures 2(a) and 2(b) indicate that these conditions are 
met with Ta at 4.2°K for H, in the vicinity of 75 gauss 
and with AH equal to 1.8 gauss. The fact that the second 
deflections are slightly diamagnetic for H,>80 gauss is 
due to hysteresis in the magnetization curves observed 
near H,. This is not evident in Fig. 2(a) because of its 
reduced scale. 

Figure 3(b) indicates that there is a range of H, for 
which the first deflections indicate normal values for 
AM / AH, while the second deflections indicate the super- 
conducting values. This means that although the speci- 
men is behaving as a normal metal for increasing mag- 
netic flux, it can still trap in all the flux due to AH when 
AH is removed. Therefore, when AH is removed the 
minor hysteresis path must still depart from the major 
magnetization curve with a slope equal to that for the 
superconducting state. The second deflections depart 
from the superconducting value at that value of H/, for 
which the minor hysteresis path starts to intersect or is 
influenced by the nearness of the return major magne- 
tization curve. Comparison of Figs. 3(a) and 3(b) shows 
this to occur at approximately 900 gauss for Ta at 
2.93°K. 

These considerations can be applied to the work below 
i°K mentioned above. Direct current mutual inductance 
data in this temperature region are usually obtained in 
the following manner: The specimen is cooled to as low a 
temperature (7) as is feasible and then the external 
field H, is applied. Measurements of (AM/AH)x, are 
made as the system warms up due to the natural heat 
leak into it. For those superconductors which possess a 
reversible magnetization curve (ideal Meissner-type 
superconductors) the DPE is always observed. For 
specimens which do not display a reversible magnetiza- 
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tion curve, the DPE may or may not be observed. If AH 
is applied antiparallel to H,, the DPE is not observed in 
the warmup curves. If, however, AH is applied parallel 
to H,, and H, and 7 are such to place the specimen in 
the “intermediate state” the first application of AH 


produces a positive AM, AH. The “‘off” deflection, how- 
ever, indicates the superconducting value for AM/AH. 
This measurement leaves the specimen with a magnetic 


moment less than that corresponding to the major 
magnetization curve appropriate for the values of H, 
and 7’, see Fig. 3. 

The behavior of subsequent deflections depends upon 
the increase of the temperature (A7) which occurs be- 
tween successive measurements. An increase in T has 
the effect of displacing the major magnetization curve 
to lower absolute values of the moment. Therefore if AT 
is sufficient to displace the major magnetization curve 
so as to anneal out the effects of the previous measure- 
ment, AM /AH again is positive. However, if the increase 
in 7 is quite small so that the saturation magnetization 
curve is only slightly shifted, with respect to AH, sub- 
sequent measurements correspond closely to the second 
deflections of isothermal measurements. This behavior 
should persist throughout the superconducting-to- 
normal transition. To sum up, the absence of a DPE in 
the warmup curves obtained for Ti,** U,"" and Zr,’ is the 
result of (1) a poor Meissner effect, and (2) either the 
incremental field is directed oppositely to the applied 
field H,, or if AH is parallel to H,, the temperature 
increase between successive measurements is too small 
to produce a positive AM / AH. 


Alternating Current Susceptibility 


In general, one would expect ac data to be related to 
the second deflections of the de data as both have to do 
with the reversibility of the magnetization curve. There- 
fore, if a sample shows a reproducible DPE, the effect 
should show up in ac measurements as well. This is the 
case with tin, Fig. 1. 

Let us now consider the behavior of a hard super- 
conductor. Since the bridge was balanced when the 
sample was in the superconducting state, no unbalanced 
emf is induced as long as the specimen allows no flux to 
penetrate. If H, is increased to some constant value 
such that the sample is in the intermediate state (point 
A in the insert of Fig. 3) and then the ac primary field is 
turned on, the following behavior should occur: The 
first time the primary field increases in a direction 
parallel to H, the accompanying magnetic flux pene- 
trates the sample (path 14). When the primary field 
decreases and then increases in the opposite sense, no 
change in flux through the sample occurs. All further 
oscillations of the primary ac field leave the flux through 
the sample unchanged. 

Since the emf induced in the secondary coils by the 
initial increase in flux, in most cases, passes unnoticed, 
the data indicates superconducting behavior; i.e., no 
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unbalanced emf. This condition persists until 1, reaches 
the value at which the sample can no longer trap in all 
the flux change due to 4H. Hence the ac transition 
commences at this value of H,. We call this field the ac 
penetration field (Hy). A qualitative similarity be- 
tween the ac transition and the behavior of the second 
deflections is evident in Fig. 3. However, the ac data 
at 4.2°K, Fig. 2(c), do not show the DPE observed in 
the second deflections of the de data, Fig. 2(b). 

However, if H, is not held constant at the various 
values, but rather is increased in a steady and continu- 
ous manner; the situation is somewhat different. In the 
time required for the primary ac field to go through one 
cycle (1/30 sec) the field H, has increased somewhat. 
Therefore, each time the primary field increases in the 
parallel direction, a small amount of additional flux 
penetrates into the specimen where it is held. Thus the 
unbalanced emf will consist of small unidirectional 
pulses of 30 cps. The 30-cps component of this passes 
through the filter and is recorded. Over the range of Ha, 
where the moment curve exhibits a large positive slope, 
these pulses give rise to the “bump” or transient un- 
balance on the emf trace. This is tantamount to saying 
that the signal is partially composed of first deflections. 
The tail region of the moment curve [H, greater than 
600 gauss in Fig. 3(a) } in this manner produces a small 
and virtually constant unbalanced emf until the field 
(H »)sc is reached. This then explains the difference be- 
tween the point-by-point ac measurements and the con- 
tinuous or dynamic ac measurements. 

The appearance of the transient reveals features 
about the magnetization curve that the point-by-point 
ac measurements do not. The transient indicates the 
range of field, tentatively identified as the intermediate 
state, over which the moment is undergoing a rapid 
decrease. The magnitude of the transient is a function 
of how fast the external field H, is swept with respect to 
the frequency and amplitude of the primary ac field. 

Alternating current mutual inductance measurements 
have been employed to determine critical magnetic fields 
below 1°K.'*-* In these investigations the entire super- 
conducting-to-normal transition in the presence of a 
magnetic field was not observed. Therefore, one cannot 
say anything about the DPE. In these particular in- 
vestigations, critical magnetic fields were deduced from 
observations of the ac penetration fields. 


Magnitude and Shape of the DPE 
Direct Current Susceptibility 


For vanishingly small measuring fields, AH, an ideally 
behaved spherical sample, would produce a DPE of 
twice the magnitude of the observed diamagnetism. 
Such behavior is depicted by the dashed curve in 
Figs. 1(b) and 2(b). With AH finite, but small compared 
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to nH. where m is the demagnetization factor of the 
specimen and H, its critical magnetic field, the sharp rise 
at (1—m)H,. and subsequent decrease at H,. should be 
spread over a range of H, equal to AH. If, however, AH 
is larger than nH_., the deflections will always be smaller 
than the ideal maximum. This follows because the ap- 
plication of AH, when (1—n)H.=H.,, will carry the 
specimen completely through the intermediate state. 
Hence 4M/AH will always be less than the slope of the 
intermediate state magnetization curve. In this case the 
magnitude of the DPE should be temperature depend- 
ent. It should increase with decrease in temperature 
due to the temperature dependence of the ratio AH /nH.. 
In the present work this ratio was always less than 
1/14 and no temperature dependence of the repro- 
ducible DPE was observed. Ideal behavior also mani- 
fests itself in that the area under the AM/AH curve, 
referred to the right-hand coordinate scale, is zero. 

The DPE exhibited by the tin specimen fell consider- 
ably short of ideal behavior since the area under the 
curve, Fig. 1(b), is considerably less than ideal, the 
net area being negative. Also for values of H,, which 
just place the specimen in the intermediate state, the 
first and second deflections were not reproducible. 
Although the main purpose of this paper is to emphasize 
the utility and importance of the DPE in superconduc- 
tivity studies, we want to comment briefly upon the 
lack of ideality in the DPE observed for the tin 
specimen. 

Extrapolations of the linear portions of the magnetiza- 
tion curve, Fig. 1(a), produce values for H,. and 
(1—m)H. consistent with the spherical shape of the 
specimen where n= 3. However, moment measurements, 
obtained with increasing H,, indicate that the super- 
conducting state persists above 3H... We believe this is a 
time effect and not superheating. The first measure- 
ments at 54 gauss, Fig. 1(a), 30 sec after adjusting Ha, 
yielded a value for the moment which was 10% higher 
than the value indicated by the linear extrapolation of 
the intermediate state portion. A second measurement, 
two minutes later, yielded a value only 5% too high. 
This behavior is depicted in Fig. 1(a) by data points 
with the same value for the abscissa. Shoenberg!® ob- 
served similar time effects and estimated that the equi- 
librium times were of the order of 5 sec. Our measure- 
ments indicate considerably longer equilibrium times. 

Time effects were also evident in the de susceptibility 
measurements, Fig. 1(b). They first appeared when H, 
was approximately equal to 3H, and manifested them- 
selves in the following manner. The application of AH, 
parallel to H,, produced a deflection which was less 
diamagnetic than the superconducting value, or actually 
paramagnetic if in the DPE region. The subsequent 
return swing of the galvanometer to its zero position 
required a time considerably longer than that required 
when the specimen was in either the superconducting or 
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the normal state. The time required by the galvanometer 
to return to its approximate zero was greatest at 3H. 
and decreased as H, was increased. For H, greater than 
3H. the return swing appeared to behave in the ordinary 
manner. Behavior such as this, taken in conjunction 
with the fact that the deflections were less than ideal, 
leads to the following picture. Upon the application of 
the measuring field AH, magnetic flux starts to penetrate 
the specimen. The rate of penetration, which is initially 
large, decreases to zero as the magnetic moment of the 
specimen approaches its equilibrium value appropriate 
for the field H,+AH. The sluggish return swing of the 
galvanometer indicates that the emf pulse induced in 
the secondary coils due to this flux penetration is of 
long duration with respect to the period of the galva- 
nometer. Faber'® has pointed out that eddy currents 
could be especially effective in retarding phase propaga- 
tion in the intermediate state. This results from the 
presence of superconducting domains which provide 
the eddy-currents paths of low resistance. 

The behavior of the return swing of the galvanometer 
suggests that for H, greater than ?7/, the time of dura- 
tion of the emf pulse is of such a length that the return 
swing is not discernibly affected. However, the nonideal 
magnitude of the deflections for Ha greater than 7H, 
implies that the pulse is still too long for the galva- 
nometer to integrate it properly. 

Ta at 4.2°K, Fig. 2(b), while failing to show a repro- 
ducible DPE, yields first deflections that are more 
nearly ideal than are those of the tin specimen. This 
statement is based upon the observation that the area 
under the first deflection curve, referred to the right- 
hand ordinate scale, is zero. Time effects were not noted 
in the return swing of the galvanometer and it is 
apparent that the AM/AH measurements, which result 
in the first deflections, are good approximations to the 
slope of the magnetization curve, Fig. 2(a). 

This agreement is perhaps fortuitous in that the slope 
of the “intermediate state’ magnetization curve, which 
results from the type of moment measurements em- 
ployed here, can be quite nebulous. That is, the moment 
of the tantalum sample was observed to be quite sensi- 
tive to mechanical “‘jarring.’’”’ Jarring of the sample 
was accomplished by causing the sample to strike the 
stops, provided in the coil system, with some authority. 
In the vicinity of the maximum moment, jarring (for 
increasing values of H,) produced a 25% decrease in the 
magnitude of the moment. Moment measurements were 
initiated approximately 20 sec after adjusting the field 
H,. In Figs. 2(a) and 3(a) we have plotted the results 
of the first displacement, for a given H,. The results of 
these first displacements are felt to be more suitable for 
comparison with susceptibility data [Figs. 2(b), 2(c), 
3(b), and 3(c) ] than are the results of the subsequent 
displacements. With susceptibility measurements, the 
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magnitude of the galvanometer deflections is governed 
by the rapid change in the magnetic moment accom- 
panying the application of AH. Hence, it is felt that the 
susceptibility data should correlate best with the slope 
of the magnetization curve which results from the un- 
jarred, first displacement values of the moment. 

Lower temperature data, Fig. 3(b), show that the 
first ‘‘on” deflections attained a maximum value twice 
that expected for a spherically shaped specimen. These 
data are in accord with the magnetization curve, 
Fig. 3(a). Here we see that the slope of the linear portion 
of the intermediate state curve is approximately twice 
the superconducting slope. The area under the first de- 
flection curve, in Fig. 3(b), is not zero. Curiously, the 
diamagnetic (negative) area is very nearly twice the 
paramagnetic (positive) area. 

The slope of the superconducting portion of the virgin 
magnetization curve, Figs. 2(a) and 3(a), is tempera- 
ture independent and is consistent with the spherical 
shape of the specimen. The intermediate state slope, in 
general, was steeper than that of an ideally behaved 
superconducting sphere and was observed to increase 
with decreasing temperature (fourfold between 4.2° and 
1.56°K). Such behavior of the intermediate state slope 
is not characteristic of a Meissner-type superconductor. 


Alternating Current Susceptibility 


This subject has been dealt with in considerable detail 
by Shoenberg.* He investigated the ac susceptibility of 
both lead and tin spheres by means of a self inductance 
technique. The results are discussed in terms of a com- 
plex permeability. Both the imaginary and real parts 
were found to pass through a maximum as the external 
magnetic field was increased from zero. The point we 
wish to discuss here is the effect of the ac field amplitude 
on the magnitude of the maxima. Shoenberg noted that 
as the amplitude of the ac field was reduced (normally 
he used a 0.7-gauss ac field) the maximum became less 
and less pronounced. He concluded that this was not the 
result of his measuring technique but rather a property 
of the intermediate state. To explain this effect he 
invoked the idea that the electrical conductivity of the 
sample increased with decrease in ac amplitude. 

The interpretation which we have placed on our 
measurements indicates that such an effect should be 
observed for all but the truly ‘‘ideal’”’ superconductors. 
The amplitude effect we envision is merely due to the 
relative size of the ac measuring field (AH). compared 
to the width of the hysteresis loop. For the sake of 
discussion let us set the width of this loop at 0.2 gauss. 
For a (AH), of, say, 1.0 gauss, a DPE should be ob- 
served, the magnitude of which is, of course, less than 
ideal. That this is so can be seen by taking the specimen 
through such a path in the insert of Fig. 3. Now as the 
size of (AH), is reduced, a larger percentage of the 
over-all path is confined within the hysteresis loop, 
hence the magnitude of the DPE decreases. When the 
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entire path is confined within the loop, (AH).~0.1 
gauss in our case, no DPE is observed. All this merely 
emphasizes the fact that if ac measurements confine the 
region of observation to within the hysteresis loop, the 
sample must exhibit features characteristic of “hard” 
superconductors. 


100 Percent Superconductivity and Critical 
Magnetic Fields 


Direct Current Susceptibility 


The appearance of a reproducible DPE allows one to 
state safely that the specimen is showing a good Meis- 
sner effect. Therefore, in order to establish that the 
observed diamagnetism is due to superconductivity of 
the specimen as a whole, it is necessary to (1) observe 
the correct volume diamagnetic susceptibility—this 
establishes the perfect shielding property of the sample; 
and (2) observe a reproducible DPE—this establishes 
the inability of the sample to trap magnetic flux. If 

1) and (2) are satisfied, the diamagnetism cannot be 
due to a network of superconducting filaments. These 
two facts taken together allow one to say safely that the 
observed diamagnetism is truly a property of the bulk 
of the specimen. 

When the reproducible DPE is not observed, what is 
the significance of the “characteristic fields” as deter- 
mined by mutual inductance measurements? The criti- 
cal magnetic fields and temperatures reported in the 
literature for Ti,* U,® Zr, Ru,'* and Os '* are the com- 
pletion values deduced from dc mutual inductance 
measurements. That is, they are the values of H, and 
T at which AM/AH first returns to the normal state 
value. As mentioned earlier, the absence of the DPE in 
these measurements indicates that the observed deflec- 
tions correspond to the second deflections of the iso- 
thermal data and that the samples showed a poor 
Meissner effect. For specimens which do not show a good 
Meissner effect, the relationship between the field or 
temperature at which the second deflections return to 
the normal state value and the superconducting bulk 
properties is rather nebulous. 

\ poor or incomplete Meissner effect can be attributed 
to the existence of a network of superconducting fila- 
ments within the specimen."* In keeping with this fila- 
ment concept, the de critical magnetic fields reported 
for the above “hard” superconductors would correspond 
to the highest critical magnetic field of the filaments. We 
take the critical magnetic field of a filament to be that 
value of H, above which the filament loses its property 
of zero electrical resistance. 

The value of the external magnetic field H, for which 
the moment attains its maximum negative value is 
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closely related to that value of H, at which the first 
deflections start to deviate from the full superconducting 
value. We call this field the dc penetration field and 
denote it as (Hy). This field is characteristic of the 
breaking down of the perfect shielding property of the 
sample. That is, at this value of 1, the sample can no 
longer keep out all the magnetic flux due to Hq. There- 
fore, the field is either the highest magnetic field which 
the filaments can exactly compensate or it denotes the 
actual entry into the intermediate state of the bulk of 
the material.” In this latter case, (H,),=(1—n)H. 
The behavior of the first and second deflections indicates 
that in tantalum (H,),, is related more closely to the 
behavior of the filaments than to what might be called 
bulk properties. 


Alternating Current Susceptibility 


The penetration field deduced from point-by-point ac 
measurements is denoted as (#7)... As discussed earlier 
(H p)ac is that value of the external field 1, at which the 
filaments first lose their ability to trap in all the increase 
in flux due to AH/. This feature also determines the value 
of H, at which the second deflections of the de induct- 
ance measurements start to deviate from the super- 
conducting value. This means that the minor hysteresis 
path due to AH no longer has an effective slope AM, AH 
equal to that of the superconducting state. Hence, the 
minor hysteresis path due to AH either intersects the 
return major magnetization curve, or is influenced by 
its nearness. Therefore it follows that if smaller measur- 
ing fields are employed, both the penetration field and 
the completion field shovld occur at higher values of Hq. 
In Fig. 4 we have included data obtained at 2.93°K, for 
which the amplitude of the ac primary field was equal 
to 7» of that normally employed. Normally a peak-to- 
peak ac primary field of 3.8 gauss was used. Although 
the entire transition could not be obtained due to the 
limitation of H,, it is obvious that the completion field 
has been displaced to higher values of H,. The effect 
of the smaller primary field on the magnitude of the 
penetration field is somewhat in doubt. It appears to 
have been shifted to a smaller value of /7,. This, how- 
ever, could be the result of a net increase in sensitivity. 

The dynamic ac measurements yield an additional 
penetration field. That is, the initial rise of the transient 
unbalance tells us the field value at which the specimen 
can no longer keep out all the flux due to H,4+AH. This 
field should be the same as (H/,),, as deduced from dk 
susceptibility and moment measurements. Figures 2 and 
3 support this point of view. The field sweep carried 
out with tantalum at 1.56°K, Fig. 4, shows that (H5)s 
exceeds (Hy) by over a factor of 2. While this transition 
is not complete, we can say that (H,).¢ must be in 
excess of 1900 gauss. 

2% This statement applies only to the virgin magnetization data 
It is evident, Fig. 3(a), that the slope of the major magnetization 
curve indicates the lack of “perfect” shielding when H, is applied 
oppositely to the direction of the frozen-in field 
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CONCLUSIONS 


We use the results of the de mutual inductance 
method to classify the DPE as reproducible or non- 
reproducible. The reproducible DPE (see the section 
dealing with the occurrence of the DPE) is characteristic 
of an ideal Meissner-type superconductor. As pointed 
out in the text, measurements of (AM/AH) x, performed 
with slowly increasing temperatures do not show any 
DPE unless the sample exhibits a good Meissner effect. 
Therefore the attributing of the observed DPE in the 
warmup curves obtained for Al and Zn to the presence 
of multiply-connected superconducting regions? is not in 
keeping with the ideas expressed in the present paper. 
The nonreproducible DPE in which the second deflec- 
tions always correspond to negative values of AM/AH 
is displayed by superconductors in which the infinite 
conductivity behavior predominates over the Meissner 
effect. It is interesting to note that of the seven ele- 
mental superconductors with zero-field transition tem- 
peratures below 1°K, only Cd and Zn show a repro- 
ducible DPE. 

In using either ac or dc mutual inductance methods 
to investigate the magnetic properties of superconduc- 
tors it is preferable to have the external magnetic field 
H, coaxial with the coil system. With this arrangement 
the reproducible DPE is always observed, provided the 
sample is exhibiting a good Meissner effect. The non- 
reproducible DPE does not show up in the point-by- 
point type ac measurements. It does, however, give rise 
to a transient unbalance in the dynamic ac method 
employed in the present work. Dc measurements always 
show the nonreproducible DPE, provided the measur- 
ing field is parallel to Hq. This follows because the mag- 
netization curve, for increasing Ha, always possesses a 
region of positive slope. 

The appearance of the nonreproducible DPE in d 
measurements reveals details about the magnetization 
curve, and hence the characteristic fields, that the point- 
by-point ac method does not. However, the dynamic ac 
method employed in this work reveals all of the details 
that the dc measurements do, except in the region near 
the zero-field transition temperature. 

The occurrence of a reproducible DPE is also of 
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practical importance in critical magnetic field measure- 
ments. In the absence of the DPE, the superconducting- 
to-normal transition is characterized by a change in 
susceptibility from —}a(1—w) in the superconducting 
state to essentially zero in the normal state. However, 
with the DPE the change in susceptibility at H, is from 
+n to zero. Therefore we see that the ratio of the 
change observed with the DPE to that observed without 
the DPE is given by — (1—n)/n or 1—1/n. From this it 
is seen that as n becomes small, the magnitude of this 
ratio becomes quite large. Therefore, one can look upon 
the DPE asa built-in amplifier, the gain of which is given 
by the above quoted ratio. Since this change in suscep- 
tibility occurs over a narrow range of magnetic field, it 
marks the entry into the normal state in a rather dra- 
matic fashion. The signal enhancement due to the DPE 
allows the transition to be detected clearly even when 
the diamagnetism of the superconducting state is too 
small to be readily detectable. This was of great aid in 
the study of Th.” 

Comparing the characteristic fields as deduced from 
the various methods employed here shows that the 
point-by-point ac method is the least favorable one. 
Furthermore, this data emphasizes that setting the ac 
penetration field (H,)s¢ equal to (1—)H, in order to 
deduce H. may lead to erroneously large values of 
H.. This latter technique is justified only if one knows 
a priori that he is dealing with a superconductor whose 
magnetization curve is that of an ideal Meissner-type 
material, or if he observes at least one complete tran- 
sition which exhibits a DPE. 

Thermodynamic calculations based on ac or de differ- 
ential induction measurements, in which the repro- 
ducible DPE is not observed, are certainly questionable. 
The observation and reporting of the DPE is of 
importance for it yields. information about the Meissner 
effect and hence the volume participation of the sample. 
In the absence of a reproducible DPE, the determination 
of the bulk critical magnetic field by ac or de mutual 
inductance methods is somewhat nebulous. In fact, 
if the reproducible DPE is not observed, one cannot 
be certain that the bulk of the sample becomes 
superconducting. 
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In a multivalley band-structure like that of the conduction band of germanium, a contribution to the 
absorption of infrared radiation by free carriers is made by a scattering process which does not play a role in 
normal transport processes but which may be of importance for hot-electron phenomena; this is the scattering 
between nonequivalent valleys of the conduction band. The absorption induced by this extra scattering 
process results in a transfer of the electrons from the (111) valleys to the (100) valleys or the [000] valley. A 
quantum-mechanical calculation was made of the partial absorption constant y;* due to this scattering on 
the basis of a deformation-potential type theory. The final formula obtained for y;* is similar to that derived 
previously for the partial absorption constant «°* due to optical intravalley scattering. The physical signifi 
cance of some limiting forms of u;* at low temperatures is discussed. 


HE process of absorption of infrared radiation by 
free charge carriers in semiconductors is governed 
mainly by the same scattering processes which also are 
of importance in the determination of transport phe- 
nomena'; these are intravalley lattice-scattering by 
acoustical and optical modes, impurity scattering, and 
intervalley scattering. However, in those cases, like, 
€.g., germanium, where several conduction bands lie 
relatively closely together so that “the”? conduction 
band has subsidiary minima of slightly higher energies 
than the main minima, a contribution to the absorption 
of light is made by a scattering process which does not 
play a role in normal transport phenomena but which 
could actually play a role in hot-electron problems: this 
is the scattering between the absolute minima of the 
conduction band (in germanium the (111) minima) and 
the higher lying subsidiary minima (in germanium the 
(100) minima and the [000] minimum). That this 
scattering between nonequivalent valleys of the conduc- 
tion band should play a role in determining the absorp- 
tion constant at photon energies of sufficient magnitude 
to bridge the distance between the minima was already 
pointed out by Rosenberg and Lax.’ Since then more 
detailed experimental evidence has been collected‘ which 
points to the necessity of having a theoretical descrip- 
tion of the contribution of these processes to the 
absorption constant in m-type germanium at wave- 
lengths shorter than approximately 14 u. 

The calculations which lead to the partial absorption 
constant yu;* due to lattice scattering between non- 
equivalent valleys (henceforth shortly called nonequiva- 
lent intervalley scattering) are very similar to those 
given rather explicitly in reference 1 (henceforth indi- 
cated by I). Therefore, after a short description of the 
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model on which the present calculations were based, we 
shall content ourselves with giving the final results and 
a short discussion of their significance. 

Since, in germanium, the energy difference AE be- 
tween the bottom.of a (111) valley and a (100) valley or 
the [000] valley is about 0.18 ev, at all temperatures not 
much higher than room temperature nearly all electrons 
are in the (111) valleys at equilibrium. Therefore the 
initial state k of an electron before the absorption 
process of a photon of frequency v may be considered to 
belong to one of the (111) valleys, say the [111 ] valley. 
The energy in this valley is given by 


Ey= (h?/2m) (k—ky) &(k—ko), (1) 


where ky is the vector belonging to the minimum of this 
valley and ais the reciprocal effective-mass tensor multi- 
plied by the normal electron mass m, @='|m/m,;%" 
The final state of the electron k’ belongs to one of the 
(100) valleys or the [000] valley, say the [100] valley. 
The energy in this valley is given by 


Ey = (h?/2m) (k’ —k,)8(k’—k,) +AE, (2) 


where k; is the vector belonging to the minimum of the 
[100] valley and £ is given by 


> 


B= ||m/m, "||. (3) 


We now assume that the interaction with the lattice 
vibrations which is effective in inducing the transitions 
considered here has the same form as the interaction 
with the optical modes if described in the deformation- 
potential model; this was first introduced by Harrison® 
and treated in detail in I. We then find, in complete 
analogy with the calculations in I, for the absorption 
constant due to the transition from the [111 ] valley to 
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SCATTERING BETWEEN NONEQUIVALENT 


the [100] valley: 








#[111)-+[100] = — (deta)! 


«4 he-v [ he ] 1 D;” 
4 3X 82x mM cel 2nmkT 


Bw,’ 
x fan’ f ak exp[ — Ey /kT ] 


X | a(k—ko)—8(k’—k,) |? 
X (nL Ey — (Exythvt+thw,’) | 
+(n/+1)6L Ex — (Exthv—thw,')}. (4) 


This formula differs from the corresponding expression 
(3.6) of 1° if written down explicitly for optical scat- 
tering in that a new deformation potential constant D,’ 
is introduced describing the interaction with the modes 
of frequency w,’ and occupation number m,’ responsible 
for the scattering between nonequivalent valleys; fur- 
thermore, a factor | &(k—ko) —8(k’—k,) |? is introduced 
instead of the factor |a@(k—k’)|? while Ey, and Ey are 
now given by (1) and (2), respectively. Furthermore, 
just as in I, 2 is the density of the electrons in the con- 
duction band, v is the volume of a unit cell of the crystal, 
M is the mass of a germanium atom and e is the dielec- 
tric constant, while all the other symbols have their 
conventional meaning. If now a'k and #'k’ are intro- 
duced as new integration variables, the integrations in 
(4) can be performed without much difficulty if the 
usual assumption is made that the frequency of the 
high-energy phonons, involved in the scattering process 
considered here, does not depend on its wave vector. 
The final result does not depend explicitly on the angle 
between the two valleys considered, so that the contri- 
bution of the various (100) valleys can be added. If the 
sum of the squares of the corresponding deformation 
potential constants is called D;** and if the contributions 
of the electrons which are initially in the various (111 
valleys are added, we finally get for the partial absorp- 
tion constant u,;* due to the scattering between non- 
equivalent valleys in the conduction band: 


2) e&kimio a D,*\2 wo 1 B 
Px 9 D*- ( ) (1+°) 
627? HiicMayet (deta)! \ D w;* 2 a 


deta! 1-—e* 


x Tip 


~ expt; 
det} ' 


exp (ftw ;*/kT)—1 


$4 
xX 2K os )+ 


——K,(|¢_|) 
¢_| B+a 
‘Tn that formula a factor |@(k’—k)|? was omitted which, how- 
ever, was rightly taken into account in the actual calculations. 
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Here w;* is the effective angular frequency ascribed to 
the phonons responsible for the scattering considered 
here, 8 and & are the arithmetic averages of the corre- 
sponding diagonalized tensors, e.g., 


B=4(81+82+83); (6) 


the important parameters ¢, and ¢_ occurring in (5) are 
defined by 
64= (hv—AEAhw;*)/2kT. (7) 


Furthermore, just as in I, wo is the frequency of the 
optical modes, D is the optical deformation potential 
constant, z=/v/2kT and K,, Key are modified Bessel 
functions. Finally we have made use of the equality 
{1—[(y—1)/3y Jaz = (deta)', where y=ay/a». 

It should be noted that our expression (5) is very 
similar to the corresponding expression (5.3) of I, valid 
for optical intravalley scattering and for normal inter- 
valley scattering between equivalent valleys. The only 
more or less qualitative difference is the occurrence of 
the first modified Bessel function K}. It is easily verified 
that our expression (5) becomes indeed identical with 
(5.3) of I if the following substitutions are made: 
D;* > D, w;* > wo, B > a, AE — 0, which corresponds 
to the substitution of the process of scattering between 
equivalent valleys instead of the process of scattering 
between nonequivalent valleys. 

A detailed discussion of the various limiting cases can 
be omitted as it would be very similar to the discussions 
given in Sec. 5.2 of I. However, some additional re- 
marks regarding the physical interpretation of the 
special cases which occur if (>>1, ¢<—1, or if +0 can 
be made. In fact, from the limiting behavior of the two 
relevant modified Bessel functions for very small and 
very large ¢, viz. 


K,(¢)— 1/f;  Ke(f)— 2/8, (&- 


and 


} 


Ki(¢)~K2() — (9/2h)'e $f, (fF - ° 


it follows that 


for ¢>1, uit B(x 2)4\¢ le ISIN BE2K (11), (9a) 


pit x alr 2)3 ¢ le NV aC K o( ¢ a (9b) 


pita (a+B)X2~3(a+B)eKe( ¢ ye (9c) 


for ‘<<—1, 
for ¢~0, 


Now the occurrence of the respective factors 8, &, and 
1(@+8) at the right-hand side of (9) is easily understood 
as follows: 

(a) For hv>AE and low temperature ({>>1), practi- 
cally all electrons contributing to u,* have initially the 
same low-energy kT whereas the final energy is much 
higher than the minimum energy of the (100) valleys. 
Therefore, in the squared matrix element of (4) the 
term containing (k’—k,)* is predominant and yields the 
factor B in (9a). 

(b) For Av<AE and low temperature, only those 
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few electrons in the (111) valleys contribute to u;* which 
have a thermal energy ¢:, which obeys the equation 
hv+én~Ak. This energy is much higher than the 
minimum energy of these valleys while the final energy 
is nearly equal to the minimum energy of the (100) 
valleys. Now the term proportional to (kK—ko)* in (4) is 
predominant, yielding the factor & in (9b). 

(c) If hy=AE, both terms in the squared matrix 
element of (4) are of equal importance, yielding the 
factor 4(@+8) of (8c). 

Furthermore, it can be (5) that y,* 


seen from 
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becomes very small for sufficiently low tempera- 
tures and sufficiently long wavelengths such that 


[AE— (hv+hw;*) |/kT>1. With AE/k= 2030°K, hw ;*/k 
=316°K’, and T=300°K, we therefore find that the 
effect of nonequivalent intervalley scattering on the 
absorption constant becomes rapidly negligible at room 
temperature if the wavelength \ becomes larger than 
about 14 u. 


7 This corresponds, rather arbitrarily, 
Weinreich and quoted by Brockhouse, J. 
400 (1959). 


to a value found by 
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Single-Crystal and Polycrystal Resistivity Relationships for Yttrium* 
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Different proposals for calculating polycrystal resistivities from single-crystal values are applied to 
yttrium metal. It is shown that a simple average yielding ppo1y = 3 (2p1+p11) gives the best fit to experimental 


data 


INTRODUCTION 


T is reasonable to expect that a general relation 

exists between the principal resistivities of a single 
crystal and the isotropic resistivity of a polycrystalline 
sample of the same substance. There is, however, little 
agreement in the literature as to the form of this rela- 
tion; several methods of calculating the poly« rystal 
resistivity have been proposed. Voigt! suggests 

O poly = 1 2o,+0 


which is the same as 


Ppoly = Spipir/ 2piit pi, (1) 


where p;, and p, are the principal resistivities of a hex- 
agonal crystal measured parallel and perpendicular to 
the axis of symmetry, and where p= 
Andrade and Chalmers? obtain 


1/0, p lio 
Ppoly= 1, 9, 


[pi (pii— pr) |] 
tan'{{(p11—p.)/p. }*} 


for the case p;;>p,. This is equivalent to 


Ces (pi— pri) |! 


tanh tT (pi— pur) p, |*} 

* Contribution No. 994. Work was performed in the 
Laboratory of the U. S. Atomic Energy Commission 

t Presently at the Edgar C. Bain Laboratory of the United 
States Steel Corporation, Monroeville, Pennsylvania. 

!'W. Voigt, Lehrbuch der Kristall physik (B. G. Teubner, Leipzig, 
1928), p. 959. 

2E. N. da C. Andrade and B. 
(London) A139, 413 (1932 


Ames 


Chalmers, Proc. Roy. Soc. 


for p> pi. Bruggeman* proposes 


Ppoly 1{oit[o,(80 +o,) 


1 xs I , 
moi“ 
PL Pipi Pi 


Another method,! which has been proposed more 
recently, yields 


1/9 


Ppoly = 3(2pit pis). (4) 


This relation is the result of an average over the total 
solid angle of the well-known expression, 


p(A)= pi, « os"0+ p, sin’, 


for the resistivity along an arbitrary direction of current 
flow in a hexagonal crystal.® 

Several attempts 
mentally have been indecisive; if the anisotropy ratio, 


to resolve this question expe rl 


pi/pu, is very near unity, the small difference between 
values given by any of Eqs. (1)- (4) is masked by the 
probable error of the experiment. Recently Hall eé al.‘ 
have reported the principal single-crystal resistivities 
of yttrium (see Table I). Their values at 300°K lead 
to the exceptionally high anisotropy ratio of 

pi/ p= 2.07 


’ 


>D. A. G. Bruggeman, Ann. Physik 25, 645 (1936 

‘J. L. Nichols, J. Appl. Phys. 26, 470 (1955 

®’W. Boas and J. K. Mackenzie, Progress in Metal Physics, 
edited by B. Chalmers (Interscience Publishers, Inc., New York, 
1950), Vol. IT, p. 90 

®P. M. Hall, S. Legvold, and F 
1446 (1959 


116, 


H. Spedding, Phys. Rev 





RESISTIVITY RELATIONSAI?S 


TABLE I. Comparison of experimental and calculated results.* 





Resistivity at 300°K 
(Residual subtracted) 
(10-* ohm-cm) 


Residual resistivity 
(10-* ohm-cm) 


71.6 
34.6 
60.0 


59.5 


Basal plane> 6 
c axis? 


® The probable errors are estimated to be +1°% for the experimental 
values and +2°% for the calculated values. 

b Hall et al.¢ 

¢ Present experimental results. 

4 Values obtained from substitution of Hall's results into Eqs. (1)-(4) 


which suggests that a fair test of the various calculated 
Ppoly Might by made through a comparison with meas- 
urements on polycrystalline samples of this metal. 


EXPERIMENTAL PROCEDURE 


The polycrystalline yttrium data were obtained from 
three separate arc-melted samples produced in this 
Laboratory, The finished samples were cylinders 2 in. 
long and 4’ in. in diameter. They were annealed at 
900°C for two hours, cold swaged with a 10°% reduction 
in diameter, and reannealed at 800°C for one hour. 
These operations eliminated grain orientation and re- 
duced the size of the grains. The samples were examined 
and found to have an average grain diameter of 0.14 mm. 
Analysis by back-reflection x-ray methods showed that 
the grains were randomly oriented. Table II lists the 
impurities found by spectrographic and vacuum fusion 
analyses on one of the samples, Y-II. Except for the 
silicon content which is unusually high, these values 
are representative of the other samples. 

rhe resistivities of the three samples were measured 
using the method and apparatus described by Colvin 
el al.? 


TABLE IT. Impurity analysis of sample Y-IT. (Values in °% 


Er<0,005; Ho<0.05; Dy<0.005; Th<0.04; Gd<0.01; 

Sm<0.05; Ca<0.02; Fe, 0.05; Mg<0.01; Si, 0.05; Ta<0.1; 

Cr, 0.1; 02, 0.033; Mn, Ti, Cu, Ni, Ca, Al, Cr, Mg, Si, Be, 
trace present. 


TR. V. Colvin, S. Legvold, and F. H. Spedding, Phys. Rev. 120, 
741 (1960) 


FOR Y 


RESULTS AND CONCLUSIONS 


The electrical resistivity of a representative sample 
(Y-I1) in the temperature range 1.3° to 300°K is shown 
in Fig. 1. Table I shows the residual resistivities to- 
gether with the resistivities at 300°K (less residuals) 
of the three polycrystalline samples and the single 
crystals. The calculated results of substituting the 
measured principal single-crystal resistivities into Eqs. 
(1)-(4) are also included. The estimated probable errors 
are taken to be 41% for the experimental values and 
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Fic. 1. The electrical resistivity of yttrium (sample Y-IT) 
as a function of temperature. 


+ 2% for the calculated values. It is clear that the best 
fit to the experimental data is obtained from Eq. (4). It 
therefore seems appropriate to use this relation for 
hexagonal metals. 
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Koopmans’ theorem states that if the wave function of a many-electron system is approximated by a 
Slater determinant of Hartree-Fock one-electron wave functions, with one-electron energies defined as the 
difference in energy of (V+1)- and N-particle systems, then these one-electron energies are given by the 
expectation value of the Hartree-Fock Hamiltonian with respect to the one-electron wave functions. 
Koopmans’ theorem is here generalized to include correlation effects by using Hubbard’s expression for 
the total energy of a free-electron gas. The resulting one-electron Hamiltonian contains in first-order 
screened exchange. Hubbard’s lowest polarization diagram gives, in addition, part of the screened second 
order Coulomb interactions, which is small for metallic densities. Collective terms are also obtained. Com 
parison with the Bohm-Pines Hamiltonian shows a one-to-one correspondence, but with different cutoff 
functions in each term. Following Hubbard, we extend the method to include the effects of a periodic 
potential to first order. The resulting one-electron Hamiltonian provides a convenient and accurate basis 
for self-consistent energy band calculations including exchange and correlation in metals and semiconductors. 


1. INTRODUCTION 


T has been apparent for some time that in spite of 

the success of the Hartree-Fock scheme for mole- 
cules, neglect of screening of the exchange interaction 
can lead to serious errors in one-electron energies in 
crystals. The way in which correlation removes singu- 
larities in the momentum dependence of the single- 
particle energy for the free-electron gas has been 
described by Quinn and Ferrell' in terms of self-energies 
of quasi-particles. The quasi-particle formalism has 
also recently been extended by Pratt? to the periodic 
potential problem, using the general methods of 
Hubbard** to treat the screening of Coulomb inter- 
actions through electron correlation. 

It is our opinion that in spite of the elegance of the 
method, the quasi-particle formalism often tends to 
obscure rather than clarify the relationship between 
many-electron and one-electron wave functions.*-* For 
this reason we present here an alternative approach to 
effective single-particle Hamiltonians on an 
extension of Koopmans’ derivation’ of the Hartree-Fock 
Hamiltonian. 

A simple definition of one-electron energies is given 
by the following procedure. Construct a complete set 
of one-electron wave functions ¥,(x). If perturbation 
theory converges starting with these functions, we may 
calculate the total energy E* of an .V-particle system, 
as a function of occupation numbers .V; of the y,(x). 
Similarly, neglect resonant processes and calculate the 
(real) energy E,‘~' of an (V—1)-particle system with 


* Research supported in part by the Office of Naval Research. 

1 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 

2G. W. Pratt, Jr., Phys. Rev. 118, 462 (1960). 

3 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957). 

‘J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1958). 

§ J. Hubbard, Proc. Roy. Soc. (London) A244, 199 (1958). 

°Cf. the controversy concerning the appearance of effective 
charges e* in the articles by Falicov, Luttinger, and Stern in 
references 7 and 8. 

7 The Fermi Surface, edited by W. A. Harrison and M. B. Webb 
(John Wiley & Sons, Inc., New York, 1960). 

8 J. M. Luttinger, Phys. Rev. 121, 1251 (1961). 

* T. Koopmans, Physica 1, 104 (1933). 


based 


one electron removed from state k. The one-electron 
energy €, is 
6,= EN—E,% 


(1.1) 


Koopmans’ showed that (1.1) led to particularly simple 
results when the system wave function VW was approxi- 
mated by a Slater determinant of the one-electron 
wave functions ¥,;. Then the total energy of the N- 
electron system is 


Ey r= ff vised 
=2 N fue [-— peste) Ti 
pii* (11); ;(T2) 
+425’ vv f 1 
2 12 
J 


Here V(r) is the external (lattice) potential, V; is the 
one-electron occupation number for the Hartree-Fock 
orbital y;, 


“Vy "+ V (ry 


2m 


pij* (Ti) pi; (Te 


in| (1.2) 


\2 


pi;(r) =v." (ny ;(n), (1.3) 


and we have assumed that each orbital state is occupied 
equally by electrons of up and down spin. A short 
calculation gives 


OEur 


ON; 


ee = = forte: KF y,.(11)d (1.4) 


: p3;(T2) rs 
50F = dt2+A, (1.5) 


nh 
ol SA, renee 
2m | 


12 


where A is the exchange operator: 

pji(T2) 

ee ern, f 
7 


Ay,(r1) : droy;(r;). (1.6) 


Ti2 





GENERALIZED 


If the one-electron wave functions (x) are now chosen 
as self-consistent eigenfunctions of H”, then H¥ is just 
the Hartree-Fock Hamiltonian. 

In deriving (1.4) it is assumed in the usual discus- 
sions” that y,(x) is unchanged by the ionization of 
electron k if y;(x) is of the extended (Bloch) type. For 
the free-electron gas this is easily seen to be the case, 
but this conclusion is not valid in general. In the 
presence of an external potential the lowest energy 
FE,‘ will be obtained by modifying each ¥-"(x) by 
the admixture of y,-"’(x), where » and n’ are band 
indices. Each wave function is changed by an amount 
of order 1/.V, but since V-wave functions change, the 
perturbed energy of the (.V—1)-particle system will be 
changed by an amount 
1 (Van)*® 1 


Pant 
~ 


Nw E,—Ew N & (Er)? 


(1.7b) 


In practice we are concerned with one-electron exci- 
tations that preserve the neutrality of the crystal, so 
that 6V in (1.7) refers to the nonconstant part of the 
perturbing potential. For the magnitude of 6V in the 
case that V is weak, there are two possibilities, de- 
pending on whether the state & is quasi-degenerate 
with another state or not: 


&,= 1+m, &2> nots, 


nag Eur the 


| Exe4q— Ex: 
Jf 
h 


4dre? ae ky 
= Nea ws 


73(q,o)= — : 
hy? k’ 


Our one-electron energy is now given by 


hi 
=> OEy ON;= z dw 


T 4 
The most important term in (2.6) is 


i & 1 Ons ON k 2re* 


e,0= pw dw => 
dr 4 6r°+6" a4 ¢& 


KOOPMANS'’ 


—Vuyqo '(q, (Ex+q— Ex) h), o 1(q,w)= 


THEOREM 421 

(a) If it is not (and this is the case for most states 
in metals) then 6V is of order V?/Er. 

(b) If it is (this applies to a few states of high 
symmetry in metals, and to all the states near the 
energy gap in semi-conductors) then 6V is of order V. 
Since «, is of order Er, we conclude from (1.7a) and 
(1.7b) that Koopmans’ theorem is valid to fourth or 
second order, respectively, depending on yx. 


For the weakly periodic potentials that obtain in 
metals and semiconductors'* the correction estimated 
in (1.7) is generally small, even in case b. Heine'** has 
suggested that in Al the states at W (case b) may be 
affected by as much as 0.1 rydberg by “exciton” 
formation. According to (1.7), with 6V~0.1 ry, Er~1 
ry, as in Al, 6E~0.01 ry, which is too small to affect 
the order of levels appreciably. 


2. SCREENED ONE-ELECTRON POTENTIALS 


According to Hubbard,’ the exchange and correlation 
energy of a free-electron gas is given by 


Sy = dre 
-V> : (2.1) 
& q g’ 


h 
ky= > dw tan . 
dor 4 


where &= &;+762. If only the lowest-order polarization 
diagram, resulting from one Fourier component gq of 


the Coulomb interaction, is retained, 


P 
+ i r | 
ere 


Exr4q— Ex: 
w)+5( 


§,(Ane ON;.+0n3 ONx)— (notn3)0m ON; 


C° °° 
é°+ Oo 


5i( q,) 


&2(q,w)+ &:?(q,w) 


10 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Company, Inc., New York, 1940). 
11 We assume that core effects have been removed by orthogonalization; then the effective potential for valence electrons is weak. 


See references 12 and 13. 
2 J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959). 
18M. H. Cohen and V. Heine, Phys. Rev. (to be published). 
138 V, Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 
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From (2.7) it can be seen that ex“ is just a screened exchange energy. The spatial representation of the one- 
electron operator B corresponding to (2.7) is 


= pji(T2) 1 et §.(q, (E;—E,)/h) 
BW (Ty = —te> \ ¥;(T1), (2.8); = d°q m (2.9) 
2 0 ° ia 


jilTie)fi2 (29 ($°+ &,")¢° 
in direct correspondence with (1.6). It is often a good approximation to put o(q,w)~o(q,0)= &)(q,0). Then 
(2.8) states that the Coulomb interaction in (1.6) should be screened by the static dielectric constant of the 
medium. 

Let us now consider the remaining terms in (2.6). The terms proportional! to ,0n2/ 0Vy—72dn; O.\_% give 


2N 1 1 


+ 


ky ret Ex qx —k, &(q, (ky q— Ex) h) 2 &(q, (Ey rq— Ey: h) 


(2.10) 


while the terms proportional to 7;0,/0.V_ give 


fey 2N xr+¢ 1 
q g° k | ret Ey qn ks —F, &(q, (hy pe Ea h) 


Phe meaning of ex’ and ex, can be seen by comparing (2.10) and (2.11) with the second-order Coulomb term 
in the total energy; according to Macke,"* 


N k Ny (1—N yy) (1—N 
Ey tat Ex , q— Ex —k, 


Thus ex and e'* represent the functional derivative implicitly in (2.1) and according to Hubbar 

of the .V? and part of the .V* terms in (2.12), multiplied contribution to /y of the form 

by } and screened by the dielectric constant. If we 

neglect the frequency dependences, the effective ; 

interactions in (2.10) and (2.11) are 7 hw DLW Gp Jw. 2.16) 
q e14 ' 


2.13) As a first approximation assume a constant plasma 
frequency ; then the sum on q in (2.16) cuts off at q,, 


eitiod ig) eee where 
his is a characteristic result of the Hubbard theory, 


as has been pointed out by Noziéres and Pines.’® In 
practice, the second-order terms are negligible since, so that 
compared to first-order exchange, they are of order ~ Ihe a 


2.17) 


¢ 


,, 
< ) re . ° 
> 2.14) The plasma energy acts to shift the zero of energy. 
6&( f 7 z . 
16é(t, If we use a second approximation popularized by 


| a, Noziéres and Pines,'® that 
where $xr,° is the mean volume per electron in Bohr 


units and &(r) is defined as in (2.9). For metallic 
densities r,=3, &(r,)=25 and (2.14) is of order 0.05. 

A fourth term remains from 0n2/0'V, and the last’ where y is a constant, then 
term in (2.6 


q1 yr ik y ~T, 


IN! I~ J 


Wy q\ 


= —2re*} -—j 1- —|. & so that we can add F, to our one-electron energy in 


— 


ag 8(q, (Fusqg— Ex)/h)? the form 


, : , )=9E,/ON=(1/N)E>. (2.19) 
For large g, 6 1 so that (2.15) does not diverge. 7 Ok y/¢ 1 Ey 


The fifth and last term comes from the zero-point 
energy of plasma oscillations -,. This is contained 


) and e,‘*) can be seen by comparing 


The meaning of ex 
~g them with the collective terms in the Bohm-Pines 
4 W. Macke, Z. Naturforsch. 5a, 192 (1959). — 

16 P, Noziéres and D. Pines, Nuovo cimento 9, 470 (1958). 16 P, Noziéres and D. Pines, Phys. Rev. 111, 442 (1958 
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energy'’: 
lw, I22WNe 
(2.20) 


q- 
Thus ex“ is just the self-energy correction to the 
plasma energy, which is represented in the Bohm-Pines 
theory by the last term in (2.20). We note that in the 
Bohm-Pines formalism a universal cutoff (q.) is used, 
whereas according to Hubbard the cutoff for ex“ is qi, 
while that for ex“ is given by the brackets in (2.15), 
which are weakly k dependent. Detailed analysis of 
&(q,w) for a free-electron gas* or model semiconductor! 
shows, however, that ex“ is nearly constant for /, 
near Ey. (Physically this is a consequence of the 
separation of single-particle frequencies from plasma 
frequencies.) Thus, as suggested by 
group ex‘? with ex“ and regard both as contributing 
an over-all constant to the one-electron Hamiltonian. 
We note that our screened exchange energy ex‘! is 
similar to the Bohm-Pines screened exchange, except 
that here the cutoff factor is also different [6:/(&2 
+&>*) }. In second order still another cutoff factor 
(1/{& ) appears, but by now the correspondence is 
breaking down, since e,°°) and ex represent only part 
of the second-order Coulomb energy. Higher-order 
polarization diagrams are not expected to supply the 
remaining parts. This means that no significance can 
be attached to attempts’ to carry the Bohm-Pines 
theory beyond first order. 


(2.20), we can 


W(x’ .x,w) + EY NAN) pi j*(x’)p. 5 (x6 


ih } h 


KOOPMANS’ 


2r E,-E, 


+2 


THEOREM 


3. WEAKLY PERIODIC POTENTIAL 


The general theory of correlation effects in crystals 
has also been developed by Hubbard,°® using Hartree 
functions as a basis for perturbation theory. Pratt? has 
shown that for constructing effective single-particle 
Hamiltonians Hubbard’s procedure with minor modifi- 
cations can be carried out with self-consistent 
functions. Hubbard and Pratt we 
consider valence-valence exchange and correlation. 

We assume that calculations have 
been carried out with the screened exchange potential 
derived below, and one-electron energies /; and wave 
functions ¥,;(x) have been obtained. Then following 
Hubbard’s notation, and retaining only the lowest-order 
polarization diagram, 


basis 


Following now 
in) 


self-consistent 


V (x’,.x) = W (x’.x) = (1/h)S(x’.x)S(x,x’), (3.1) 


&(U—D>- (1 — Vi Wilx’)* (x) Filt-# 
— E(t-U') > Nahi(x’ Wit (x)e Ol Bice’ 


Sts’x) 
(3.2) 


Expand the exchange charge density in a Fourier 
series: 


p'?(x) =," (x)¥;(x) 


exp —i(k’—k”)-x]¥> g,4 exp(—ix-x) (3.3) 


K 


(where k’ refers to the largest Fourier component of 
yi, and similarly for k” and y,); then 


> Vj (1—NV)pi;*(x’) pi; (x)6, 


(3.4) 


1 ? 


after Fourier-transforming W with respect to 4. We now neglect the terms in p;;*(x’)p;;(x) which do not depend 


on (x’—x): 


pii*(x’)p.;(x)~exp[i(k’—k’”)- (x’—x) JS" |g 


We must now see why this approximation is justified in 
the weakly periodic case. 

In the case of first-order exchange the terms neglected 
by (3.5) integrate to zero. According to Sec. 2, however, 
the correct first-order potential is exchange screened by 
a(q,w)™~6(q,0). The important point that 
screening is a property of the entire system of electrons, 
and in a weakly periodic potential where band gaps are 
small compared to the plasma energy, & will be 
essentially the same as in a free-electron gas. It is 


now is 


dire” 


P(E;—E,) 

1— S&(qw) V*(q,w) Ye ¥ 

Ti (E;—E,)’— (hw) 
4r’e’ 

—% 


q 


17 1). Pines, Solid-State Physics, edited by F. Seitz and D. Turnbull 


18 J. C. Phillips and L. Kleinman (to be published). 
9 J. G. Fletcher and D, C. Larson, Phys. Rev. 111, 455 (1958). 


> ViA-NV)[6(4;-E, 


> expLix: (x’—x) ]. (3.5) 


— ha had 


K 


necessary to retain the oscillatory terms in 0n3/0.V,% 


since the interference 
between Vine and Vy, qWeiq, but not in &). We are, 


in effect, arguing that local field corrections to the 


these depend explicitly on 


dielectric constant are small in the weakly periodic 
case; this has been known for some time from the 
success of the free-electron formula for the plasma 
frequency in many crystals.'’ 


From (3.4) and (3.5), 


—tw)+6(E;—F;+hw) by 2, 


a“ 


6(k’--k’’+x%— gq), (3.6) 


Academic Press, Inc., New York, 1955), Vol. 1. 
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which is analogous to Hubbard’s equation (II, 24). The interference terms are represented by the last factor 


in (3.6). 


According to the foregoing argument we may approximate the real part of (3.6) by 


4re* 


g i 


>A 


P 
‘B~ks 


where we have taken w=0. Then we obtain a screened exchange operator which in the space representation is 


BYx,a"(t1~— 3 De fervor) 
~ 


Here a labels irreducible representations and m is a 
band index. Since B has the full symmetry of the 
crystal it has no matrix elements between different 
irreducible representations. The operator B in (3.8) 
is a natural generalization of the exchange operator A 
in (1.6) which includes screening. 

The operator B can be calculated self-consistently in 
metals and semiconductors without prohibitive effort. 
A number of matrix elements of A and B for valence- 
valence exchange have been calculated for silicon; the 
results will be published elsewhere. 

As one would expect, there is little screening’ (&™1) 
of valence-core exchange. This can be seen explicitly 
from (2.7), since valence-core energy differences are 
generally of order 10 ry>fw,. For d electrons this 
inequality often does not hold, and quite complicated 
correlations are possible, e.g., in the noble metals. 

We conclude by comparing our approach with the 
quasi-particle viewpoint, as formulated generally by 
Hugenholtz” and applied to the electron gas by Pratt. 
Hugenholtz shows that the excited state energy E,*— 
is in general complex. The one-electron energy ¢€, in 
(1.1) should therefore be taken as Re(E*—E£,-'). 
Hubbard shows that the exchange and correlation 
energy is proportional to i/&; by computing changes 
in Im(1/&) we have implicitly applied Hugenholtz’s 

*”N. M. Hugenholtz, Physica 23, 481 (1957). 


1 
——Wie,a" (t2)Pur (11). (3.8) 
Ti2)?i2 
prescription to our case. It follows that if the approxi- 
mations that we have made are applied to Pratt’s Eq. 
(27), similar one-electron operators should result. 
From Pratt’s derivation it is not evident when such 
approximations are valid; on the other hand, Koop- 
mans’ method leads quite simply to accurate one- 
electron Hamiltonians for weakly periodic crystals. 
Note added in proof. The connection between Koop- 
mans’ method and the quasi-particle approach is clari- 
fied by comparing our results with the elegant extension 
of the random-phase approximation by Suhl and 
Werthamer [Phys. Rev. 122, 359 (1961) ]. They calcu- 
late quasi-particle interactions and so find in lowest 
order in Eqs. (21) and (22) screened exchange. When 
the quasi-particle energy w; in their (21) is replaced 
by Ex.+in(n— 0+) it can be shown that the real 
part of the interaction reduces to our (2.7), but with 
exchange omitted from e n3=0). Pines and 
Hubbard have emphasized that it is essential to include 
exchange in the dielectric function in each order to ob- 
tain results valid at intermediate densities (where the 
expansion parameter is | ¢(r,)/—') rather than high den- 
sities (expansion parameter r,). 
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Antiferromagnetic Resonance in FeF, at Far-Infrared Frequencies*} 
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Antiferromagnetic resonance in single crystals of FeF, was ob- 
served between 1.5° and 66°K (7y=78.4°K) in the far-infrared 
region. The resonance frequency at 7~+0 was found to be 
»(0) =52.7+0.2 cm™. Using the antiferromagnetic resonance rela- 
tion derived by Kittel, Nagamiya, Keffer, and others, and using 
the experimental value for the static susceptibility, the uniaxial 
anisotropy constant at absolute zero, K(0), was inferred to be 
1.1 108 ergs/cm* (40 cm~'/atom). Measurements of the splitting 
of the line caused by an external magnetic field gave g\;=2.25 
+0.05. The anisotropy energy in FeF2, being primarily due to the 
crystalline field-spin-orbit interaction, may be described by a term 


I. INTRODUCTION 


a FERROMAGNETIC resonance was predicted 
by Kittel! in 1951, and has been discussed more 
completely by a number of authors since then.?~* It has 
been shown that the resonance frequency has a direct 
dependence on both the exchange and anisotropy 
energies. This fact has made the resonance observations 
particularly useful, since the magnetic anisotropy of an 
antiferromagnet is difficult to determine by the usual 
torque measurements. This difficulty is due to the ab- 
sence of any externally appearing magnetization, except 
for the small induced moment, which contains ani- 
sotropy effects only in second order. 

Various antiferromagnets differ in the magnitude and 
origin of their anisotropy, as well as in the strength of 
their exchange interaction, and it is informative to study 
the resonance absorption in a number of them. The few 
compounds which have been investigated® prior to the 
present work have been characterized by the fact that 
their resonance frequencies have been reached using 
millimeter microwave techniques. However, many anti- 
ferromagnets have sufficiently large exchange and ani- 
sotropy energies that their resonance frequencies are 
expected to lie in the submillimeter or far-infrared 
spectral region. We have observed the antiferromagnetic 
resonance in FeF:, which has a very high anisotropy 


* Based on a thesis submitted in partial fulfillment of the re 
quirements for the degree of Doctor of Philosophy by Robert C. 
Ohlmann, Department of Physics, University of California, 
Berkeley, California, June, 1960. 

t Supported by the National Science Foundation, The Alfred P. 
Sloan Foundation, and the U. S. Office of Naval Research. 

t Westinghouse Research Laboratories Fellow, now at Westing- 
house Research Laboratories, Pittsburgh 35, Pennsylvania. 

'C. Kittel, Phys. Rev. 82, 565 (1951). 

2'T. Nagamiya, Progr. Theoret. Phys. (Kyoto) 6, 342 (1951). 
3. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 

4K. Yosida, Progr. Theoret. Phys. (Kyoto) 6, 691 (1952); 7, 
952); 7, 425 (1952); 8, 285 (1952). 

. J. Gorter and J. Haantjes, Physica 18, 285 (1952). 
Ubbink, Physica 19, 9, 919 (1953). 

7 R. K. Wangsness, Phys. Rev. 93, 68 (1954); 111, 813 (1958). 
* E. S. Dayhoff, Phys. Rev. 107, 84 (1957). 

*F. M. Johnson and A. H. Nethercot, Phys. Rev. 114, 705 
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>; DS, in the Hamiltonian. By including this interaction in the 
molecular-field treatment, we have determined D= —9+2 cm“, 
and have calculated the temperature dependences of the sublattice 
magnetization, the anisotropy constant, the resonance frequency, 
and the line width. The last two were compared with the experi- 
mental results and found to be in reasonable agreement. The line- 
widths were found to follow a 7‘ law above 15°K. The search over 
a frequency region of 13-70 cm™ for the absorption lines expected 
in the paramagnetic region was unsuccessful, possibly indicating 


a relaxation time of less than 10~™ sec. 


energy, at about 1580 k Mc, sec (corresponding to a free- 
space wavelength of ~0.2 mm) at low temperatures. A 
preliminary account of this work has been previously 
given,! 

Ferrous fluoride has a rutile-type structure" as shown 
in Fig. 1. The Fe+* ions, which form a body-centered 
tetragonal structure, are surrounded by a distorted 
octahedron of six F~ ions. The symmetry axes at a 
cation site are the [110], [110], and [001 ] directions. 
The axes of the body-centered ion are rotated 90° about 
the c axis to obtain the equivalent axes at a corner ion, 
thus causing the macroscopic anisotropy to be uniaxial. 
This anisotropy is relatively strong since it is due to the 
effect of the symmetry of the crystalline electric field 
upon the spins through the spin-orbit interaction. Below 
the Néel temperature of 78.35°K," long-range antiferro- 


@: 

Fic. 1. Crystal structure of Fe’; showing the magnetic moment 
arrangement in the antiferromagnetic state. The lattice parame- 
ters, from reference 11, are a=4.6966 A, c=3.3091 A, and 
u=0.305. 


RR. C. Ohlmann and M. Tinkham, Bull. Am. Phys. Soc. 3, 
416 (1958). 

1 J. W. Stout and S. A. 
(1954). 

2 J. W. Stout and E. Catalano, J. Chem. Phys. 23, 1803 (1955). 
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magnetic order is present and the ions may be grouped 
into two sublattices according to their average spin 
directions," as shown in Fig. 1. 


Il. THEORY 


The antiferromagnetic resonance frequency of a two- 
sublattice antiferromagnet having uniaxial anisotropy, 
in the absence of an external field, is given by* 


we=y(2HeH.t+H 7)3, (la) 


where y= ge, 2mc, Hg is the exchange field, and H, is 
the anisotropy field. This has been derived using a 
molecular-field approximation in which Hg=X\M, where 
\ is the molecular-field constant, and M is the average 
sublattice magnetization. If the uniaxial anisotropy 
energy is written in its simplest phenomenological 
form as 
E,=- }K (cos*@;+cos62), 


where 6, and @ are the angles between the two sublattice 
magnetizations and the easy (c) axis, then it is also easy 
to show that H4>K/M. 

The exchange and anisotropy effects may be separated 
using the perpendicular susceptibility (in the antiferro- 
magnetic state) and the relation’® (X,)~'=A+ (K/2M?) 
By substituting into Eq. (la), the resonance frequency 
may be written 


wo= (2K /X,)!. (1b) 


Thus, the anisotropy constant, A, can be calculated 
from the experimentally measured quantities. 

The above theory was derived on the assumption of 
an isotropic g factor in the gyromagnetic ratio y. How- 
ever, the susceptibility measurements on FeF, (in the 
paramagnetic state) show'®!’ that g,, is greater than g, 
by about 10%.. The usual isotropic molecular-field ap- 
proximation is not directly applicable in the case of an 
anisotropic g value, but the simplicity of the standard 
approach may be recovered by a transformation to an 
isotropic form. The manner in which this may be done 
has been shown by Nagamiya'® in his treatment 
of the antiferromagnetic resonance in orthorhombic 
CuCl,-2H,0. Following Nagamiya, we assume an iso- 
tropic g value, which we arbitrarily set equal to g,,. The 
results of the isotropic theory may then be taken over 
with the modification that, where the external field H 
appears in the equations, its component perpendicular 
to the ¢ axis is replaced by (g:/g:,)H., while the perpen- 
dicular susceptibility X, is replaced by (gj:/g.)?X.. 

The preceding theory is used in Sec. IV to analyze the 
experimental results. In Sec. V, the theory of the ani- 


3R. A. Erickson, Phys. Rev. 90, 779 (1953). 

‘See, for example, T. Nagamiya, K. Yosida, and R. Kubo, 
{dvances in Physics, edited by N. F. Mott (Taylor and Francis, 
td., London, 1955), Vol. 4 p ] 

a H. Van Vleck, J Chem. Phys. 9, 85 

J. W. Stout and L. M 
338 (1953) 

7S. Foner private communication 

18 T,. Nagamiya, Prog. Theoret. Phys. 
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Fic. 2. Schematic diagram of the far-infrared monochromator. 


The diagonal mirror was usually replaced by a KRS-5 crystal or 
a zero-order grating. 
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sotropy energy is discussed on the basis of a spin 
Hamiltonian-molecular field treatment and its tempera- 
ture dependence is derived. The linewidth and shape 
are discussed in Sec. VI, and the paramagnetic region 
in Sec. VII. 


III. EXPERIMENTAL METHODS 
Monochromator 


The far-infrared monochromator, schematically shown 
in Fig. 2, was similar in optical design to the one de- 
scribed by McCubbin and Sinton.'* The source of radia- 
tion was a high-pressure mercury vapor lamp (General 
Electric type H100-A4). A Littrow system was used, the 
main diffraction gratings having 2 by 3 in. oval-shaped 
holes in their centers to allow the use of an on-axis 
parabolic mirror of f/1.5 aperture ratio. The echellete 
gratings were ruled in the departmental shop either on 
a j'g-in. layer of solder bonded to a brass backing plate, 
or on solid Dural. They had a 14.5° blaze angle and 
ruling spacings of 0.26, 0.34, 0.45, and 0.75 mm. 

The harmonics of the desired frequency, which were 
also diffracted and reached the exit slit, were greatly 
attenuated by a combination of filters. Carbon-black 
coatings on the mirrors and transmission filters absorbed 
the near-infrared radiation, while crystal quartz, fused 
quartz, and rock-salt filters removed most of the longer- 
wavelength harmonics. In addition, the plane mirror 
before the entrance slit was replaced either by a crystal 
of KRS-5, for use from 140 to 280 yu, or by an appropriate 
zero-order grating, for use at longer wavelengths. The 
depth of the observed antiferromagnetic resonance ab- 
sorption showed that a radiation purity of about 90% 
was obtained at about 190 x. 

An innovation was the use of a metal light pipe”’ to 
channel the radiation from the exit slit to the liquid- 
helium Dewar, as shown in Fig. 3. ‘To eliminate the 


9 T. K. McCubbin and W. M 
113 (1952). 

*»R. C. Ohlmann, P. L. 
Soc. Am. 48, 531 (1958). 


Sinton, J. Opt. Soe Am. 42, 


Richards, and M. Tinkham, J. Opt. 
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large number of water vapor absorption lines, the 
monochromator case and the light pipes were evacuated. 


Detector 


The radiation was detected by a carbon resistance 
bolometer”? operating at 1.3-1.5°K. This consisted of 
a 76 4X0.015 in. slab ground from a 56-ohm Girard- 
Hopkins resistor onto which indium contacts were 
evaporated. It was glued to the brass bottom of the light 
pipe with a 0.001-in. Mylar film interposed for electrical 
insulation, A light cone was used to condense the radia- 
tion from the 0.43-in. i.d. light pipe onto the bolometer. 
The bolometer, which operated in vacuum, typically 
has a resistance of 250 kohm when conducting 9 ya and 
with the helium bath at 1.4°K. 


Temperature Measurement and Control 


To observe the temperature dependence of the anti- 
ferromagnetic resonance, the FeF, sample was placed 
in the light pipe 12 in. above the bolometer. As the 
helium level dropped, the sample temperature rose at 
about 0.2°/min, which was slow enough so that the 
effect of the temperature change was negligible during 
a single sweep through the resonance line. This was 
checked by using the heater to hold the sample tem- 
perature constant during some runs. Sample tempera- 
tures of over 100°K could be obtained using the heater 
when the helium was at the bolometer level. The tem- 
perature was measured using a thermocouple made from 
a silver-gold alloy vs a gold-cobalt alloy. 


Sample Preparation 


A number of single-crystal samples were obtained 
which were as large as several millimeters on their 
longest edge. Sample I, which was used for the majority 
of the experiments, was ground into a disk having the 
[001 ] direction, as determined by the usual Laue back- 
reflection technique, normal to its surface. This was 
done since the maximum resonance absorption of un- 
polarized light occurs when the direction of propagation 
is down the ¢ axis, the easy axis of magnetization. 
Thicknesses of 2, 1, and 0.5 mm were used in successive 
groups of observations, It seemed impractical to grind 
this sample thinner than 0.5 mm since an excessive 
number of cracks and pinholes developed. 

Sample IT, which was 1 mm thick, was used primarily 
for the observations of the splitting of the resonance 
line using a magnetic field directed along the c¢ axis. 
Since the nature of our apparatus required that the 
field be perpendicular to the direction of radiation pro- 
pagation, the c axis had to lie in the plane of the sample 
disk. However, after the sample was mounted, the x-ray 


*W.S. Boyle and K. F. Rodgers, J. Opt. Soc. Am. 19, 66 (1959 

2 P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 

3 We are indebted to Professor J. W. Stout for providing us 
with these samples. 
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pattern disclosed that the ¢ axis was 5° out of this plane. 
This error required a 0.4°% correction to the effective 
magnetic field. 

Preliminary results with a number of unoriented 
samples were also included in the resonance-frequency 
data. These were taken before improvements in the 
radiation purity were made, but were consistent with 
the later results. 


IV. EXPERIMENTAL RESULTS 
Field-Free Resonance 


The antiferromagnetic resonance was observed at 
temperatures ranging from 1.5° to 66°K with no static 
magnetic field applied. Figure 4 shows the appearance 
of the data taken at the sample temperatures of 2°, 36°, 
and 50°K. The distribution of the background energy 
with wavelength is shown by the dashed lines in the 
figure. This is the energy which would have reached the 
detector in the absence of any antiferromagnetic reso- 
nance absorption. It was. obtained with the sample 
heated to 100°K, well above the Néel temperature 
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Fic. 4. Antiferromagnetic resonance lines. The original data 
has been replotted to have the three curves of equal scale, and the 
amplitude has been adjusted to have the absorption curves join 
smoothly on the background energy distribution shown by the 
dashed curve. These curves have been obtained using sample I, 
0.5 mm thick, with the 260-u grating in the spectrometer. Running 
conditions were: 2°K, 1.5-mm slit, 0.75 w/min, 45-sec time con- 
stant; 36°K, 6 mm slit, 6 u/min, 11-sec time constant; 50°K, 
10 mm slit, 12 u4/min, 11-sec time constant. 


(79°K). The shape of this distribution was the combined 
result of the source distribution, the grating efficiency, 
the filtering, including the filtering of the sample itself, 
and any false energy present. It was necessary to have 
the sample present in determining the background in 
order to separate the resonance absorption from the 
frequency-dependent lattice absorption. Evidence that 
the absorption line did not come from the excitation of a 
lattice vibrational mode is the splitting of the line pro- 
duced by a magnetic field and also the temperature de- 
pendence of the resonance frequency. Large fluctuations 
on the background, due to interference phenomena from 
multiple internal reflections, were eliminated by non- 
parallel grinding of the two surfaces of each filter and of 
the sample. The slight irregularities remaining in the 
background distribution, which were also found with 
no sample present, were suspected to be due to stray 
reflections in the monochromator, but we were unable 
to eliminate them. 

In normalizing these curves, the false energy simply 
was assumed to be a constant percentage of the back- 
ground energy. This percentage was obtained from the 
fact that the attenuation at the line center was so high 
that, except for the widest lines observed, the true trans- 
mission at the center of the line was essentially zero, 
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Thus the remaining signal (10-15% of the background 
energy) was false energy. This was confirmed by the 
observation that the resonance lines using sample I, be- 
tween 15° and 45°K, which show at least a factor of 5 in 
their range of apparent linewidths, all had the same 
maximum absorption. Only the lack of instrumental 
resolution prevented the narrow lines observed below 
15°K from showing the same maximum absorption. 

After each curve was normalized, the resonance fre- 
quency was taken to be the frequency at which the 
relative transmissivity was a minimum. A plot of these 
frequencies vs temperature is shown in Fig. 5 along with 
the theoretical curve obtained below. The indicated 
uncertainties were estimated from the normalized trans- 
mission curves, and range from 10 to 30% of the line- 
widths. Since the observed lines were considerably 
asymmetric, the relationship between the frequency at 
the transmission minimum and the theoretical resonance 
frequency must be determined and this is done below in 
Sec. VI. However, for the very narrow lines, the differ- 
ence is unobservable and the resonance frequency 
extrapolated to 0°K is 


»o(0)=52.740.2 cm. 


Resonance Observations in a Magnetic Field 


The observations in a magnetic field were necessarily 
made under a relatively narrow range of experimental 
conditions since only 19000-0e fields were available 
compared to the effective internal field of 500 000 oe. At 
absolute zero, if the external field is along the preferred 
axis, the splitting of the resonance line®* is twice the 
Larmor frequency w,=~7Hp. This yields a splitting of 
about 4 cm™ with the above field and with a spectro- 
scopic splitting g factor equal to 2. Approximately, this 
splitting was observed at low temperatures where the 
linewidths were about one cm. However, if the external 
field is perpendicular to the preferred axis, the splitting 
is a second-order effect equal to wz?/wo. This would be 
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Fic. 5. Temperature dependence of the resonance frequency. 
rhe experimental points represent the frequencies at the trans 
mission minima, and the curve is the result of the theory given 


in Sec, V. 
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Fic. 6. Splitting of the line in a magnetic field. The ratio of the 
signal observed with the field on to that with the field off is plotted 
vs frequency. The central peak represents the inverse of the ab- 
sorption observed in the absence of a field. The temperature was 
1.5°K. The splitting is consistent with g=2.25+0.05. 


only 0.08 cm~ with the above fields and, therefore, it is 
unobservable. 

The ratio of the signal from a typical run with an 
18 700+400 oe field applied to that from a zero-field 
run is plotted in Fig. 6. Since all other conditions of the 
runs were identical, this ratio isolates the magnetic 
effects. The central peak represents the reciprocal of the 
zero-field absorption line, while the two dips on either 
side are the split lines which result from the field being 
present. The intensities of the lines are consistent with 
the assumption that, at the peak of each line, there was 
almost 100% absorption of the appropriate component 
of the radiation polarized perpendicular to the c axis, 
while the other component was not absorbed. 

The result of these observations is that 


gu =2.2540.05. (3) 


This value agrees within experimental error with that 
obtained by Foner’? from the susceptibility at high 
temperatures and with Tinkham’s value from para- 
magnetic resonance observations on the dilute salt 
(Fet++ in ZnF,).*4 


Hz, Ha, and K at T=0 


Asa preliminary to the discussion of the antiferromag- 
netic nature of ferrous fluoride, the values of some of the 
macroscopic parameters at absolute zero are calculated. 
The theory just discussed, including the appropriate 
modifications for the anisotropic g factor, is sufficient 
for this purpose. This means that Eq. (1b) should be 
written wo=yu(2K/X,)*(gi/gu), where yu=gue/2me. 
We have used g,= 2.05+0.05, which was obtained from 
the high-temperature susceptibility data.'7 This value 
agrees with the value calculated from the susceptibility 
anisotropy,!® X;,—X,, which also follows a Curie-Weiss 
law with a Curie constant proportional to g,,’—g,’. 

* M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956). 
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In the formalism of an isotropic g equal to gi, the 
effective field for resonance at T=0 is wo(0)/yi= Hetr(0) 
= 500 koe. By using X,(0)=0.0159M emu,'* one obtains 


K (0)=2.4X 10° ergs/mole= 1.1 10° ergs/cm*. (4) 


Since only a small portion of the anisotropy arises 
from the interactions between the magnetic ions, 
while the major part is due to the interaction of each 
ion with its crystalline field, it is relevant to refer to the 
anisotropy energy per Fe** ion, «(0), which equals 
K(0)/(N/2) or 4042 cm~/ion. [We divide by (N/2) 
rather than N because only one sublattice at a time 
enters in the consideration of anisotropy energy, i.e., 
3K cos*6,:= (N/2)3x cos’@;. | 

The saturation magnetization of a sublattice is 
M (0)=3.Ngimn(S)c=560 gauss (where we have taken 
(S)o=0.98S to account for the zero-point motion). 
Thus one obtains H,4(0)=K(0)/M(0)=200 koe and 
Hxz(0)=540 koe. 


V. INTERPRETATION OF RESULTS 
Origin of the Anisotropy 


The principal source of magnetic anisotropy in FeF»2 
is the effect of the asymmetry of the crystalline electric 
field upon the spins, the interaction occurring via the 
spin-orbit coupling. The other sources of anisotropy 
usually considered'*—the dipolar interaction and the 
anisotropic exchange interaction—are probably an 
order-of-magnitude smaller. The dipolar anisotropy 
energy would be about the same as that found in MnF2, 
which is magnetically and crystallographically similar to 
FeF, but whose anisotropy is almost entirely of dipolar 
origin. This energy (1.8 cm™/ion at 0°K***~*?) is less 
than 5% of K(0) found for FeF,. The anisotropic ex- 
change, resulting from the combined effect of spin-orbit 
coupling and the isotropic exchange, is more difficult to 
estimate. However, since it is a third-order perturbation, 
we might expect it to be small compared to the second- 
order crystalline field-spin-orbit-coupling interaction. 

The free ion of Fe®*+ has a 3d*°*D ground state. The 
orthorhombic symmetry (D.,) of the ligand field at the 
cation site in FeF, completely removes the fivefold 
orbital degeneracy of the D state. A quantitative calcu- 
lation of the splitting is difficult?*~” since it is sensitive 
to the polarizability of the fluorine ions and the degree 
of overlap of the d electrons onto the fluorine. However, 
the estimated separation of 1000 cm™ between the 
ground state and the first excited orbital state is sufh- 
ciently greater than the free-ion spin-orbit-coupling 
constant,*! Ay» = — 103 cm™, that one may use a perturba- 

*5 F. Keffer, Phys. Rev. 87, 608 (1952). 

26 T. Oguchi, Phys. Rev. 111, 1063 (1958). 

27S. Foner, Phys. Rev. 107, 683 (1957). 

28K. Niira and T. Oguchi, Progr. Theoret. Phys. (Kyoto) 11, 
425 (1954). 

® M. Tinkham, Proc. Roy. Soc. (London) A236, 549 (1956). 

% T. Moriya, K. Motizuki, J. Kanamori, and T. Nagamiya, 


J. Phys. Soc. Japan 11, 211 (1956). 
31 R. E. Trees, Phys. Rev. 82, 683 (1951). 
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tion treatment on the ground state which leads to a 
spin Hamiltonian. For orthorhombic symmetry, the 
effect of an L-S perturbation may be represented in 
the spin Hamiltonian as 


DS2+E(S2—S,), (5) 


where only the lowest-order anisotropic terms are 
considered. 

In the following analysis the molecular-field approxi- 
mation is used to determine the relationships which 
exist between the parameters of the spin Hamiltonian 
and the macroscopic parameters entering into the anti- 
ferromagnetic resonance theory. The treatment has been 
simplified by neglecting the second term of Eq. (5), 
since Tinkham* has shown that E<D. Tinkham esti- 
mated that D= —7.3+0.7 cm™ and E=0.70+0.04 cm™ 
from his observation of paramagnetic resonance of Fe*+* 
as a substitutional impurity in ZnF2, combined with a 
measurement of the temperature-dependent anisotropic 
susceptibility of his dilute crystal. 

The spin Hamiltonian for the whole crystal, involving 
the sum of the anisotropy contributions from each atom 
and the sum of all the exchange contributions, may be 
considerably simplified into a sum of the effective 
Hamiltonians of the individual ions by means of the 
molecular-field approximation. The exchange interac- 
tion is partitioned by replacing its effect on an individual 
ion by the interaction of the spin of that ion with the 
average spin on the rest of the lattice. The spin Hamil- 
tonian may then be written, for an ion on site & of 
sublattice 1, as 


He= [2 191(S2)+2(J2z24+ J s¢3)(Si )}-Sit DS:2’, (6) 


where (S;) and (S,) are the statistical averages of the 
spins of the individual ions on the two sublattices, and 
21, 2, and 3; are the coordination numbers of the various 
types of neighbors, namely 8, 2, and 4 in the FeF; lattice. 
In the absence of a magnetic field and below the transi- 
tion temperature, we may let (S.)=—(S;) as a suffi- 
ciently good approximation so that the above Hamil- 
tonian may be written, dropping the & subscript, as 


= —J(S,)-S+DS¥, (7) 


where J =2J \2;—2Jo2.—2J323>0 and D<0. 


Sublattice Magnetization 


The sublattice magnetization® is found from the 
condition 


(S,)= TrS, exp(—H/kT)[Tr exp(—H/kT)}". (8) 


In the approximation used here, (S;) is directed in the 
positive z direction so that (S;)=(S,). One obtains, 
using (7) and (8), the equation 


(S:)=d m exp(— En/kT)/S exp(—Em/kRT), (9) 


# A similar calculation of the sublattice magnetization has been 
performed by A. Honma [J. Phys. Soc. Japan 15, 456 (1960) ]. 
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where 


E,n= —J(S,)m+ Dm? (10) 


are the eigenvalues of the Hamiltonian and m covers the 
range of —2 to 2 for S=2. These equations determine 
(S,) for a given J and D. 

The transition temperature, Ty, is the highest tem- 
perature for which there is nonzero solution for (S,). 
Setting the derivative with respect to (S,) of each side 
of Eq. (9) equal at Ty, and letting (S,)=0, one obtains 


kTx/J=> m’ exp(— Dm? /kT y) 
> exp(—Dm?/kTy) (11) 
~2+2.8(—D/kTy) 


+0.6(—D/kTwy)?+--+. (12) 


The effect of correlation, as calculated by Brown and 
Luttinger® and Smart* for S=2 and eight nearest 
neighbors, is to reduce the value of kT'y/J by about 
15% and this correction has been included in the 
numerical determination of /. 


Anisotropy Energy 


The magnetic anisotropy energy is that part of the 
free energy which depends upon the direction which the 
sublattice magnetization, or (S), makes with the crystal 
axes. Let (S) be directed along an axis ¢, taken for con- 
venience to lie in the xz plane and having direction 
cosines a, 8, and y with the x, y, and z axes. Then, for 
small values of a, the eigenvalues of the Hamiltonian 
(7) may be written 


Expanding the free energy per ion 
f=—kT Inl>& exp(—E,./kT) | 
in a Taylor’s series in a, i.e., 
sotropy energy per ion « as 
x=K/(N/2) 
=> E,.” exp(—E,°/kT)/>, exp(—E. 


f +3 Ka’, gives the ani- 


kT). (14) 
The eigenvalues of the Hamiltonian are easily obtained 
by rotating to a new set of orthogonal axes &, 7, and ¢ 
and considering the term depending on angle as a 
perturbation. We obtain, including all terms to a’, 


Ew = —J(S¢)m+ Dm’, (15) 


E,," = — DL 3m?—S(S+1) } 


| (m+4)*LS(S+1)—m(m+1) 
+2D* 
J(S;)— D(2m+1) 


(m—})*LS(S+1)—m(m—1) ] 


- ; (16) 
J(S;)— D(2m—1) 


% H. A. Brown and J. M. Luttinger, Phys. Rev. 100, 685 (1955). 
4 J.S. Smart, J. Phys. Chem. Solids 11, 97 (1959). 
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The anisotropy energy may be calculated as a func- 
tion of temperature from Eqs. (14) (16). We assume 
that (S;)=(S.), which is calculated by Eqs. (9) and 
(10). At T=0, with (S;)=S=2, we have 


> 


k-(0)= En” | mas= —6D(1—3D/J)“, (17) 


where the subscript on « denotes that it is that part of 
the total anisotropy energy which is due to crystalline 
field-spin-orbit-coupling interaction. This method of 
obtaining the anisotropy energy is similar to that used 
by Yosida‘ for |D|<«J, and has been treated for the 
case of large anisotropy and S=1 by Cooper.*® 

An estimate of D and J may be obtained from Eqs. 
(11) and (17), using Ty=78.4°K and the value of 
x(O)=40.4+2 cm™ calculated using the antiferromag- 
netic resonance frequency. If we subtract 1.8 cm™ of the 
anisotropy energy as being of dipolar origin, we obtain 
x-(O) ~ 38.6 cm. This gives D= -- 10.5 cm™, when J is 
increased by 15% to account for correlation. For com- 
parison, Tinkham’s value of D= —7.3 cm would give 
«-(0)=31.2 cm™. This discrepancy suggests a larger 
anisotropy from other causes than was estimated. How- 
ever, this low value of x.(0) might also arise from the 
small difference in the lattice parameters of FeF: and 
ZnF, (the host lattice used by Tinkham), which affects 
both the crystal-field strength and the degree of overlap 
of the d electrons onto the fluorine ions. As a com- 
promise, we have used D= —9 cm”! in the calculation 
of the temperature dependence of the magnetization 
and anisotropy. For this value of D, we have JS?= 101.2 
cm and «x.(0)=35.4 cm”. The exchange interaction 
between ions on different sublattices equals 2/)2)S° 
=gupHe(0)S=116.8 cm". Since J=2J\2;—2/oz2 
— 2/323, the exchange interaction with ions on the same 
sublattice is approximately 15.6 cm™! 

The temperature dependence of the sublattice mag- 
netization, M(T)/M(0)=3<S,), was calculated from 
Eqs. (9) and (10) and is shown in Fig. 7. Cooper*® points 
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Fic. 7. Temperature dependences of the sublattice magnetiza- 
tion and the anisotropy energy constant. The curve for M/Mp for 
small D is the usual modified Brillouin function for S=2. 


3° B. R. Cooper, Phys. Rev. 120, 1171 (1960). 
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out that if correlation is included, the shift to the right 
from the Brillouin-function curve for | D| «J is approxi- 
mately twice as great as that shown in the figure, as- 
suming his results for S=1 may be carried over to this 
case. The temperature dependence of the anisotropy 
energy was calculated using Eqs. (14)-(16) and is also 
shown in Fig. 7 both for |D\|<«<J and for |D|/kTy 
=0.165, which should approximate the situation 
in FeF»s. 

The change of the antiferromagnetic resonance fre- 
quency with temperature has been determined using 
K(T) and the experimental values of X, in Eq. (1b), and 
it is shown in Fig. 5. The experimentally observed reso- 
nance frequency decreases with temperature even more 
slowly than the molecular-field theory predicts, although 
the experimental uncertainty is considerable. The dis- 
crepancy may be qualitatively attributed to the neglect 
of correlation. In addition, there is also an effect due to 
the large linewidths observed at high temperatures. The 
theoretical calculation of the line shape, described in the 
following section, has shown us that, for the wide lines 
at T>55°K, the frequency at maximum absorption 
(plotted in Fig. 5) is up to several percent higher than 
that given by w= y(2H eH «+H 4*)'. Unfortunately, the 
correction of the data for this effect could not be made 
reliably because of the limited accuracy of the line- 
width data. 


VI. LINEWIDTH AND SHAPE 


The usual definition of the linewidth of a magnetic 
resonance line is the interval between the frequencies at 
which the absorption coefficient (or the imaginary part 
of the susceptibility) is half its maximum value. How- 
ever, this quantity could not be directly obtained from 
the transmission measurements since the low transmis- 
sion at the line center was not able to be measured ac- 
curately due to false energy and noise. In addition, in 
most cases the width of the line, as calculated in the 
following was less than the resolution limit of the spec- 
trometer. Therefore, the observed transmission line 
shapes were fitted to theoretically calculated shapes, 
and the width of the theoretical line which best fit each 
observed line was considered to be its intrinsic linewidth. 

As Dayhoff** has pointed out, regardless of the mecha- 
nism for the relaxation of the sublattice magnetizations, 
they must be expected to relax toward the instantaneous 
field acting upon them. Therefore, a damping term of 
the Landau-Lifshitz form was added to the equations 
of motion of M; and Msg, which then may be written, in 
the absence of a static magnetic field, as 


8M, 2/dt= [M2 Hi2— (C/M)Mi2 


< (Mi.2X Hi») J, (18) 


where C is a dimensionless constant, and M=M,, 
=—M,,. The components of the effective field acting 


36 EF. S. Dayhoff, J. Appl. Phys. 29, 344 (1958). 
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on each sublattice are 


Hy 2=[—AM2e.+Hz; —\M uz +-Hy; 
+(Hzet+H a) |, 


where H, and H, are the components of the radiation 
field and Hy=XM. Following the standard method,’ 
the complex susceptibility was found. Since no static 
field has been included, the off-diagonal elements of 
the susceptibility tensor vanish. Letting X,,=X,,=X 
= y'—ty”, we find that 


(19) 


X=X,(wo?+iAws)/ (we?—w?+iws), (20) 


where 
w=? (2H eH 4+H 4*)(1+C?), 
X,=M/(He+}H), 
6= 2Cy(Het+H 4), 
A=(He+4H4)/(Het+H 4). 


In the usual case CK1 so that wo given by Eq. (21) is 
negligibly different from that given by Eq. (1). The 
dissipative component x” assumes a Lorentz form when 
w—wo|<Kwo, namely, 


x! =X, (wo/5)[1+ (w—wo)?(2/6)? 7, (25) 


having a full width at half-maximum equal to 6. 
The transmission through the sample of thickness 3, 
including reflection losses at each surface, is given by 


(26) 


4n . 
r-|- exp[ —2(w/c)kz], 
(n+1)?+F? 


where 


n—ik=[(1+42x)e }}, (27) 


and where e¢ is the complex dielectric constant. To isolate 
the magnetic effects, the relative transmissivity, 7/7”, 
where 7” is the transmission when x=0, was calculated 
as a function of frequency using the constants appropri- 
ate to FeF2, ie., 4rX,=0.009/erg gauss-? cm 


’ 
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Fic. 8. A comparison of the experimental and theoretical line 
shapes. The experimental curve uses the normalized transmission 
from the 36°K run shown in Fig. 4, and the theoretical curve was 
calculated using 6/wo=0.1, where 6 is the linewidth in angular 
frequency units. The agreement is within experimental error. 
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Fic. 9. The temperature dependence of the linewidth. The 
points are experimental. The solid curve was calculated from the 
theoretically obtained second moment assuming exchange narrow- 
ing. The dashed curve was calculated by relating the second and 
fourth moments to those of a cutoff Lorentz line shape. 


=7—i0.05, and A=0.9. The value of € was estimated 

from the transmissivity found when the sample tem- 
perature was above the transition temperature. The 
calculated line shapes agree well with experiment for the 
observations above 25°K, as shown, for example, by 
Fig. 8. The lack of fit for the narrow lines at low tem- 
peratures is due to additional “spurious” absorption 
lines on the sides of the principal resonance. 

The linewidths which were obtained by fitting the 
above theory to the observed transmission data, when 
plotted vs temperature as in Fig. 9, empirically were 
found to have a 7* dependence. In the absence of a 
detailed theory of the relaxation at high temperatures, 
the linewidth was calculated by considering the fluctua- 
tions in the effective molecular fields, as suggested by 
Townes.’ Since the resonant frequency w» is proportional 
to x}, a statistically determined quantity, the moments 
of the line were obtained from the moments of x. For 
example, the second moment of « is 
((Ax)?)av=( (Em —k)*)as 


; (2x/w)*{(Aw)*)ay. (28) 


Although, in principle, all the moments could be ob- 
tained and the line shape thus determined, two alterna- 
tive approximate methods were used. One was to use 
only the second moment and assume the line was ex- 
change narrowed. The linewidth 6 is then given by 


6= 2( (Aw)*)av/Wex; (29) 


where the exchange frequency, wex, is yYH¢. The result 
of this calculation is shown by the solid curve in Fig. 9. 
In the other method of obtaining 6, the second and 
fourth moments of the line were calculated and equated 
to the second and fourth moments of a Lorentz line 
shape having an arbitrary cutoff. This gave the dashed 
curve in Fig. 9. The agreement of both methods with 
experiment is better than expected, considering the 
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fact that no adjustable parameters were used in either 
approach, 

The weak satellite absorption lines on the side of the 
main resonance were barely observable with the resolu- 
tion available. Therefore, a convolution of the trans- 
mission data was performed which effectively doubled 
the resolution. The instrumental resolution function was 
approximated by the energy distribution around the 
zero-order diffraction pattern. By successive approxi- 
mations on a digital computer (IBM 650), the line 
shape was determined which, when convoluted with the 
resolution function, gave the observed line shape. To 
reduce the possibility that the satellite lines were due 
to “ghosts” in the background distribution, the line 
shape was normalized using a background distribution 
which also had been convoluted. The results of this 
computation are shown in Fig. 10. Although the inte- 
grated absorption of the strongest satellite was esti- 
mated as only 0.1-1.0% of the principal absorption, the 
sample was sufficiently thick to allow it to be seen. 


VII. PARAMAGNETIC REGION 


Above the transition temperature, the anisotropic 
terms in the spin Hamiltonian describe a number of 
low-lying energy states, between which magnetic-dipole 
transitions may occur with the absorption or emission 
of far-infrared radiation. The significance of the failure 
of our search for the absorption lines due to these transi- 


tions is discussed below. 

If the exchange interaction in the paramagnetic region 
is neglected, a questionable assumption for FeF2, the 
energy levels are given by the eigenvalues of the spin 
Hamiltonian, DS2+E(S/2—S,?), in an S=2 manifold. 
The result of this is a ground state doublet split by 
—3?/D=0.2 cm, and three higher states of energies 
approximately —3(D+£), —3(D—F), and —4D, re- 
spectively, above the ground state.** The transitions 
between the lowest two states and states 3 and 4 may 
be excited by x- or y-polarized radiation of frequencies 
24.8+6 and 29.4+6 cm", respectively, where we have 
set D=—92+2 cm. 

A search for these lines, covering a frequency range 
of 13 to 70 cm=', both at 100° and 300°K, was conducted 
without success. We estimate that the lower limits on 
our ability to detect weak absorption lines was such 
that a relatively narrow line absorbing 15%, or a broad 
line absorbing 40%, would have been detected easily 
over the noise and background fluctuation. The absorp- 
tion coefficient calculated from the transition proba- 
bilities of these transitions, assuming a Lorentz line 
shape, indicated that the lines would be unobservable 
if the relaxation time was less than 10~” sec. This re- 
laxation time is consistent with the observations of 
microwave Faraday rotation in FeF, by Teaney.*? Such 
a rapid relaxation casts doubt on the simple paramag- 

‘PD. Teaney, thesis, University of California, Berkeley, Calli 
fornia, 1960 (unpublished). 
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netic theory. In FeF2, the exchange energy is of the 
same order of magnitude as the energy level separations 
calculated above. Thus, rather than causing an exchange 
narrowing in the paramagnetic region, the exchange 
interaction may be expected to broaden the energy 
levels. If these broadened levels appreciably overlap, the 
eigenfunctions of the spin Hamiltonian neglecting ex- 
change are poor approximations to the stationary states 
of the complete Hamiltonian. 


VIII. SUMMARY 


Observations of antiferromagnetic resonance in FeF» 
have been made using far-infrared radiation at tem- 
peratures from 1.4° to 66°K (=0.87'y). The anisotropy 
and exchange energies have been calculated from the 
resonance frequencies and the static susceptibility, the 
anisotropy energy being an appreciable fraction of the 
exchange energy (H4/He=0.36 at T=0). The large 
value of the anisotropy energy (1.1X10° ergs/cm® at 
7=0) is attributed primarily to the anisotropy of the 
crystalline electric field, which is coupled to the spin 
system via the spin-orbit interaction. The theoretical 
interpretation of the results was based on the molecular- 
field approximation, using an effective spin Hamiltonian 
which included the anisotropy. In this way, the macro- 
scopic anisotropy energy was related to the anisotropy 
term in the Hamiltonian, DS, and we have estimated 
D=—9+2 cm". 

The temperature dependences of the sublattice mag- 
netization, the anisotropy energy, and: the resonance 
frequency have been calculated and reasonably good 
agreement has been found with the experimental fre- 
quency vs temperature data. The line shapes were 
satisfactorily described by including a Landau-Lifshitz- 
type relaxation term in the resonance equations. Using 
this type of relaxation, we have calculated the intrinsic 
linewidths from the observed resonance linewidths. The 
observed 7* dependence of these linewidths has been 
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fitted over a range of three decades by a theory based 
on the statistical fluctuations in the macroscopic ani- 
sotropy energy. 

The success of the molecular-field approach in de- 
scribing our results may be somewhat fortuitous. The 
separation of the complete Hamiltonian into relatively 
independent individual-ion Hamiltonians is a rough 
approximation, known to neglect the correlation of the 
spin directions of near ions. However, we have made 
full use of this approach in calculating the anisotropy, 
its temperature dependence, and the line widths. It is 
possible that the inclusion of the strong anisotropy, with 
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its effect of aligning the spins along the preferred axis, 
partially compensates for the neglect of correlation. 
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Gyromagnetic Ratio of Nickel Ferrite 


G. G. Scorr 
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(Received March 10, 1961) 


The gyromagnetic ratio of the ferrite NiOFe,O; was determined by measurements of the Einstein-de 


Haas effect. The g’ value of 1.849+0.002 indicates that the magnetization is largely due to the Ni** 


as in the Néel model. Comparison with values of g 


s 


ions 


determined by ferromagnetic resonance investigations 


furnishes evidence as to the validity of the Kittel-Van Vleck relation for ferrites 


INTRODUCTION 


AGNETOMECHANICAL determination of g 

factors for ferrites should furnish very direct 
evidence as to the source of the net magnetization in 
these materials. It was therefore thought that Einstein- 
de Haas experiments on a nickel ferrite would be of 
considerable interest. 

The facility for making these measurements which has 
previously been reported' can be readily adapted for 
working with ferrites. In fact, for rods having length-to- 
diameter ratios of 15 to 1, many ferrites can be magne- 
tized to the same order of intensity as the ferromagnetic 
metals with which we have previously been concerned. 
In addition, the high homogeneity which can be at- 
tained with ferrites reduces the random errors due to 
coupling with very small external fields. 

The rod used in these experiments was made in 
the General Motors Research Laboratories. Consid- 
erable care was used to assure the stoichiometry of 
NiOF e203. 

'G. G. Scott, Phys. Rev 


119, 84 (1960). 


RESULTS 


These experiments on NiOFe,O; were conducted on 
six different days. The values obtained on these days for 
g’ were 1.849, 1.847, 1.845, 1.853, 1.850, and 1.848. 
Thus the magnetomechanical factor for this ferrite is 
1.849+ 0.002. The corresponding factors for Ni and Fe 
are 1.835 and 1.919, respectively. Hence it appears 
that the net magnetization in this material is largely 
due to the Ni** ions as in the Néel model. 

The g’ value of 1.849 corresponds to a g value of 
2.178. Resonance experiments by Yager, Galt, and Mer- 
ritt? give a g value of 2.196 for (NiO)o.95(FeO)o.o5Fe20s. 
Also Yager ef al.’ obtain for NiOFesQ; a g factor of 2.19. 
Hence these experiments also furnish evidence as to 
the validity of the Kittel-Van Vleck relation for ferrites. 

The author wishes to thank the Charles F. Kettering 
Foundation for making available the specialized labora- 
tory facilities required for conducting these experiments. 

2W. A. Yager, J. K. Galt, and F. R. Merritt, Phys. Rev. 99, 
1203 (1955). 

7W. A. Yager, J. K. Galt, R. F. 
Phys. Rev. 80, 744 (1950). 


Merritt, and E. A. Wood, 
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Kapitza Resistance between Helium and Metals in the Normal 
and Superconducting States 


W. A. LitTLE* 
Stanford University, Stanford, California 


(Received February 16, 1961) 


The contribution of the conduction electrons of a metal to the heat flow across a helium-metal interface 
has been calculated. It is found that the “totally” reflected phonons from the fluid play an important role 
in the transfer mechanism as had been predicted previously. The dominant term in the heat flow is propor- 
tional to T8A7, in agreement with the experimentally observed value on lead. However, the numerical 
agreement is poor. The reasons for this are discussed. In the superconducting state it is shown why this 
heat transfer becomes inoperative. Several interesting consequences of this calculation are given. In par 
ticular, it is predicted that a phonon-drag effect may be observed between the conduction electrons in the 
metal and the phonons in the fluid and vice versa. Also, it is shown that the variation of the Kapitza re 
sistance with applied magnetic field can help to distinguish between the various contributions to the heat 


flow. 


N 1941 Kapitza! observed that when a solid was 

heated while immersed in liquid helium a discon- 
tinuous jump occurred in the temperature in crossing 
the solid-liquid interface. The thermal resistance which 
gives rise to this discontinuity has become known as 
the Kapitza resistance. The earlier attempts to under- 
stand this effect were based on the properties of the 
superfluid,?* He 11. 

However, Lee and Fairbank* made the important 
observation that the effect occurred when Het was 
replaced by He’ and, indeed, it occurs also with He 1. 
Moreover, there has been a considerable amount of 
evidence to show that such a temperature discontinuity 
occurs at the interface of any two materials and that 
this discontinuity becomes more marked as the temper- 
ature is lowered.® Khalatnikov® in 1952 gave a plausible 
explanation of the effect. This theory showed that the 
acoustic mismatch at the interface between the solid 
and the liquid severely limited the flow of heat across 
the interface. The theory depended upon the elastic 
properties of the liquid and solid and not the peculiar 
properties of the superfluid. It gave a value for the 
heat flow which was appreciable, although considerably 
less than the experimentally observed values. While 
the agreement between experiment and theory was not 
good, it was clear that Khalatnikov’s mechanism would 
always be present and that any other process of trans- 
ferring heat across the boundary would only act in 
parallel with it. Some of the details and numerical 
values in Khalatnikov’s theory have been criticized in 
some recent papers’:* but these merely stress the fact 

* Work supported by the Alfred P. Sloan Foundation and the 
Office of Naval Research. 

'Pp. L. Kapitza, J. Exptl. Theoret. Phys. (U.S.S.R.) 11, 1 
(1961). 

2 R. Kronig and A. Thellung, Physica 16, 678 (1950). 

3C. J. Gorter, K. W. Taconis, and J. J. Bennakker, Physica 
17, 86 (1951). 

‘D. M. Lee and H. A. Fairbank, Phys. Rev. 116, 1359 (1959). 

®B. B. Goodman, Proc. Phys. Soc. (London) A66, 217 (1953). 

*I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 22, 
687 (1952) 

7W. A. Little, Bull. Am. Phys. Soc. 5, 4, 290 (1960). 

SW. A. Little, Seventh International Conference on Low-Tem per 


that this mechanism is not sufficient in itself to explain 
the phenomenon. 

Khalatnikov’s idea was elaborated upon in an earlier 
paper by the present author and extended to the 
general problem of the transfer of heat between dis- 
similar solids.’ In this paper the particular problem of 
the transfer of heat between a metal and liquid helium 
was also discussed. It was shown there that because of 
the vast difference between the acoustic velocities in 
helium and practically all solids, a large fraction of the 
phonons in the fluid would be “totally reflected” by 
the solid surface. These “totally reflected” phonons 
create a surface disturbance which in the case of a 
metal could interact directly with the conduction 
electrons. Hence, reflection would be no longer total, 
but energy would be transferred directly to or from the 
conduction electron. The amplitude of this surface 
disturbance was found to be large, and thus this 
mechanism could be expected to be an important one. 
It was suggested, therefore, that one should expect a 
difference in the Kapitza resistance between liquid 
helium and a metal in the normal state and one in the 
superconducting state. For, in the superconducting 
state, the phonon-electron interaction necessary for 
this mechanism vanishes and thus the heat flow would 
be reduced. Challis has observed that this difference 
does indeed occur between liquid helium and lead in 
the normal and superconducting state. 

The purpose of this paper, then, is to develop the 
intuitive ideas of the earlier paper and present a 
detailed calculation of the effect. In a later paper it is 
intended to show the role the anharmonic terms in the 
elastic properties of the solid play, and the role the 
static imperfections play in scattering energy out of the 
surface disturbance; and hence the contribution of 
these to the Kapitza resistance. 
ture Physics, Toronto, 1960 (University of Toronto Press, Toronto, 
Canada, 1961), p. 482. 

*W. A, Little, Can. J. Phys. 37, 334 (1959). 

 L. J. Challis, Seventh International Conference on Low-Tem per 


ature Physics, Toronto, 1960 (University of Toronto Press, 
Toronto, Canada, 1961), p. 466 
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OUTLINE OF APPROACH 


In this paper we will consider only the contribution 
of the conduction electrons to the heat transfer. The 
contribution of the refracted phonons is treated 
adequately in references 6 and 9. We consider a semi- 
infinite solid metal bounded by liquid helium. We 
calculate first the amplitude of the disturbance created 
in the solid by phonons of the fluid. This disturbance is 
treated, next, as a perturbation upon the energy states 
of the conduction electrons of the solid. The energy 
scattered to or from the electron system due to this 
perturbation is then calculated, and hence the heat 
flow across the surface of the metal in the normal state. 

We show then why it is that in the superconducting 
state this mechanism becomes inoperative and discuss 
briefly the effect of band structure and magnetic fields 
upon the Kapitza resistance. 


AMPLITUDE OF SURFACE DISTURBANCE 
IN SOLID 


Consider a semi-infinite metal bounded at s=0 by 
liquid helium. Let the solid lie in the region of positive 
z. Let Lame’s constant and the modulus of rigidity of 
the liquid and solid be A; and yi, and A» and pe, respec- 
tively. The displacement vector s(r) in the solid or 
liquid must satisfy the appropriate wave equation for 
the medium: 

6°s(r)/@t=CP grad divs(r)—C/ curl curls(r), (1.1) 
where C; is the velocity of longitudinal waves=[(A 
+2y)/p}', C, is the velocity of transverse waves 
= (u/p)', and p is the density of the medium. 

It is convenient to write the vector s(r) in terms of 
a scalar and a vector potential ¢ and ¢, respectively. 

s(r)=grad@(r,t)+curld(r,/). (1.2) 

In the liquid the modulus of rigidity yw; is zero and 
there are no transverse waves. The displacement is then 
purely longitudinal and may be expressed in terms of 
¢; alone. We expand ¢; in a three-dimensional Fourier 
series 


$1(8,)= dog ag ExpLi(q-r—wat) ]+c.c. (1.3) 


In the solid we set 


82(r)=grad@o(r,t)+curlte(r,/), 


where 


$2(r,t)= Le Bq exp[i( q’ twat) |+cx _ 


and 
e(r,t) = Dog Eq fq expli(q” -r—wat) J+c.c.}; 


E, is a unit vector. 


At the interface four boundary conditions must be 
satisfied. The normal components of the displacement 
in each medium must be equal and the resultant 
normal and tangential stresses at the boundary must 
be zero at all points, and at all times 


(1.5) 


and 


where 


O45") =A 36; (€xet yy t €:-) +216; ;, 


and 


with i, j=, y, 3. 
Utilizing (2), (3), and (4) we get the relations 


, ” 


, ” 
Qz—Gz =z 5 WW = 


and from the wave equation 


a’g?=(q’)*, B’g?=(q’")’, 


where 


a=C, ' 


C,; =(C;" C,;. 
From (7), (8), and (9) we get 


q:' =q(a?—sin*@)!= im, (1.10) 


q: = 4(@—sin*é)'= ino, (1.11) 
where @ is the angle q makes with the normal to the 
solid surface. 

For many solids a and 8 are about 0.1 so that for a 
large range of 6, g.’, and q.”’ are imaginary. 

In this case the wave is not propagated in the second 
medium, but instead a disturbance is created which 
decays exponentially away from the surface. After 
some calculation, one obtains solutions in the two 
media of the form 


$1= Lald, expli(g.xc+4,y) ] 


+b,* exp[—i(qg.x+qyy) ]} cos(g.z+6), (1.12) 


d2= >, f(0){b, explit(g.x+y,y) ] 
+6,* exp[—i(g.vt+y,y) ]} exp(—mz), 


Wo= Dog g(O)Eg{ bg expLi(gavt+yq,y) ] 
+6,* expl—i(g.x+q,y) ]} exp(—12). 


(1.13) 


(1.14) 
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{(8) is given by 


1 B* (sin? vile ) pe “| 2 sin’6 
) -|— —_+(*) f1- = (14 
(6) cos’@(2 sin’@— B*)? pi | : 


2 sin@(a?— sin’)! 
£0)= 0] —— ceils | 
2 sin’@—? 


ANCE BETWEEN 


3? 


He AND MET 


ALS 


2[ (a? — sin”) (6?— sin’4) ‘) | | 
2 sin?@— 6? I}? 


— (sin*@—a*)’ 


tane=—— — — 


pe 
cos6(2 sin*@— B*) (=): = 
Pi 


—, is a unit vector lying perpendicular to the plane 
containing q and the normal to the surface. 

The phonon field may be quantized in the usual 
way." We let 6, and b,* play the role of annihilation 
and creation operators, respectively. Their matrix ele- 
ments are 

ees 2h(Nq+1) |* 
(Nq+1 bt|m)=| —— . 
Wa Vor 
. 2ANg |; 
(Mqa—1| by x,)=| —t}, 
wag? V pi 


In thermal equilibrium the mean value of Nz, is 
1 


q= (Me) av 
exp (ha, 


, (1.19) 
kT) 

In obtaining the expression (1.18), we have ignored 
the contribution to the phonon Hamiltonian of the 
disturbance created in the solid. This is a small part 
of the total Hamiltonian if the volume of the liquid, 
V contains many complete waves of the phonon. 


ELECTRON-PHONON INTERACTION 


For this problem we take a simple model of a metal. 
We consider the electrons as moving in a constant 
potential, Vo(r) determined by the ionic lattice and 
consider the interaction between the electrons and the 
phonons caused by a change of density of this ionic 
lattice. The electron Hamiltonian is 


nh 
(2.1) 


| vtevo(e)| =a 


2m 


We expand V(r) in powers of the deviation of the 
density from its equilibrium value, 


OV Ap 
V(0)=Vole)+ol ) ( Jt ce 
Op 0 p 


V (r) = Vo(r)+Vi(Ap p)+---, (2.3) 


I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
Inc., New York, 1949). 


pany, 


2 sin? ia 


a |" 


2L (ae — sin’) B?—sin*@) | Ny] 


2 sin*é— B 


where =(0V/dp)op. The energy eV, is of the order 
of magnitude of the Fermi energy, i.e., 1 to 10 ev and 


Ap/ p= — (€zzt+ €yyt €:2:)- (2.4) 
The unperturbed Hamiltonian has eigenstates con- 
sistent with the boundary condition that Vo vanishes 
at 2=0: 
ox (r) = (23/0!) exp[i(k.x+hk,y) ] sin(k.z+6); (2.5) 
Q is the volume of the metal and 6 is a small phase 
factor. 
The matrix elements are 


(2.4), and (1.13): 
(k,:-:-k’---k,, 


then obtained from (2.3), 
eV (dp p) k,- ’ -k- : -k, 

> @ io) { expl—i(k.’x+k,'y) | sin(k.’ +6’) 
q 


Xexpli(k.v+h,y) ] sin(k.z+6) 
Xq?{b, expli(g.v+q,y) | 


+b,* expl—i(q.x+qyy) ]}e~"*dxdydz 
eV1S 
= 2a’ / (0) 70,776." 
.@) 
where 
qr k,/- k, “ 


qy=k,'—k,, (2.7) 


and the spin state of k is the same as that of k’. S is 
the surface area of interface and 


x 
I f sin(k,’s +6’) sin(k.s+6)e—" “dz. (2.8) 


{ 


It is convenient to use the notation of second quanti- 
zation to describe the perturbation. In this represen- 
tation it becomes 


2SeV 
L¢ 


kk’ Q) 


a f(0)T (by +b_4*)axy*ax, (2.9) 


where a,* and a, are the Fermi creation and destruction 





Fic. 1. Construction showing how an electron k scatters to k’ 
off the surface disturbance conserving momentum in the plane of 
the surface “AB but not perpendicular to it. 


operators which satisfy the usual anticommutation 
rules. 

The mean value of the number operator ay*a, over 
an ensemble of systems is 


1 
exp[ (Ex— E)), kAT]+1 


(2.10) 


(dx*@x)av= 


CALCULATION OF HEAT FLOW ACROSS 
THE INTERFACE 


The flow of heat per unit time, Q, across the interface 
may now be calculated using time-dependent pertur- 
bation theory. 

4 sin? (tAw/2) 
Q=F ¥ {| Vis |2—| V5s|2}40—_——, (3.1) 
q kk th? (Aw)? 


where V;,; is the matrix element corresponding to the 
process in which an electron is scattered and a phonon 


destroyed. V ;; corresponds to the inverse process. 


hA.= Ext+hwy— Ex. (3.2) 


/ 


Utilizing expression (2.9) and (2.7) and transforming 


the sums to integrals, one obtains 


; V 22 Q) 
G= feo foe fa ? 
(2r)*¥, (2r)iJ, 2rS 


4 sin? (tAw/ 2) 
q 


2) hw 
th? (Aw \2 


The integral over d*k and dk.’ can be simplified by 
noting that the energy of an electron near the Fermi 
surface is much greater than fw,. Therefore, in a 
scattering process the electron propagation vector k 
changes its direction, but its length remains essentially 
the same, i.e., |k =| k’. The way in which the inte- 
grals may be done may be visualized most easily by the 
following construction illustrated in Fig. 1. 

From point A as origin on the surface describe a 
hemisphere of radius &. Move from A to B a distance, 
q sing. From B describe a second hemisphere of radius 
k’, where k/=k. Drop a perpendicular to the surface 
to pass through hemispheres & and &’ at points C and 
D, respectively. Now an electron represented by the 
point C will scatter to the point D satisfying the 


conditions (2.7) and Aw=0. We may therefore perform 
the integration 


dk’ 
fox fae. as fe k I( — Jacau) fase 
d(Aw) 


where fdS, is an integral over the surface of the k’ 
hemisphere at constant Aw. 

The frequency integration can now be done, and 
after some rearrangement one obtains 


— 8S(eV:)?m grat f?(0) r* dE x 
Q=———_ feo f foser 
(29) ®pih Wa 0 ky 


XK (Mg duende de * — (Neti dy d,* ay *ay). 


(3.4) 


The interesting properties of the heat flow come from 
considering the properties of //°dS,’. The form of 
(2.10) assures us that only those electrons near the 
Fermi surface contribute to Q. So that at low temper- 
atures |q/<!k| and thus the sines in the integral / 
usually vary much more rapidly than the exponential 
term. Consequently, the small phase factors 6 and 6’ 
can be ignored. 

The integral / then becomes 


1 1 1 | 


Fen sms 
2l (k,n? (ke —k.)* +n?) 


In order to make the problem more tractable, we 
propose to approximate /* in the following way. 
Case (a). If |k.’—k.| <n; and |k.’+k.| >m, we set 
P= (4n;”). 


Case (b). If |k.’—k.| <n, and |k,’+k.| <m, we take 


[?=1/ (4n)’). 


If none of the above conditions are satisfied, we set 
-P=(, (3.8) 


We can then find the areas on the &’ sphere within 
which either case (a) or case (b) conditions are satisfied. 
After a little trigonometry, one finds the value of these 
integrals to be approximately 


ke m1 
frase tan ( ), 
2nr q sind 
foras. = 


These areas are shown shaded in Fig. 2. Recalling 
that 


Case (a) 


whereas in 
Case (b) 


8q sind. (3.10) 


n= q(sin’@—a )? 
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Fic. 2. The regions of the Fermi hemisphere which contribute 
to the heat flow across an interface due to processes of type (a) 
and (b) described in the text. 


we see that the integral in the two cases depends in a 
different way upon the phonon momentum q. This 
gives rise to a different temperature dependence for 
the two contributions because the Fermi momentum 
k; is essentially independent of temperature while the 
mean value of |q) is proportional to it. We note, too, 
that the electrons which contribute to the heat flow 
come from different parts of the Fermi sphere. This 
we will take up later in considering the effect of band 
structure. 

Utilizing the anticommutation properties of the dx, 
expressions (2.10) and (1.19), and taking the electrons 
to be at a temperature 7, and the phonons at a tempera- 
ture 7+ AT, the curly bracket of (3.4) simplifies to give 

hu, AT 
(Ng tl anay* ay: *ay: : 3.11) 
kT T 


The integral of y is now trivial and one obtains 


after some rearrangement for case (a) 


; 8S (eV 1)?m7k! (-) 
Qa uo( Jr@rar, 
(2r)*p\h®C 33 ‘x 


(-) 8/7 sids 
| )-f . 
T ( (e7—1)(1—e-*) 


and © is the Debye temperature of the liquid helium 
20°K. At low temperatures, §4(0/T) = 26.0. 


dé 


i” at f2(@) sind tan~'{ [ (sin’?@—a2)!/siné }} 
ro=f 


60 (sin*@— a?) 


One obtains for case (b) 


i S(eV;)*mk* (-) 
Q,= se Jerar, 
(29) >pi Eh®C\° T 
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AND 


=) eT 2°dz 
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Je(% )=732.3 


METALS 


where 


’ 


and 


lr 


Go=f 


) 


a’ f?(@) (sin*@—a*)dé. (3.17) 


Putting in reasonable numerical values, one obtains 
approximately 


Q=2.2X 10°F (0) TAT 
+5X10'G(@)T°AT erg sec! cm™. (3.18) 

A numerical evaluation of F(@) has been made for a 

solid with Poisson’s ratio=0.33 and 

po/pi=77 and a=0.2. 
This gives Q=5.4X10°T°AT erg sec cm~, with a much 
smaller contribution from the second term. The major 
contribution to /(@) comes from the region close to 
the critical angles. 

This value is considerably smaller than the value 
of approximately 1.5X10°7*°AT obtained by Challis!® 
for lead. This is not entirely surprising because in our 
calculation of the electron-phonon interaction we have 
ignored the fact that in all metals the potential in 
which the electrons move is not constant, but a strong 
function of position. Consequently, we obtained in our 
derivation an interaction with only the longitudinal 
component of the surface disturbance. If we take into 
account the periodicity of the ionic potential, we would 
obtain in addition an interaction with the transverse 
components. In this particular problem, any such 
transverse component would be very important for one 
can easily show that while the dilation of the solid is 
small, the actual displacement at the surface is quite 
large. 

The dilation is small because of the peculiar phase 
relationship between the transverse and normal dis- 
placements in the surface disturbance, indeed, almost 
complete cancellation (to order a) occurs in the 
contribution of each of these to the dilation. This has 
the effect of reducing the cross section by a‘. Conse- 
quently, one would require a precise knowledge of the 
phonon-electron interaction for a particular metal to 
obtain a precise numerical check. It should be noted 
that the usual value of the electron-phonon 
interaction obtainable for example from the high- 
temperature resistivity may not be used in this case, 
for the frequency-wave number relationship is entirely 
different for the surface disturbance and for the body- 
phonon, i.e., one is off the “mass shell.” 

Furthermore, one should note that in addition to the 
matrix elements considered in (2.9) the electrons will 
also be perturbed by the periodic displacement of the 


too, 
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solid surface. This occurs even in our simple model, 
for, in the surface, the potential which is assumed 
constant in the body of the metal, drops to zero. 
Consequently in the surface region the actual potential 
depends upon the displacement at that point and the 
gradient of Vo. This gives a perturbation 
eV,=s-grad(eV 9). (3.20) 
Using our assumption that Vo is constant within the 
metal, grad(eV») must be normal to the surface and 
thus the only contribution to (3.20) comes from s, 


(k,---k’---k, s-grad(eVo) ki---k---k, 


2S 


dalbutba*) f sin(g.3+€ ) sin(k,’s+6’) 


0 


Xsin(ks+6)[gradeVo(s) lds, (3.21) 
where 


k,’=q:+k, and k, and k,’=qg,+k,. (3.22) 


If we make the reasonable assumption that eV (sz) 
decreases rapidly at s=0, then the terms in the integral 
other than the gradient may be considered as constant 
and be given their value at z=0. For values of 1/k, 
comparable to the lattice spacing, siné will be somewhat 
less than unity, I’, while for the phonons sine» will be 
much less than unity [Eq. (1.17) ]. This perturbation 
then becomes 


2STT’ 
> ‘ 
k 


y g 


(eVo)q cosd sineo(bg+b_4*)ax-*ay. (3.23) 


4q 


This will give a transfer of heat across the boundary, 


— 8S(eVo)*m7k' © 

Q= uf - Jaorsr. (3.24) 
(2x)*p,h®C 3 T 

where 


n= f I(T’)? (siney)* cos*@ sin6dé. 


(3.25) 


This transfer of heat will exist for angles of incidence 
both less than and greater than the critical angle. One 
should note, too, that because of the simplifying 
assumption used in obtaining (3.23), all parts of the 
Fermi surface contribute equally to (3.24) provided 
(3.22) can be satisfied for these electrons. 

Putting in numerical values, one obtains approxi- 
mately 

Q=2X10T*AT erg sec cm~. (3.26) 

This is somewhat larger than the contribution from 
(3.18) but in the absence of a detailed calculation of 
the phonon-electron interaction for a particular metal, 
it would be rash to conclude that this surface modu- 
lation would always dominate. 


LITTLE 


INTERACTION IN THE SUPERCONDUCTING STATE 


In the superconducting state, three types of inter- 
action are possible. First, the totally reflected phonon 
may create a quasi-particle out of the ground state. 
To do this the phonon must have an energy of at least 
the energy gap, 3.5&7.. Consequently, the number of 
such phonons will fall with temperature approximately 
as exp(—3.57./T) and will become vanishingly small 
at temperatures well below the superconducting 
transition temperature. 

Second, a thermally excited quasi-particle may be 
scattered by the phonon and thereby absorb energy 
from the fluid. The number of these quasi-particles will 
depend also upon the temperature as exp(—3.57,/T) 
and hence for T<T, will vanish. 

Third, the whole superconducting state may be 
excited to one of its collective modes, for example, by 
the absorption of momentum from the phonons giving 
the electrons a net drift. The absence of an appreciable 
contribution of these modes to the specific heat indicates 
that there can be relatively few of them. Moreover, 
the matrix elements for such excitations must be 
exceedingly small. For if this were not so, this mecha- 
nism (the emission or absorption of a phonon) would 
provide a means for a persistent current to decay. The 
tremendous stability (or metastability) of such currents 
shows how unlikely these processes are. The smallness 
of the matrix elements is probably due to the destructive 
interference between the different parts of the element 
because of the phase coherence between electrons in 
the superconducting state. 

From the above we conclude that as the temperature 
falls appreciably below the superconducting transition 
temperature, all three processes become negligibly small 
and hence the contribution of the conduction electrons 
to the heat flow across the boundary vanishes. This 
then gives a greater Kapitza resistance for a metal in 
the superconducting state than for one in the normal 
state. 


EFFECTS OF BAND STRUCTURE, MAGNETIC 
FIELD, AND PHONON-DRAG 


If the major contribution to the heat transfer comes 
from processes involving the totally reflected phonons, 
then one can see from Fig. 2 that the electrons which 
contribute come from a fairly narrow band on the 
Fermi surface. Any band structure which causes a 
deformation of the Fermi surface in this region would 
alter the magnitude of the Kapitza resistance. While 
it would be difficult to measure in detail the shape of 
the Fermi surface in this way because of the inherent 
experimental difficulties and the additional angular 
dependence of the phonon-electron interaction, it might 
be used as a check of any shape determined in any of 
the more usual ways. If the major contribution to the 
heat transfer comes from the modulation of the surface, 
however, the band structure will be much less impor- 





KAPITZA RESISTANCE 
tant. This could be used to determine which of the two 
mechanisms is dominant. 

If the former interaction is the dominant one, the 
Kapitza resistance should be altered by a magnetic field 
applied parallel to the surface. For, in this case the 
electron orbits will be curved and the integral (2.8) 
will be a function of the field. If the latter type of 
interaction is dominant, no such field dependence 
should occur, because the integral (3.23) is not sensitive 
to the curvature of the electron orbits. Challis’ prelimi- 
nary results suggest that it is, indeed, the former type 
of interaction which is dominant, i.e., the interaction 
with the totally reflected phonons. 

If this turns out to be the case, then one might expect 
in addition to the above, de Haas-van Alphen type of 
oscillations to occur in the Kapitza resistance due to 
the variation with magnetic field of the density of 
states in those regions of the Fermi surface which 
contribute to the heat flow. This would probably be 
difficult to observe except for certain specific orienta- 
tions of some metals and very large magnetic fields. 

Another consequence of the above theory is the 
possibility of observing a phonon-drag phenomenon in 
the fluid due to an electron current in the metal. This 
is due to the momentum transfer which occurs via the 
surface disturbance [Eqs. (2.7) and (3.22) ]. Conversely, 
if there is a drift of the normal fluid past the metallic 
surface, it will induce an electrical current in the metal. 
This is a rather unusual situation in that the phonons 
can be observed in a region where the electrons are not, 
and vice versa. 

The above theory has been applied to the specific 
case of the helium-metal interface, however, it requires 
little modification to apply it to any  solid-metal 
interface. For similar reasons to those given above, 
one should expect to find an appreciable difference in 
the thermal contact resistance between two dissimilar 
metals when one is in the normal state as compared to 
it being in the superconducting state. A column com- 
posed of many such pairs, e.g., Cu-Pb-Cu-Pb-Cu, 
should exhibit a greater difference in thermal conduc- 
tivity in the two states than that of the superconducting 
metal alone. The application of this as a thermal valve 
is obvious. 


BETWEEN He 


AND METALS 


DISCUSSION 


The treatment of the interaction of the totally 
reflected phonons with the conduction electrons has 
been shown to give an appreciable contribution to the 
heat flow across a helium/metal interface. Numerical 
agreement with the measurements on lead, however, 
is not good. The reason for this is believed to be due 
partly to the rather naive electron-phonon interaction 
used in this paper, which has been discussed earlier. 
There is another possibility for improving the agree- 
ment and that is the one pointed out by Challis and 
Wilks” in connection with the Khalatnikov mechanism. 
Close to the metal interface the van der Waals attrac- 
tive force is sufficient to solidify a thin layer of helium. 
This solid layer will act as an acoustic match between 
the liquid and the metal because of its intermediate 
acoustic impedance. Consequently, the amplitude of 
the disturbance in the solid will be correspondingly 
greater than in the absence of such a layer and will 
increase the contribution to the heat flow of both the 
transmitted phonons and the conduction electrons. As 
yet no detailed calculation has been made of the 
magnitude of this effect; however, it is clear that it 
will depend upon the wavelength of the phonons and 
consequently will change to some extent the tempera- 
ture dependence calculated in this paper as well as the 
magnitude. 

In conclusion, we may point out that there is a more 
general way of calculating the Kapitza resistance than 
that used here. The propagation vectors of the phonons 
which we have used have been real. However, we have 
shown that it is the scattering of these phonons by the 
electrons which give a contribution to the heat flow. 
The scattering attenuates the phonon waves and 
consequently one may describe the phonons in terms of 
complex propagation vectors. In such a representation, 
the interaction with the electrons would be taken into 
account automatically. In this case the heat flow across 
the boundary could be calculated as was done by 
Khalatnikov® or Little? and would depend upon the 
densities, velocities, and the attenuation 
coefficients of the longitudinal and transverse phonons 
in the two media. 


acoustic 


2. J. Challis and J. Wilks, Physica 24, S 145 (1958). 
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Measurements of residual resistivity, superconductive critical temperature, and critical magnetic field 
have been carried out on indium films ranging in thickness from 650 to 126 000 A. The thickest films had the 
bulk critical field and critical temperature. The variation of residual resistivity with thickness is consistent 
with Fuchs’ model if one assumes an intrinsic resistivity po of 1.31 10-8 ohm cm and an intrinsic mean free 
path Jp of 152 000 A. The value of polo so obtained was 2.0X10~" ohm cm?. The critical temperature was 
found to be a systematic function of film thickness, increasing with decreasing thickness. The magnitude of 
this change in critical temperature is in good agreement with a simple model relating critical temperature to 
elastic stresses in the films. The penetration depth, as calculated from the critical field by means of the 
London theory or the Ginzburg-Landau theory, was found to increase with decreasing film thickness. This 
result is consistent with a nonlocal model and implies a coherence length of approximately 2600 A. 


INTRODUCTION 


N order to study size effects in superconductors, in- 

dium films of high chemical purity were deposited 
in a vacuum of about 10-* mm Hg at a rate of about 
1000 A/sec onto fused quartz substrates held at ap- 
proximately 80°K. The thicknesses studied ranged from 
650 to 35 000 A. Several films about 100 000 A in thick- 
ness which had been deposited on substrates at room 
temperature were also studied. 

The film properties measured were the normal state 
electrical resistance, the critical temperature for super- 
conductivity, and the critical magnetic field, i.e., the 


magnetic field necessary to switch the films from the 
superconductive state to the normal resistive state. From 
these quantities, the residual resistivity, effective film 
thickness, and penetration depth were obtained. 


MEASUREMENTS 


The residual resistivity of each film was calculated 
from the ratio of the resistance at room temperature 
to the residual resistance, assuming Matthiessen’s law 
and assuming that the temperature-dependent portion 
of the room temperature resistivity is the same as that 
of bulk indium, which has been measured by White 
and Woods.' The film thickness d was calculated from 
the room temperature and residual resistances in the 
following way: 


d=p;(295)L/W(Ras— Ro), (1) 


where p;(295) is the intrinsic resistivity at 295°K, ob- 
tained from White and Woods’ data; Z is the film 
length; W is the film width; Ros is the resistance at 
295°K; and Ry is the residual resistance. 

Using a Garrett? type solenoid to apply a uniform 
tangential magnetic field, the critical field of the film, 
h., was measured by observing the abrupt increase in 
resistance as the film changed from the superconductive 
to the normal state. The observed transitions were quite 
sharp, generally taking place over a field interval of one 


Rev. Sci. Instr. 28, 638 
22, 1091 (1951) 


1957). 


1G. K. White and S. B. Woods, 
2M. W. Garrett, J. Appl. Phys 


percent of the critical field or less. The transitions were 
independent of measuring current over a current range 
of several orders of magnitude except very near the 
critical temperature, T., where the field produced by 
the measuring current is comparable to the specimen 
critical field. However, hysteresis effects were observed 
in the thicker films, i.e., the field at which the super- 
conductive to normal state transition took place was 
larger than that field at which the normal to super- 
conductive transition occurred. The temperature and 
thickness dependence of this hysteresis is similar to that 
observed by Zavaritski’ on indium films and in general 
is in agreement with the predictions of the Ginzburg- 
Landau‘ theory. This data will be discussed in a subse- 
quent paper. In all of the results to follow, the critical 
field quoted is that field at which the destruction of the 
superconductive state took place. To avoid edge ef- 
fects,*>~7 all of the specimens were cut into a four- 
terminal pattern from a block of film. 

The films and the solenoid were parallel within about 
one degree or less. Hence the component of field normal 
to the film was about 1-2% of the tangential field. Be- 
cause of the large demagnetizing factor for a thin super- 
conductive film, the films were rotated to that position 
which minimized demagnetization effects. In addition, 
Helmholtz coils were used to compensate the horizontal 
component of the earth’s magnetic field. The films were 
suspended in a liquid helium bath which could be 
pumped upon by a 13 CFM forepump to achieve the 
necessary temperatures. With this arrangement, the 
temperature range 1.2-4.2°K was covered. During each 
critical-field determination, the helium was maintained 
at a constant temperature using a_ bellows-operated 
manostat and a thermal regulating device similar to 
that described by Sommers.* The relative accuracy of 

3N. V. Zavaritski, Doklady Akad. Nauk S.S.S.R. 85, 749 (1952) 

‘V. L. Ginzburg and L. D. Landau, Zhur. Eksp. i Teoret. Fiz 
20, 1064 (1950). 

SE. T. S. Appleyard, J. R. Bristow, H. London, and A. D 
Misener, Proc. Roy. Soc. (London) A172, 540 (1939) 

*°G. J. Kahan, R. B. DeLano, Jr., A. E. Brennemann, and R. T 
C. Tsui, IBM J. Research Develop. 4, 173 (1960) 


7 Hollis L. Caswell, J. Appl. Phys. 32, 105 (1961 
5H. S. Sommers, Jr . Rev. Sci. Instr. 25, 793 (1954 
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I'ic. 1. Residual resistivity of thin indium films and Fuchs’ rela 
tion for pp=0.0131 pohm cm, /)= 152000 A. 


the critical-field values is about +0.1 gauss; the abso- 
lute accuracy, +1%. All of the temperatures were 
determined from measurements of the vapor pressure of 
the helium bath and were deduced from the 1958 He 
scale of temperature.’ The accuracy of the temperature 
measurements was estimated to be +0.003°K. 

For some of the films the critical temperature was 
measured directly by observing the temperature at 
which the resistance became zero. For the remaining 
films, 7. was deduced by an extrapolation of the critical 
field vs temperature data to zero critical field. 


RESULTS 


In Fig. 1 is shown the variation of residual resistivity 
with film thickness. Also shown is a theoretical curve 
calculated from Fuchs’” relation. 

This is a calculation of the increase in resistivity in 
a thin plate of film over that of the “bulk” metal 
arising from the limitation of the normal mean free 
path by the boundaries of the specimen. In order to 
fit the experimental data over the range 600-35 000 A, 
it was nec essary to postulate a “bulk” resistivity of 
0.0131 pohm cm and a “bulk” mean free path of 
152 000 A. These values correspond to an equivalent 
point impurity concentration of roughly 0.03 at. %. 
As calculated from the above values, p/=2.0 107! 
ohm-cm?. This is in poor agreement with unpublished 
data by D. C. Roberts,’ who found p/=0.89X 10-"! 
ohm-cm?’, and with the data obtained by Dheer,'? who 
found pl=0.6X10—"' ohm-cm*. To fit the data of Fig. 1 
with Fuchs’ relation using the p/ values measured by 
Dheer or Roberts, one must postulate that the intrinsic 
or “bulk” resistivity of the films is itself a function of 
thickness. For the Dheer measurement, the variation 

®*F. G. Brickwedde, H. van Dijk, M. Durieux, J. R. Clement, 
and J. K. Logan, J. Research Natl. Bur. Standards 64A, 1, (1960) 

 K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938). 


'! See T. E. Faber, Proc. Roy. Soc. (London) A241, 531 (1957) 
12 See E. A. Davies, Proc. Roy. Soc. (London) A155, 407 (1960) 
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Fic. 2. Thickness dependence of superconducting critical 
temperature of indium films. 


of intrinsic resistivity is from 0.0302 wohm-cm for the 
35 000 A film to 0.378 wohm-cm for the 640 A film. It is 
difficult to envision a tenfold variation in the chemical 
purity of the films, since they were all evaporated under 
quite similar conditions. Hence, if there is a true varia- 
tion in “‘bulk”’ resistivity, it must be the result of grown- 
in defects such as dislocations, stacking faults, large 
angle grain boundaries, etc. 

In Fig. 2 is shown the dependence of critical tempera- 
ture upon thickness for some of the indium films studied. 
The critical temperatures of several indium films, 
80 000-125 000 A in thickness, which had been evapo- 
rated onto substrates held at room temperature, were 
3.408+0.003°K. This value is in good agreement with 
measurements on bulk indium; e.g., 3.407+0.001°K 
reported by M. D. Reeber™; also 3.4075+0.0005°K 
and 3.4085+0.005°K reported for two specimens by 
Shaw, Mapother, and Hopkins." 

For films thinner than 10000 A, there is a sharp 
increase in 7, with decreasing thickness. One explana- 
tion of this is that the increase in 7, is associated with 
stresses in the films. Lock!® observed that for tin films 
evaporated onto various substrates, the critical tem- 
peratures were higher or lower than that of bulk tin, 
depending upon whether the coefficient of expansion of 
the substrate material was lower or higher, respectively, 
than that of the tin. From this, Lock concluded that the 
shifts in 7. of the films were due to strains caused by 
differential contraction of film and substrate upon cool- 
ing from toom temperature to 7.. In further support 
of this contention, Lock found that tin films which had 
been removed from their substrates had critical tem- 
peratures close to that of bulk material. Zavaritski'® 


3M. D. Reeber, Phys. Rev. 117, 1476 (1960) 

4 R.W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev. 
120, 88 (1960). 

18 J. M. Lock, Proc. Roy. Soc 

'6N. V. Zavaritski, Doklady 
(1951) 


(London) A208, 391 (1951). 
Akad. Nauk S.S.S.R. 78, 665 
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also attributed variation in the critical temperatures 
of evaporated films to differential contraction of film 
and substrate. 

That stress effects can produce changes in 7, of the 
order of magnitude of those observed can be seen from 
simple considerations. On being cooled from room tem- 
perature to 3.4°K, polycrystalline indium undergoes a 
contraction of magnitude’? Al/l2;3=—7.3X10—. On 
the other hand, the vitreous silica substrate increases 
slightly in length,'® Al/l273=+0.1X10~*. Clearly, at 
3.4°K, the indium films are under biaxial tensile stress, 
caused by the differential contraction of film and sub- 
strate. If the yield stress of the films were not exceeded, 
the volume strain would be approximately AV /V 273 
~7.4X10-*, including Poisson contraction. Using the 
results of Jennings and Swenson,’ who found 67, 
=17.6(AV/V), a hydrostatic strain of this magnitude 
would produce a shift in 7. of +0.13°K. This is consider- 
ably larger than the observed shifts. In fact, as has 
already been pointed out, the thicker films exhibit 
the bulk critical temperature. Hence one must conclude 
that plastic flow takes place in the films, relieving the 
large thermal stresses which would otherwise be present. 
On this basis one might interpret the variation of 7. 
with film thickness to be a result of the variation of 
critical yield stress with thickness. A simple model” 
predicting such a variation is one which assumes that 
plastic flow will occur by the motion of dislocations 
whose ends are pinned at grain boundaries or at the 
upper and lower surfaces of the film. For such a model, 
the minimum shear stress for slip is given by the 
relation 

o=Gb/L, (2) 
where G is the shear modulus, 6 is the Burgers vector 
for the slip, and L is the distance between the pinning 
points. The shear stress is in turn related to the tensile 
stress P by the relation*! 


P=a/cos@ cosa, (3) 
where A is the angle between the slip direction and the 
axis of tension, and @ is the angle between the normal 
to the slip plane and the axis of tension. In these films, 
L, the distance between pinning points will be of the 
order of magnitude of the film thickness, d. Hence, 
combining Eqs. (2) and (3) the minimum uniaxial 
stress will be given by the expression, 


P nin= [Gb(cos cosd)~'/d }. (4) 


Let us now calculate P,,i,. Indium has a face-centered 

17 C. A. Swenson, Phys. Rev. 100, 1607 (1955) 

18 R. B. Scott, Cryogenic Engineering (D. Van Nostrand Com 
pany, Inc., Princeton, New Jersey, 1959), see p. 332. 

9 L. D. Jennings and C. A. Swenson, Phys. Rev. 112, 31 (1958). 

* See for example, J. W. Mentor and D. W. Pashley, Structure 
and Properties of Thin Films, edited by Neugebauer, Nevvkirk, 
and Vermilyea (John Wiley & Sons, Inc., New York, 1959). 

1A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
Oxford University Press, London, 1958). 
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tetragonal structure in which the c/a ratio is approxi- 
mately 1.08 at low temperatures”; i.e., the lattice 
structure is nearly face-centered cubic. It therefore 
seems reasonable to assume that slip will be most likely 
to occur in {111} planes along [110] directions.” It 
has been found from x-ray measurements” that the 
films have a preferred orientation with the {101} 
planes parallel to the substrate. One can now calculate 
Pin from Eq. (4); for 6 is equal to 3.2 A; (cos@ cosA) 
is equal to 2.4, and G is given by the expression 
(Ci1— Cre +C 44) /3. Using the elastic constants measured 
by Chandrasekar and Rayne,” G equals 0.77 X 10° atm. 
Substituting these values into Eq. (4), one obtains 


P nin=6.0X 10°/d, 


(3) 


where Pin is in atmospheres and d is in angstrom units. 
The relationship found by Jennings and Swenson be- 
tween hydrostatic pressure and shift in 7, is 


6T = —4.36X 10-5 Paya t+5.2X 10- Priya’. 


(6a) 


Since one may think of a hydrostatic stress as being 
equivalent to three mutually perpendicular uniaxial 
stresses, the effect of biaxial stress will be roughly two- 
thirds of a hydrostatic stress of the same magnitude. 


% J. Graham, A. Moore, and G. V. 
84, 86 (1955). 

%R. Crosby (private communication). 

* B. S. Chandrasekhar and J. A. Rayne, 
3 (1961). 


Raynor, J. Inst. Metals, 


Phys. Rev. Letters 6, 





SIZE EFFECTS IN 
Therefore, on the basis of the above postulates, one 
might expect the variation of 7. with film thickness to 
be given by the relation 


67 .= (52/d)— (750/d*), (6b) 
obtained by substituting Eq. (5) into (6a). In Fig. 2 
is shown the plot of Eq. (6b). The agreement with the 
data is good. 

In Fig. 3 are shown some representative critical field 
data for indium films ranging in thickness from 649 A 
to 126000 A. The critical field values for the 126 000 A 
film and for several other very thick films agreed with one 
another within 0.1% and were in good agreement with 
the values reported for bulk indium. The critical field 
as extrapolated to0°K for these films was f4o= 283.542% 
oersteds which compares well with the value of 
285.740.5 oe reported by Shaw, Mapother, and 
Hopkins. 

In a recent paper,”® Ittner showed that the penetra- 
tion depths of thin tin films, calculated from critical 
magnetic field data using the London model, varied 
with film thickness in a way consistent with a nonlocal 
model. This result is also true for thin indium films. 
The relation between critical field and penetration depth 
given by the London theory”® is 


H2/h2=1—(2d/d)tanh(d/ 2d), (7) 


where /, is the film critical field, H, is the bulk critical 
field, d is the film thickness, and A is the penetration 
depth. From Eq. (7), one can calculate the penetration 
depth from the film thickness and critical field. In 
Fig. 4 are shown values of \(0), the value of A(T) 
extrapolated to T=O0°K, for the thinner films. For 
comparison, the curves calculated by Ittner are also 
shown. One is calculated for a coherence length £ equal 
to 2560 A and an intrinsic or “bulk” electronic mean 
free path of 1000 A; the other is calculated for a coher- 
ence length of 2560 A but for infinite bulk mean free 
path. Clearly, the penetration depths calculated from 
Eq. (7) are in qualitative agreement with Ittner’s 
calculations. 

On the other hand, one really should not calculate 
penetration depth from critical field data using the 
London model. In the first place, the London theory does 
not properly take account of the surface energy between 
normal and superconductive regions. In addition, the 
London theory is a ‘“‘weak field” theory and hence may 
not properly describe phenomena taking place at the 
critical field. A theory which does not have these short- 
comings, but which is still a local theory, is that pro- 
posed by Ginzburg and Landau. In this theory are 
contained the quantities 7, the critical field of a bulk 
specimen; 59, the penetration depth in weak field; «x, 
a theoretical parameter, which is approximately 0.1 for 

2° W. B. Ittner, II, Phys. Rev. 119, 1591 (1960). 


26 F. London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1. 
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indium; and y, an “effective” wave function of the 
“superconducting electrons.” The critical field of a film 
is related to the above quantities and to the film thick- 
ness. For thin films, Ginzburg and Landau assert that 
one can with sufficient accuracy assume y= yo= constant 
within the superconductor. This is equivalent to setting 
x=0 and results in a considerable simplification of the 
relations. Under the latter assumption, the following 
relations are obtained for h,, the film critical field 
[reference 4, Eqs. (61) and (62) }: 


(h./H.)?= [wor (2—W?)/1— (1/n)tanhy], (8) 
where n=Yod/ 26». 
(h./H.)?=[4pe? (Woe? 1)cosh?n/1— (1/2n)sinh2n]. (9) 


It has recently been shown by Gorkov?’ that the Ginz- 
burg-Landau equations follow from the microscopic 
theory of superconductivity, if one identifies the 
quantity y as being proportional to the energy gap A, 
and if one is restricted to small A (and hence small yw). 
In practice this situation is always realized at tempera- 
tures close to 7,., but may not be at temperatures 
below 7,. Therefore, the validity of Eqs. (8) and (9) 
is somewhat in doubt at T=0. It was pointed out by 
Abrikosov,** however, that the Ginzburg-Landau rela- 
tions, which are based on an expansion of the free 
energy F, in powers of (y)* should be valid at tempera- 
tures well below 7, in the case of thin films, since Po«1. 
It can be shown from Eqs. (8) and (9) that for the 
indium films, Yo is less than 0.1 for films thinner than 
about 1700 A. Further, since ¥ is small for the thin 
films, it follows that A is also small, which implies 
that Gorkov’s derivation may also be valid in this case. 
At any rate, 69 has been calculated for the thin indium 
films in the limit 7=0 and the values are shown in Fig. 4. 
It is evident that the values of 59 are in reasonable agree- 

27 L. P. Gorkov, Soviet Phys 


*8 A. A. Abrikosov, Doklady 


(1952). 


JETP, 9, 1364 (1959). 
\dad. Nauk S.S.S.R. 86, 489 





446 A. M. 


ment with Ittner’s calculation for = 2560 A and infi- 
nite ‘‘bulk” electronic mean free path. 

The values of penetration depth shown in Fig. 4 
may be compared to measurements of the penetration 
depth of bulk single-crystal indium specimens by 
Dheer,?? who reports \(0)=423 A-485 A depending 
upon orientation. Measurements of A(O’ — r indium 
films were also reported by Lock,” who obtained \(0) 
equal to 540 A-708 A for films ranging in thickness 
from 1970 A to 9580 A, respectively. 

To see whether 2560 A is a reasonable coherence 
length, let us calculate &. From the Bardeen, Cooper, 
and Schrieffer theory,” the coherence length £ is re- 
related to the Fermi velocity v) and the energy gap at 
O°K, (0), by the relation 


fo=hvo/mwe(O). (10) 


The Fermi velocity can be calculated from the elec- 
tronic resistivity p, mean free path /, and effective 
mass m* from the relations® 
m*v = ne*pl, (11) 
and 
m*vo=4h(3n/r)}, (12) 


where » is the density of the conduction electrons, and 
e is the electronic charge. The effective mass can in 
turn be calculated from the coefficient of the electronic 
specific heat y from the expression™ 


m*=7.3(nV.3/na)—‘my, (13) 


* P. N. Dheer, Proceedings of Cambridge Conference on Super 
conductivity, July, 1959 (unpublished). 

* J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 

3} A. H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, England 1953) p. 248. 

2 P. H. Keesom and N. Perlman, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1956), Vol. XIV. 
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where m, is the number of atoms per unit volume, V,, 
is the molar volume, m is the electronic mass, and y is 
in units of millijoules/mole-deg’. 
When Eqs. (10)—(13) are combined, one obtains 
§o= 1.68X 10° V,,/’ 


me?N o'e(0)ypl, (14) 


where .Vo is Avogadro’s number and / is Planck’s 
constant. Substituting into Eq. (14) the values ¢(0) 
= 1.82kT.. obtained from recent tunneling experiments® ; 
V m= 15.37 cm’ from Swenson’s data!?; y=1.7 milli- 
joules/mole deg? which is the average of calorimetric 
values obtained by Clement and Quinnell* and Bryant 
and Keesom*; and p/= 0.6 X 10-"! ohm-cm? from Dheer’s 
measurement, £) comes out to be 4300 A which agrees 
well with the value 4400 A calculated by Davies." If 
one takes pl=2.0X 10~"' ohm-cm? calculated previously 
from the resistivity data, then >= 1300 A. However, 
if one uses the value of pl obtained by Roberts, 
pl=0.89X10-" ohm-cm*, then £ equals 2900 A which 
is in reasonable agreement with the data of Fig. 4. 
In view of the spread of values which can be obtained 
for £9, it seems reasonable that £) might be about 2600 A. 
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Single crystals of NaCl, KCl, and KBr were grown from the melt in an oxygen atmosphere, and their 
optical absorption, fluorescence excitation, and fluorescence emission spectra were measured at 300°, 77 
and 4.2°K. The weak absorption band caused by oxygen was the same in all three crystals, and did not vary 
with temperature. The band had maximum absorption at 5.0 ev and a half-width of 1.0 ev. All fluorescence 
excitation spectra contained a component identical to this absorption band. The fluorescence emission 
spectra consisted of a series of peaks in the wavelength range 4000-10 000 A, with an approximately equal 
energy separation of 1000 cm™. At 300°K, 12 to 15 peaks were resolved, and at 4.2°K each of these peaks 
split into 4 to 6 components. From these optical results and from paramagnetic resonance experiments, it 
is concluded that O.~ molecule-ions located in anion sites in the crystal are responsible for the absorption and 


fluorescence. 


INTRODUCTION 


YELLOW fluorescence is always associated with 

the presence of hydroxide impurity in alkali halide 
crystals.’ Its structure has been investigated by Hon- 
rath? and Ewles and Barmby.* However, the fact that 
the fluorescence is excited at wavelengths outside the 
hydroxide absorption band indicates that it is not due 
to the hydroxide ion itself. The appearance of a strong 
fluorescence without a corresponding increase in the 
hydroxide absorption band in crystals grown in oxygen 
supports this conclusion. In this paper the optical 
absorption and fluorescence excitation spectra asso- 
ciated with the yellow fluorescence will be described, 
and more accurate data for the fluorescence emission 
presented for the three alkali halides NaCl, KCl, and 
KBr. We will also discuss the nature of the fluorescent 
centers. 


EXPERIMENTAL 
Crystals 


All crystals used in this investigation were pulled 
from molten salt contained in a platinum crucible, using 
Harshaw seed crystals suspended from a rotating water- 
cooled rod. The crucible and seed holder were enclosed 
in a silica tube, through which oxygen gas was circu- 
lated. Thermocouples for controlling the temperature 
of the melt were sheathed in platinum. The heaters 
were mounted outside the silica tube. 

Crystals were grown at a rate of approximately 2 
in./hr, and cooled down to room temperature in about 
2 hr after completion of growth. Specimens were then 
cleaved from the crystals without further treatment. 

The mechanical properties of crystals grown in oxygen 
differ from those of pure crystals. This was indicated 
by the ease with which they were cleaved, and by the 


* National Research Council Post-Doctorate Fellow. Present 
address: Goodrich High Voltage Astronautics Inc., Burlington, 
Massachusetts. 

1H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958). 

2 W. Honrath, Ann. Physik 29, 421 (1937). 

3 J. Ewles and D. S. Barmby, Proc. Phys. Soc. (London) B69, 
670 (1956). 


fact that the cleaved faces were exceptionally free of 
steps. 


Optical Absorption Measurements 


In the visible and ultraviolet regions (200 mu to 
750 my), optical absorption was measured witha Perkin- 
Elmer Spectracord recording spectrophotometer, model 
4000. In the infrared region (2.5 4 to 15) a Perkin- 
Elmer Infracord recording spectrophotometer, model 
137B, was used. A metal cryostat in which specimens 
were clamped to a copper block cooled with liquid 
nitrogen was used in the measurement of absorption 
at 77°K. 

The optical absorption due to oxygen was extremely 
small, and special precautions were necessary when 
measuring it. Specimens about 1 cm thick were used, 
and careful corrections were made both for surface 
reflection losses and internal scattering, by subtracting 
from the results the absorption of pure crystals of the 
same thickness. Furthermore, at 77°K it was found that 
butane from the O rings used in the window mountings 
condensed on the crystals. Although the extra absorp- 
tion caused by the condensation was small, it was 
enough to cause serious errors in the determination of 
small absorption coefficients. The effect was eliminated 
by removing the O rings and attaching the windows to 
the cryostat with Edwards’ Picein black wax. 


Fluorescence Measurements 


The apparatus used for fluorescence measurements 
has already been described.‘ It has, however, been im- 
proved in the following respects: A foreprism mono- 
chromator was placed at the entrance slit of the excita- 
tion monochromator to reduce stray light in the exciting 
light, and a 1600-w xenon lamp (Osram XBO 2001 S) 
was used as the exciting light source. 

Excitation spectra were obtained by measuring the 
fluorescent emission as a function of the exciting wave- 
length, with the detection monochromator set at a 
wavelength (about 510myu) for peak fluorescence 


4F. R. Lipsett, J. Opt. Soc. Am. 49, 673 (1959). 
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Fic. 1. Absorption spectrum of NaCl+KCN crystal grown in 
oxygen. 0.1M° KCN added to melt. Crystal thickness 3.20 cm. 
Measured at room temperature 


emission. The results were corrected for the variation 
with wavelength of the exciting light intensity. This 
calibration was made with a special thermistor bolom- 
eter (Optitherm detector made by Barnes Engineering 
Company) without a window, placed at the focus of 
the exciting beam. 

Fluorescence emission spectra were measured with 
the exciting light set at a wavelength of 275 mu. The 
wavelength of the detection monochromator was varied 
at constant speed, and a record obtained from the out- 
put terminals of a micro-microammeter. No corrections 
were made for the variation of photocell sensitivity and 
monochromator efficiency with wavelength. The detec- 
tion photomultiplier tubes used were an EMI 6256B 
for the wavelength range 4000-7000 A, and an RCA 
7102, cooled with liquid nitrogen, in the wavelength 
range 6000-10 000 A. 

The method of mounting crystals for the measure- 
ment of emission and excitation spectra at 77°K was 
the same as that used in absorption measurements. A 
spurious blue fluorescence, consisting of three peaks, 
caused by condensed butane, was removed by the sub- 
stitution of Picein wax for O rings. 

Crystals were cooled to 4.2°K for emission measure- 
ments in a metal cryostat in which helium gas was 
used for heat transfer. The small enclosure containing 
the helium transfer gas was immersed in liquid helium, 
and was connected by means of a metal capillary tube 
to a vacuum gauge, which was used as a gas thermom- 
eter to measure the temperature of the crystal. 


LIPse tT, 


AND KING 


OPTICAL ABSORPTION 


The absorption bands produced when NaCl, KCl, 
and KBr are grown in oxygen are shown in Figs. 1—3. 
The bands are unusual in three respects: (i) They are 
very broad and very feeble, (ii) they do not change 
their shape or position in cooling from 300° to 77°K, 
and (iii) the shape and position of the bands are almost 
the same for NaCl, KCl, and KBr. They consist, in all 
three halides, of an absorption band whose peak is 
somewhere below the wavelength limit of the instru- 
ment used (200 my), and a smaller broad absorption 
band with a maximum absorption at about 248 my 
(5.0 ev) and of half-width about 1.0 ev. 

The brightest fluorescence and greatest absorption 
occurred in crystals grown in oxygen from a melt 
doped with 0.1 mole% KCN. However, infrared ab- 
sorption measurements on long crystal specimens indi- 
cated that only hydroxide, carbonate, nitrate, and 
nitrite ions were present. No cyanide or cyanate ab- 
sorption bands could be detected, so that the fluores- 
cence must have resulted from products of decomposi- 
tion of the cyanide. 

The very large hydroxide absorption band occurring 
in KBr and KCI crystals doped with KCN overlapped 
the oxygen absorption band to such an extent that 
accurate measurements of oxygen absorption were im- 
possible. However, the hydroxide absorption band in 
NaCl (185 my)? is sufficiently removed from the oxygen 
absorption band that the overlap is negligible. The 
relatively large oxygen absorption of an NaCI+KCN 
crystal is shown in Fig. 1. 

In Fig. 2 the absorption of a KC] crystal grown in 
oxygen is shown. The hydroxide band produced by 
hydrolysis is not large enough to overlap the oxygen 
absorption band. In KBr, however, the hydroxide and 
the oxygen bands are so close that overlap cannot be 
avoided. In Fig. 3, curve (a) is the absorption of an 


WAVELENGTH mp 








ABSORPTION COEFFICIENT CM 





PHOTON ENERGY ev 


Fic. 2. Absorption spectrum of KCI crystal grown in oxygen. 


Crystal thickness 1.007 cm. Measured at 77°K. 


5 The value of 190 my previously quoted by one of the authors 
[J. Rolfe, Phys. Rev. Letters 1, 56 (1958) ] is incorrect. The error 
was caused by stray light in the spectrophotometer used in the 
region below 200 mu. The authors are grateful to Dr. H. W. Etzel 
for pointing this out. 
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undoped crystal grown in oxygen. Obviously, there is 
an hydroxide absorption band present. (This could be 
recognized experimentally with certainty, since the 
hydroxide band narrows on lowering the temperature 
to 77°K, whereas the oxygen band is unaffected.) Curve 
(b) is a computed hydroxide absorption band of reason- 
able absorption, which is subtracted from (a) to give 
the corrected curve (c). Since there was no a priori 
reason to choose a curve (b) of this particular absorption 
coefficient, the left-hand side of curve (c) has not been 
definitely established. Curve (d), referring to a crystal 
containing calcium, which suppresses the hydroxide 
absorption,! is more reliable in this region. 

Infrared absorption measurements were also made 
on all the crystals used in these experiments. The thick- 
ness of the crystals used in these measurements ranged 
from 1 to4cm. Absorption bands of hydroxide, cyanate, 
cyanide, carbonate, nitrate, and nitrite ions were found 
in various combinations in the crystals, but no correla- 
tion between the intensity of fluorescence and the 
magnitude of any of these bands could be found. In 
particular, the infrared absorption of the crystals con- 
taining KCN, which had by far the most intense 
fluorescence, was examined very carefully, using crystal 
thicknesses between 3 and 4 cm. Hydroxide, carbonate, 
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Fic. 3. Absorption spectra of KBr crystals grown in oxygen. 
Crystal thicknesses: No. 56: 0.733 cm; No. 69: 0.609 cm. Meas 
ured at 77°K 
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Fic. 4. Fluorescence excitation spectra of NaCl, KCl, and KBr 
crystals grown in oxygen. Measured at 77°K. 


nitrate, and nitrite absorption bands were the only 
bands present, and were no more intense than those 
present in feebly fluorescent crystals. It is therefore 
concluded that there is no infrared absorption in the 
range 700-4000 cm™ associated with the presence of 
fluorescence in the crystals. 


FLUORESCENCE EXCITATION 


Fluorescence excitation spectra obtained at 77°K are 
presented in Fig. 4. Accurate results could not be ob- 
tained at wavelengths lower than 230 my because the 
energy in the exciting light at these wavelengths was 
too small either to stimulate appreciable fluorescence 
in the crystal or to be accurately measured with the 
bolometer. The fluorescent efficiency of the absorption 
peak occurring at wavelengths less than 220 my (Figs. 
1-3) could not, therefore, be measured. 

Comparison of Figs. 1-3 and Fig. 4 reveals that while 
there is a general agreement between fluorescence excita- 
tion and absorption spectra, there are other components 
present in the excitation spectra which do not appear 
in the absorption spectra. Though excitation could be 
measured with greater accuracy than absorption, the 
cause of the discrepancy does not lie in the experimental 
error of the absorption results. The explanation is that 
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Fic. 5. Fluorescence emission spectra of NaCl crystal grown in 
oxygen, measured at room temperature and 4.2°K. Recorded with 
6256B phototube 


excitation measurements are complicated by energy 
transfer between different fluorescent systems present 
in the crystal. The three curves for KBr crystals in 
Fig. 4 can be used to verify this. The excitation spectrum 
has at least two components, at 5.0 ev and 4.7 ev, and 
in curve (a) there is a third component at about 4.6 ev. 
The component at 5.0 ev is assigned to oxygen, in agree- 
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TABLE I. Fluorescence emission spectra at 300°K. 
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Fic. 6. Fluorescence emission spectra of KCI crystal grown in 
oxygen, measured at room temperature and 4.2°K. Recorded 
with 6256B phototube 
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ment with the absorption, and the component at 4.7 ev 
is assigned to cuprous ion impurity. It can be shown by 
measurements on alkali halide crystals with sensitive 
fluorescence apparatus that cuprous copper is a common 
impurity in alkali halide crystals.6 In well-annealed 
crystals the copper is mostly precipitated, but may be 
easily brought into metastable substitutional solution 
by heating to about 650°C and cooling fairly rapidly. 
In all alkali halide crystals we have observed, it is then 
possible to detect copper fluorescence. In KBr the 
excitation and absorption spectra of cuprous ion (in 
solution ; the precipitated impurity is optically inactive) 
are identical, with a maximum at 4.69 ev at 77°K. In 
KCl and NaCl the respective values are 4.78 ev and 
4.87 ev. The excitation spectrum of KCl shows a 
definite component at 4.8 ev, and the existence of a 
component at 4.9 ev in NaCl is not impossible. In the 
case of NaCl the 5.0-ev oxygen component and the 
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Fic. 7. Fluorescence emission spectra of KBr crystal grown in 
oxygen, measured at room temperature and 4.2°K. Recorded 
with 6256B phototube. 


4.87-ev cuprous component are close enough together 
that neither is fully visible. 

We are thus led to the conclusion that the system of 
alkali halide with oxygen and cuprous impurities has 
an impurity-sensitized luminescence, with copper as 
sensitizer and oxygen as activator. 

The nature of the third component in the excitation 
curves, which appears at about 4.6 ev for both NaCl 
and KBr, is not known. 


FLUORESCENCE EMISSION 


Fluorescence emission spectra of NaCl, KCl, and KBr 
crystals grown in oxygen are shown in Figs. 5-7. Com- 


® A more detailed report on this subject will be published shortly. 
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Fic. 8. Portion of the fluorescence emission spectrum of NaCl 
at 4.2°K, with identification of peaks shown in wavelength tables 
Pass band of detection monochromator 1.16 A 


plete wavelength measurements are presented in Tables 
I and II. The wavelength scaie of the fluorescence 
apparatus was calibrated with a mercury lamp. The 
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Fic. 9. Portion of the fluorescence emission spectrum of KC] at 
4.2°K, with identification of peaks and inflection (1) shown in 
wavelength tables. Pass band of detection monochromator 0.66 A. 
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Fic. 10. Portion of the fluorescence emission spectrum of KBr 
at 4.2°K, with identification of peaks and inflection (I) shown in 
wavelength tables. Pass band of detection monochromator 0.66 A. 


estimated accuracy of the readings is +2 A. The experi- 
mental traces used for measuring the wavelength of the 
emission peaks were recorded on a considerably ex- 
tended wavelength scale compared to Figs. 5-7; 
examples of the detail visible on a full-scale recording 
are shown in Figs. 8-10. which show the most intense 
peaks in the emission spectra at 4.2°K. 

At room temperature the emission spectra consist of 
8 or 9 peaks, which are almost equally spaced in energy. 
The separation is about 1000 cm~!. The apparent de- 
crease in intensity of the peaks towards longer wave- 
length is due to the falling off in sensitivity of the photo- 
cathode of the detecting photomultiplier. 

At 4.2°K a great deal of fine structure becomes 
visible. It is immediately seen that the emission spec- 
trum of KCl is quite different from that of NaCl and 
KBr. In KCI each peak at room temperature splits into 
two large peaks each with fine structure, whereas in 
NaCl and KBr one sharp peak appears, with subsidiary 
structure developing around it. At 4.2°K the fluores- 
cence is more intense than it is at room temperature, but 
no measurements have been made on the variation of 
fluorescence intensity with temperature. 

The emission spectra at 77°K are not recorded here, 
since they do not provide any further useful information. 
However, the appearance of the emission spectrum of 
KCl at 77°K provides an indication of how the double 
structure arises on reducing the temperature from 300° 
to 4.2°K. At 77°K only peaks S and D (Fig. 9) are re- 
solved, but the intensity of peak D is only one-fifth of 
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that of S. Thus the double structure arises as the 
temperature is lowered by the appearance and gradual 
increase in intensity of the peak system CDE. In NaCl 
and KBr the change in the spectra when the tempera- 
ture is lowered is simply due to a narrowing of each 
individual component until four peaks are visible at 
4.2°K. 

Attempts were made to observe polarization of fluores- 
cence, at three temperatures, 300°, 77°, and 4.2°K. The 
exciting light was polarized along the [100] or [110] 
direction by means of a Glan-Thomson polarizing 
prism, and the fluorescence emission was analyzed by 
means of a Polaroid film. No polarization of the fluores- 
cence was observed. 


DISCUSSION 


We will discuss the nature of the impurity centers 
which cause the absorption and fluorescence phenomena 
described above. (From the general agreement between 
fluorescence excitation and optical absorption spectra, 
we assume that absorption and fluorescence are caused 
by the same center). Although a number of different 
treatments or impurity additions will cause the fluores- 
cence to develop,'~* the common factor is the presence 
of oxygen. Also, from the structure of the fluorescence 
emission, we may assume that the oxygen is part of a 
molecule, with a vibrational frequency of about 1000 
cm~!. However, the oxygen cannot be bound into a 
molecule with the anion of the crystal, as suggested by 
Honrath,’ because the vibrational frequencies of mcle- 
cules of oxygen with bromine or chlorine differ from 
each other by about 150 cm, whereas the separation 
of the fluorescence peaks in KC] and KBr differs only 
about 10 cm~!. The absence of any infrared absorption 
connected with the fluorescence suggests that the center 
is a symmetrical oxygen molecule, three forms of which 
are possible: Oot, Ov, and O.-. The vibrational fre- 
quencies of O.* and OQ» are accurately known, and are 
1876 and 1580 cm, respectively. The vibrational fre- 
quency of O.~ is not known, but an approximate calcu- 
lation of its value may be made by using Clark’s rule.? 
If the internuclear distance of O2- is taken as 1.28 
+0.02 A,* the result is 1260+ 70 cm. Allowing for the 
fact that the accuracy of Clark’s rule is about +5%, 
and also that the vibrational constants will be slightly 
different in a molecule in a solid, the agreement with 
1000 cm! from the fluorescence spectra is reasonable. 
Thus, from the optical measurements we can tenta- 
tively postulate that O.~ is responsible for the absorp- 
tion and fluorescence. 

More direct evidence, however, is available from 
paramagnetic resonance experiments. Kinzig and 
Cohen,’ from resonance experiments, have recently 


7G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950), 2nd ed., p. 457. 

8S. C. Abrahams and J. Kalnajs, Acta Cryst. 8, 503 (1955). 

® W. Kinzig and M. H, Cohen, Phys. Rev. Letters 3, 509 (1959). 





454 ROLFE, LIPSE 
demonstrated that the O.- molecule-ion is present in 
alkali halide crystals treated with oxygen. Measure- 
ments of the resonance signals from portions of crystals 
used in these experiments were kindly made for us by 
Kinzig, and it was found that the signals increased as 
the intensity of fluorescence increased. In one case an 
accurate value for the ratio of signals from the two 
crystals KBr+KCN and KBr “pure,” both grown in 
oxygen, was obtained. The ratio was 7, whereas the 
ratio of fluorescent intensities, which can be measured 
more accurately, was 6.6. Thus we assume, from the 
optical results and the paramagnetic resonance measure- 
ments, that the center responsible for the absorption 
and fluorescence is an O.~ molecule-ion substituted for 
a halide ion in the crystal, aligned along the (110) 
directions, as found by Kanzig and Cohen. 

Some of the results are more difficult to explain, how- 
ever. One would expect that some polarization of 
fluorescence would be observed at 4.2°K. However, the 
local temperature in the vicinity of the excited O, 
molecule-ion may be quite high, since a rather large 
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Stokes shift (2.5 ev) is observed. Perhaps half the 
energy, over 1.2 ev, may be given off as phonons before 
the center emits. This process may destroy any polariza- 
tion.” Also, there is no other evidence to account for 
the fact that the fluorescence emission of KCI at 4.2°K 
has a quite different structure from the other two 
alkali halides NaCl and KBr. Finally, the very small 
absorption coefficients associated with oxygen might 
be due either to forbidden electronic transitions, or to 
the fact that the observed band is actually a subsidiary 
band, the main band lying in wavelength regions beyond 
our limits of measurement. 
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A treatment of magnetoconductivity is developed for high electric fields and general energy-band structure 
using a partial solution of the Boltzmann equation in a form similar to that set up by McClure for low 
electric fields. The present treatment is valid when the scattering processes are such that the distribution 
function varies but a small amount over an entire constant-energy surface, or, in the case of the many-valley 
band structure, over the part of a constant-energy surface within each valley. In the latter case, different 
distribution functions must be used for the different valleys. The elements of the magnetoconductivity 
matrix that results are expressed in terms of carrier concentration, total or within each valley, and averages 
over the carriers of a quantity involving the momentum relaxation time and the S$ tensor defined by McClure 
This tensor, which depends on the shape of the constant-energy surfaces and on the magnetic-field strength, 
is evaluated for the individual valleys in a nondegenerate many-valley semiconductor. The magnetocon 
ductivity matrix is then in a form convenient for calculation of conductivity and galvomagnetic effects for 
either low or high electric fields. It is used to obtain expressions for anisotropy voltage and Hall coefficient in 
high electric fields involving the number of carriers in each valley, orientation of the valleys, and valley 
averages over quantities involving relaxation time and energy. 


I. INTRODUCTION cause a change in R.' Changes in the band structure, 


N connection with many of the investigations of con- such as change in curvature of energy vs crystal mo- 


ductivity in high electric fields, the Hall effect has 
been of interest because of the possibility of change in 
carrier concentration due to impact ionization or other 
processes. It has become apparent, however, that the 


mentum, as the carriers move to higher energy states 
can also cause a change in R. This seems to be a sizeable 
effect in p-germanium? where the curvature of the light- 


' For a calculation of the change in Hall coefficient with electric 
field, under the assumption that scattering is by acoustic modes 
only, see M. S. Sodha and P. C. Eastman, Phys 110, 1314 
(1958) 

2 J. Zucker and E. M 
(1959). 


Hall coefficient R, measured with due care, may change 
in high electric fields even though carrier concentration Rev 
does not. The change in the distribution function, which 


; a ’ , : Conwell, Bull. Am, Phys, Soc. 4, 
is the basis of the so-called hot carrier effects, can itself 
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hole band changes even at relatively small energies.’ In 
a many-valley semiconductor, such as n-germanium, the 
anisotropy of the constant-energy surfaces gives rise to 
additional complications. In the absence of a magnetic 
field there is, at high electric field, a considerable trans- 
verse voltage, the anisotropy voltage. The different 
degree of heating of the different valleys that gives rise 
to the anisotropy voltage could itself affect the Hall 
coefficient, even more so under some circumstances by 
causing a net shift of carriers from one set of valleys to 
another. 

In this paper, a treatment of magnetoconductivity in 
high electric fields is developed from which expressions 
for the Hall coefficient and other galvanomagnetic prop- 
erties at high electric fields can be derived. The treat- 
ment is based on a partial solution of the Boltzmann 
equation in a form similar to that set up by McClure for 
low electric fields.® In Sec. II the solution is given. The 
validity of this solution at high electric fields requires 
that the distribution function vary but little over an 
entire constant-energy surface. The conditions that the 
scattering processes must satisfy to make this so are set 
up. These gonditions will not, in general, be satisfied in 
a many-valley semiconductor when intervalley scat- 
tering is not sufficiently frequent. In Sec. III, it is shown 
for the latter case that, under the less restrictive condi- 
tion that the distribution function vary but little over 
the portion of a constant-energy surface within each 
valley, a magnetoconductivity matrix of form similar to 
that obtained in Sec. II can be set up for each valley. 
The magnetoconductivity matrix for the whole is, of 
course, the sum of the matrices for the individual valleys. 
Calculation of the individual S tensors is carried out, 
making it possible to express the magnetoconductivity 
in terms of averages over functions of relaxation time, 
energy, magnetic field, and orientation of the valleys. In 
Sec. IV, expressions are obtained for the anisotropy 
voltage and Hall coefficient in terms of the elements of 
the magnetoconductivity matrices of Secs. I and III. 
For the many-valley case, it is shown that anisotropy 
and Hall voltages can readily be separated at low mag- 
netic fields. Expressions are then given for each of them 
in terms of the number of carriers in each valley and 
averages for each valley of the usual functions of relax- 
ation time and energy. In an Appendix, the individual S 
tensors are calculated for the case of n-germanium with 
current in the (110) plane, a situation that has been 
used considerably in experiments.* 


II. MAGNETOCONDUCTIVITY AT HIGH 
ELECTRIC FIELDS 


The solution of the Boltzmann equation set up by 
McClure for low electric fields and arbitrary magnetic 


> E. O. Kane, J. Phys. Chem. Solids 1, 82 (1956). 

*W. Sasaki, M. Shibuya, K. Mizuguchi, and Hatoyama, J 
Phys. Chem. Solids 8, 250 (1959). This also gives reference to 
earlier work 

6 J. W. McClure, Phys. Rev. 101, 1642 (1956). 
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fields assumes the existence of a relaxation time that is 
a function of energy only. The form of the solution he 
takes to be the usual®: 
f= folE)—o0 fo de, (1) 
where fo is the Maxwell-Boltzmann distribution for the 
cases of interest here, and ¢€ is the energy. As a conse- 
quence of the electric field being small, 
0 fy /OEK fo. (2) 
Beyond this, McClure’s treatment differs from the con- 
ventional one in the introduction of a variable s(P) 
representing the time at which a carrier precessing about 
a constant-energy surface in the presence of a magnetic 
field, but no electric field, would be at the point P. The 
actual path in P space of the carrier in the magnetic 
field is the curve formed by the intersection of the con- 
stant-energy surface and a plane perpendicular to H. 
This path is called the hodograph. Using the fact that 
the velocity v is a periodic function of s, he makes a 
Fourier expansion of v in terms of s: 


+x 
> v(m) expLimas }. 


m x 


(3) 


With this, ¢ is expressed as a function of s. In the usual 
expression for the current density,’ 


(—2e i) fer vo(—dfo/de), 


where the integration is over the basic Brillouin zone. 
McClure replaces the integrand at each point in P space 
by its average over the hodograph that passes through 
the point. With this he obtains the magnetoconductivity 


tensor in the form 
h far —0fo/de)rS, 


where S is a tensor, the components of which are given 
by 


(4) 


o= (2e 


Ua (—m)v3(m) 
(6) 


1+ imwr 


w being the cyclotron frequency. The quantities v4(—m) 
and v3(m) are the Fourier coefficients in the expansion 
of the a and 6 components of v. If the Z axis is chosen as 
the magnetic-field direction, this expression for S can be 


® See, for example, A. H. Wilson, The Theory of Metals (Uni 
versity Press, Cambridge, England, 1953), 2nd ed. 
’ Note that McClure (reference 5) in his expression (2.9) omits 


the factor 2 for summation over both spin directions. 
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written 


Sa3=Va(O)03(O)ba263: 


+E st 


m=! 


E —m)vg(m)+v_(m)v3(—m) 


1+ m**r? 


imat {vq(m)v3(—m)—v4(— me) 
, (7) 


1+ m*o"r* 


where 5,,=1 for y=z, and zero otherwise. Thus, § de- 
pends on the shape of the constant-energy surfaces, and 
on the magnetic-field strength through the factor wr. 
The feature that limits this treatment to low electric 
field is the assumption that the distribution function is 
given by (1) with fo(e) the Maxwell-Boltzmann dis- 
tribution and the condition $0 fo/de«< fo satisfied. As a 
consequence of the latter condition, the distribution 
function has, to a good approximation, the same sym- 
metry in low electric field as in the absence of field, 
which is the symmetry of e(P). If this symmetry were 
still approximately maintained by the distribution func- 
tion at high electric fields, it could be written in the form 
(1) for that case also, with fo a function of ¢ only and the 
condition (2) still satisfied. Of course, in high fields, fo 
would no longer be a Maxwell-Boltzmann distribution 
at the lattice temperature.® For Eqs. (1) and (2) to be 
applicable at high electric fields, the scattering processes 
must be such as to produce the required randomization 
of the velocity gained from the field. To do this, they 
must have the following properties. First, they must be 
predominantly elastic,’ and they must not give rise to 
predominantly forward or backward, i.e. 180°, scat- 
tering. Satisfaction of this pair of conditions should pro- 
duce the required small variation in f over connected 
portions of a constant-energy surface, i.e., within a 
valley. It will also be sufficient to produce small varia- 
tion in f over the entire constant-energy surface in a 
many-valley semiconductor for the special case that the 
fields are so oriented as to supply energy to all valleys 
at the same rate. A second condition must be added for 
arbitrary field orientations in a many-valley semicon- 
ductor, e.g., the scattering must be such as to afford 
sufficient communication between unconnected parts of 
a constant energy surface to maintain approximately 
the same distribution function on all parts. The first 
pair of conditions should be satisfied in germanium and 
silicon, for example, when scattering is mainly by 


* For discussions of fo(e) in high electric field but no magnetic 
field see W. Shockley, Bell System Tech. J. XXX, 990 (1951); J. 
Yamashita and M. Watanabe, Progr. Theoret. Phys. (Kyoto) 12, 
443 (1954) ; and H. G. Reik, H. Risken, and G. Finger, Phys. Rev. 
Letters 5, 423 (1960). 

* This condition has been discussed for spherical constant-energy 
surfaces by E. M. Conwell, Phys. Rev. 88, 1379 (1952). See also S. 
Chapman and T. G. Cowling, Mathematical Theory of Non 
Uniform Gases (Cambridge University Press, New York, 1939). 
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acoustical lattice modes’ and/or optical modes with 
phonon energy much smaller than the energy of the 
carriers. This is the case over a considerable range of 
fields for both materials. The second condition on the 
scattering processes, as remarked earlier, may not be 
satisfied in m-germanium over a considerable range of 
fields. 

In the remainder of this section we shall consider only 
the case where foin high fields varies little over the entire 
constant-energy surface. The case of the many-valley 
semiconductor in which the first condition is satisfied 
but the second is not will be taken up in the next 
section. 

When the distribution function in high fields can be 
written in the form of Eq. (1) with $0 /f/de< fo, the 
solution for ¢ is the same in high electric fields as in low. 
The treatment for high fields can then be carried out in 
the same way as that for low fields, and the result (5) is 
still valid except that /) now represents the distribution 
appropriate to high electric fields. In this case, fo may 
also depend on magnetic field. The S tensor is still given 
by (6) or (7) and is independent of electric-field in- 
tensity provided the shape of the constant-energy sur- 
faces does not change with increasing energy. It should 
be noted, however, that the @ of (5) is no longer a tensor, 
i.e., a linear vector operator, for high electric fields be- 
cause fo depends on electric-field intensity. 

If the band structure is such that contributions to the 
current come from more than one band, as in p- 
germanium for example, the total j and @ are made up 
of the sums of expressions (4) and (5), respectively, over 
the contributing bands. 


Ill. MAGNETOCONDUCTIVITY FOR THE 
MANY-VALLEY BAND STRUCTURE 


As indicated earlier, the treatment of the last section 
will be valid for a many-valley semiconductor when all 
valleys have approximately the same distribution func- 
tion, whether through special orientation of the applied 
fields, or sufficient intervalley scattering. In this section, 
we shall take up the case where the first pair of condi- 
tions on the scattering is satisfied, so that the distribu- 
tion function does not vary much over a constant-energy 
surface within a valley, but does vary substantially 
from valley to valley. For this case, we assign to the ith 


valley a distribution function /‘"(e). The over-all dis- 


Sasaki ef al., reference 4, in attempting to account for the 
anisotropy voltage observed at high electric field for p-germanium, 
postulate that this pair of conditions is not satisfied for acoustical 
phonon scattering in that case. Specifically, they suggest that, for 
the approximately cubic heavy-hole constant-energy surfaces, 
transitions between opposite sides are more frequent than transi- 
tions between adjacent sides. To account for this predominantly 
forward or backward scattering, they further postulate highly 
anisotropic constant-energy surfaces for the acoustical phonons in 
q space. Such anisotropy would require a correspondingly aniso- 
tropic sound velocity. In germanium, however, the difference in 
sound velocity between the [001] and [110] directions is only 
about 10°. This seems too small to give much of an anisotropy in 
scattering probability for the hole temperatures that are involved. 
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tribution f(e)= 30; f° (€). Since f does not vary much 
over a constant-energy surface in the 7th valley, it can 
be written in the form 


f' = fo’? (E)—GA fo/ de, (8) 
where 
DO fo / DEK fo" (€). (9) 


It is readily seen that, when fo‘ is the same for all 
valleys, the over-all distribution function can be written 


f= fol)—(Lid\)0 fo/ de, (10) 


so that @ of Sec. II is to be identified with >> ;¢ for 
this case. 

With (8) and (9) valid for f°, the solution of the 
Boltzmann equation can be carried out for each valley 
in the same fashion as set forth in Sec. II. The resulting 
magnetoconductivity can be written 


(2e2/ hi) f dP(—Afo/de)rS™, — (11) 


' 


1 


where the integration is to be taken over the states in 
the ith valley, and .V is the number of valleys. The 
tensor S‘” is given by (6) and (7), where, of course, the 
Fourier analysis of v is to be carried out for the constant- 
energy surfaces in the 7th valley. 

For calculations, it is more convenient to have @ 
expressed in terms of the number of carriers. Since 


n= (2 i) f @P f., 


Eq. (11) for @ can be transformed into 


ne — (1/ fo?) (0 fo? /Ae)rS™), — (12) 


where the average indicated is to be taken over all the 
carriers of the 7th valley. In general, the components of 
the matrix S“ will vary with position on a constant- 
energy surface. Since fo and 7 are functions of energy 
only in the present treatment, the correct values of the 
average in (12) will be obtained if S.3‘" is replaced by 
S.3(”, its average over a constant-energy shell. We can 
then write thea’ component of the magnetoconductivity 


as 


\ 
Tap= D, Me(—(1/ fo?) (A fo’ /Ae)tSas'”). (13) 
ime] 


Calculation of the S$“ tensor will now be carried out 
for the case of a many-valley band structure in which 
the constant-energy surfaces are spheroids with axis of 
revolution the major axis. The coordinate system in P 
space to be used for the ith valley is shown in Fig. 1. 
The magnetic-field direction is chosen as the Z axis. The 
angle between the magnetic-field direction and the 
major axis Z‘” of a constant-energy ellipsoid is denoted 
by a‘”. The ¥ axis is taken to coincide with the minor 


EFFECTS 
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lic. 1. Constant-energy ellipsoid and coordinate system for the 
ith valley. Z is the magnetic-field direction, and Y and the two 
dashed lines are the principal axes of the ellipsoid. 


axis of the ellipsoid perpendicular to H, in the sense 

Z”XZ. The X axis is perpendicular to Y and Z, 
forming with them a right-handed system. 

In the coordinate system of Fig. 1, the equation of a 

constant-energy surface is 

a PP? PF, PF? Ff 

«= — > po, 

m+ 2 my 2m. 2m, 


(14) 


where 
m, cos’a_ sin’a 


’ 


m mM, m 


1 sina cosas sina Cosa 


my m; 


’ 


sin’a cosa 

Ms mM, m| 
It is, of course, understood that the values of a, ms, my, 
and me for the ith valley must be used even though the 
superscripts have been omitted. The quantity ms, it 
may be noted, is the cyclotron resonance mass." From 
(14), the components of the velocity are obtained as 


v,= 0€/0P = (m,/me)P .+(1/m,)P., 
= 0e/0P,= (1/m,)P,, 

= 0e/0P,= (1/m,)P.+(1/my)P:. 
Kip, and C. Kittel, 


Uy (16) 


"See, for example, G. Dresselhaus, A. | 
Phys. Rev. 98, 368 (1955). 
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To express the velocity components as functions of s, 
we make use of the Lorentz force equation to obtain 


P 


s(P)=(1 a) f v, ‘dP, (17) 
P=Pr 


where dP is a line element along the hodograph, and x, 
is the component of velocity pe rper — ular to H. Since H 
is in the Z direction, 1,=(v2+1,7)! for this case. The 
limits of integration have been « sc to give s=0 when 
P is in the ‘XN direction, or when v, has its maximum 
value. Using the fact that (14) with P, constant, as well 
as €, is the equation of the hodograph, we can express dP 
of (17) in terms of P, and P,. Integration of (17) then 
leads to an expression for s as a function of v, that can 
be rewritten to give the desired Fourier expansion of v, 

1m,s2e m?’P?Z 3 

( ‘ ( 

2m-s\m, mum, 

To find 2,(s) it is convenient to rewrite the equation of 


the hodograph in terms of v, and v, instead of P, and 
P,. We then have 
mer 2 Ty me P” 
or ‘ 
2m, 2mm? 


(18) 


m- 
— cos*8+sin°*8 
me 


m? mm; 
i- sin8 cos8+— 
ms Me 


WT 


m, mM: 
coss— 


my my 


wT sing _ 


where 
meP 2 


m, 2mym? 


and w,= H,/m,=wm-, m,. Superscripts (7) are, of course, 
to be understood on 8, and on ms and m,, which are 
functions of a‘" defined in (15). To recapitulate, the 
angle a" is the angle between H and the major axis of 
the spheroids in the ith valley, and 8°” is the angle 
through which that minor axis of the spheroids in the 
ith valley that is perpendicular to H must be rotated 
clockwise to be brought into coincidence with the Y 
axis. It is to be noted that the components of S obey the 
symmetry requirement S,3(H)=5S3,.(—H).5 

As stated earlier, in evaluating o,3 the quantity S 
may be replaced by its a constant-energy 
shell, 5 that 
vary with position on a constant-energy surface are P, 
and, as a result, Vy. To obtain S,5 


a3 
average over 


The only quantities in the matrix (22) 


, it is thus neces- 


cos*8+ 


ae 7 
(14u%r)1= . 
Tae 


CONWELI 


Using (18) for v,(s) in (19), we obtain 


1 s2e i 
=- ) (ene sig 
21\m, 


The Fourier expansion for 2.(s), 
(16) and (18), is 


meP2 
v,(s) (20) 


mm? 


calculated by use of 


m’P, 1mef2e m?2P2 


v.(s) -+-- —{ —- 


mm? 2m,\m, mum? 


With the Fourier components of v determined, the 
expression (7) can be used to calculate the components 
of the tensor S‘* in the system of axes of Fig. 1. In this 
system, the Z axis is the same for every valley, but the 
X and Y axes are not. We now choose one set of Y and 
Y axes such that the XY and Y axes of the ith valley 
must be rotated through an angle clockwise to be 
brought into coincidence with it. The tensor $ 
tained in the first system of axes, must then be trans- 
formed in the usual way to the new set of axes. Referred 
to the new axes, which are the same for every valley, the 
S tensor for the ith valley is 


). ob- 


m? my mM, 
coso-+ 


sing cos8— sing 


WT 
mM my my 
m, m, mM, 

sin*B —— sin8+ 
m- my m 


wT COSB |, (22) 


m, me P22 m- 
wT COSB : 
my mem'i Vy m? 


sing— 


vy” > > 
(1+w’*r?) 
? 


~ 


sary to evaluate averages of V;,? and [(m-'P2/m/?m/-) 
+ (mV 1?/m;*)] over a constant-energy shell. Both 
quantities can be expressed in terms of v7 and 2,7 by use 
of Eq. (19), this being shown for V;? in Eq. The 
velocity components can, in turn, be expressed as func- 
tions of the components v,’, v,’, and 2,’ in the principal- 
axis system of the ellipsoids by 2, 
and v,=v,' since Y is already a principal axis in the 
coordinate system for which Eq. (19) is written. Aver- 
an be evaluated very simply by 


« , , . 
=U, COSa-—?, SINa 


ages of quantities Vata ( 

transforming the constant-energy ellipsoids to spheres 

as , Sugge ‘sted by Herring.'”? Thus, ((2,’)?)=((0,/) 
€/3m,, ((v,’)*)=2€/3m), and ‘Y—(). After aver- 


?C. Herring, Bell System Tech. J. XXXIV, 237 (1955 
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aging, S‘° becomes 


mM,” 
—— cos*B+sin*8 (: — 


me 


2e 


| 
= | me me 
(S@)= — i-- ) sind cosa WT 
3m, (1+w*r") | me me 


| 
| 
| 
mM 
cos8 — —a 7 sing 
my my 


For cases in which x‘ and fo 


EPPECTS IN 
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m? me my my 
sing cosB— WT cosB+ 
ms my my 


w,7 sing 
me 
| 
m; mM, mM, 

sin’B —— sin8+ 
m+ my my 


cos*B-+ (24) 


wT COSB |. 
| 


mM mM: Mme Me 
sin8——w,r cos8 + 
my my my 


(1+w?r?) 


mim; 


are the same for all valleys, the integration required to obtain ogg need not 
be carried out over each valley separately. Equation (13) can be simplified by replacing » 


by the total carrier 


concentration Mot, and Sas” by its average over the valleys, to give 


Tas= Nore — (1 fo (Afi Oe)r ‘> Sas 


The average of Sa‘' 


for a cubic crystal 


It is readily seen that this matrix leads to the correct 
low-field conductivity. For low electric field, 


— (1/ fo) (A fo/ de) =1/kT. 


(27) 


Using this and (26) in (25), we obtain 


Nore” iz 2 1 
x + (re) 
(3/2)kRT 3\m, m, 


Nore? (TE) 
= , (28) 
me) 


in the form obtained by Herring.” In the absence of 
magnetic field, the off-diagonal components all vanish, 
as is correct for low field. It will be shown in the next 
section that (25) and (26) lead to the correct low-field 
Hall coefficient also. 


IV. ANISOTROPY VOLTAGE AND HALL EFFECT 
AT HIGH ELECTRIC FIELD 


We shall consider first the situation in which an elec- 
tric field is applied but there is no magnetic field. 
Whether or not there is anisotropy in the conductivity 
depends on the § tensor, or, more basically, on the 
symmetry of the constant-energy surfaces.> We shall 


\ 


(25) 
1 


over the valleys has been evaluated for the case of a cubic crystal in weak magnetic fields. If 
we retain only terms linear in H the required summations can be carried out in straightforward fashion to give 


1 my 1 2m, 
(2) Ie 
3 mM) a my) 

2e | 1 2m, 

= (1+ ox 

3m,| 3 m 


1 mM 
3.1. 
3 mM) 


confine the discussion of the anisotropy to the many- 
valley band structure, for which we have derived the § 
tensor, and to cubic crystals. 

In a cubic crystal, when Ohm’s law is obeyed, cag 
must vanish for a#8. Although the S.3(°, and therefore 
oa3°", do not vanish in general, when the contributions 
of the different valleys to the off-diagonal elements are 
added they cancel to produce, in the absence of magnetic 
field, a scalar. [See (26). ] When a high electric field is 
applied, not in a symmetry direction, the valleys may 
have different fo‘°, however, and then the off-diagonal 
contributions to @ would no longer cancel. When they 
do not cancel, the current flows initially at an angle with 
the applied field, until it produces a transverse electric 
field sufficient to buck out the transverse flow. We shall 
now obtain an expression for this transverse field, the 
anisotropy field. 

For the initially applied field in a general crystal- 
lographic direction, to be taken as the YX direction, all 
nine components of @ might be nonvanishing. If this 
were the case, transverse fields in both VY and Z direc- 
tions would result. We shall simplify the situation by 
choosing the applied field direction such that o2:-=o,: 

0. Then there will be no component of current, and no 
transverse field developed, in the Z direction. This will 
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be the case, for example, in »-germanium with the Z 
direction taken as [110], and the X direction anywhere 
in the (110) plane, as shown in the Appendix. For such 
an orientation we can write 


jr=o2(0)E.+02,(0)E,(0), (29a) 


jy=ey20)E.+0,,(0)E,(0), (29b) 
where 0 indicates the value of the quantity in the 
absence of magnetic field, and the o’s are given by (13). 
In the steady state j7,=0, from which we deduce for the 
anisotropy field 
o,z(0) 
E,(0O)=- E,, 


Ty,(O) 


(30a) 


E, (0) Fy 2(0) 
={anxy= --———.. 
oT yy(Q) 


y 


(30b) 


Eliminating £,(0) from (29) with the use of (30), we 


4 S vy 


(l—m? ms 


CONWELL 


obtain 


G sy(0)? 
jem |o.-—"— Ie, 
oy (O) 


since ¢ is symmetric in the absence of magnetic field. It 
is worth noting that, when measurements of j,//, in 
the hot-carrier range are made in the usual way on n- 
germanium samples, the quantity measured is the one 
in brackets in (31). 

With the use of (13) we can write tan in terms of the 
population and distribution functions of the individual 
valleys as 
de Tne (Q)) 


e(— (1/ fo (df, 


e(—(1 fo )( Of, de 7S yy? (OQ) 
If fo” isa Maxwell-Boltzmann distribution at 7“, this 
can be simplified to 


2) sinB'"’ cosg 


‘Loos?B( + (m,/ms\?) sin’8 


Use of (32) and (33) can be simplified in practice by 
combining terms for different valleys that have the same 
fo\”. It is also useful to have some idea of the relative 
“temperatures” of different valleys when they are not 
the same. A quick way of obtaining this information is 
to compare the power absorbed by the carriers in differ- 
ent valleys at low electric fields. For the electric field in 
the X direction, the power absorbed in the ith valley is 


P=. E=g, FE? e/kT 
At low electric field, n‘” and 7‘ are the same for all the 


valleys, so the ratio of power absorbed in the ith valley 
to that absorbed in the jth valley is 


=(n )( Ss" . (34) 


P on 2 cos*6‘" +sin2B 


(Mm, Me 


(35 


po §., (m,/m-'?’)? cos*B") +sin?B” 

It is expected that if P‘’ P'” is unity for a particular 
pair of valleys, they have the same fy” in high field; 
while if P‘’/P“)>1, the ith valley is hotter than the 
jth in high field. 


Although it is beyond the scope of the present paper 
to evaluate expressions (31) and (32) for any particular 
case," the 5,3‘ tensors have been calculated for n- 
germanium with current in the (110) plane and are 
presented in the Appendix. Also in the Appendix is a 
plot for each of the four valleys in n-germanium of the 
quantity (m,/m-‘")? cos’?B\+sin’3"", which appears in 
(35), as a function of the angle between the current 
direction and the [001] direction, for current in the 
(110) plane. 

With the results (13) and (24) it is possible to obtain 
readily expressions for magnetoresistance and Hall effect 
of a many-valley semiconductor at arbitrary magnetic- 
and electric-field strengths." In this paper, we shall 
confine ourselves to the Hall effect. For the case of small 
magnetic field, or wr<1, the expression for the Hall 


3 This has been done for a range of fields in n-Ge by H. G. Reik, 
H. Risken, and G. Finger, Phys. Rev. Letters 5, 423 (1960). See 
also E.G. S Paige, Proc Phys SOK London) 75, 174 (1960) 

“This does not include fields high enough to give rise to 
quantum eflects. 
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coefficient takes a relatively simple form which we shall 
now derive. The S,3°° tensor for small wr is that of 
(24), with wr neglected in the multiplying factor and in 
S... When terms in w*7* are neglected, the off-diagonal 
components S.3°” consist of a sum of two terms, one 
independent of H and already denoted by S23 (0), the 
other linear in H, to be denoted by S.°?(H). As a 
result of this, gg3‘” will consist of a sum of two terms 
that can be written 


(H), 


the second term being linear in H. For the calculation of 
the Hall coefficient, the directions of magnetic and 
electric fields will be chosen so that off-diagonal com- 
ponents of the magnetoconductivity involving z (now 
the magnetic-field direction) again vanish. Inspection of 
(24) shows that the terms occurring as coefficients of 
wr in S,, and S,.° also occur in S,,{(0) and 
S,2(9(0). T vanish for some set of 


Ta8 


(O) +o (36) 


=Jap ‘ 


Thus, if oz, and o,, 
directions in the absence of magnetic field, they will do 
so also in the presence of the magnetic field. We can then 
write for high electric fields and smail magnetic fields, 
oriented as discussed, 
=0,(0)E,+[o,2(0)—oc,2(H) JE,(H), 


»=[o,2(0)+o,-(H) JE.+e,,(0)F,(M), 


(37a) 
(37b) 


where the o’s are given by (13) and the matrix (24) with 


the terms in wr? dropped. In writing (37), we have 


2 1 0 fo' i 
eee» 
i fo' ” de 
m," 
( cos?B() +sin?p' »)<- 
ms‘)? 


9 
2e? 


mM, 


1 
Cys(B)= ani n' (- 
H 


3m? i=! 


Ms 


? e 


* 
yn 


gr2(O)o,,(0) 
3m, i=! 


2 e N 


-> n® 


3m, i=! 


a zy (0)? = 


mM? 
‘= 
mMs\' 


For fo‘? a Maxwell-Boltzmann distribution, 
simplified somewhat by writing 


Ofo , (7°)! z 
Te )= . 
() ge (e)6? 
tc. When 7°" and n“” are all the same, the summations 


n (41) can be carried oyt as they were to obtain the 
average of S,3‘" over the valleys. The expression for R 


(41) can be 


then becomes 


1 3(1+2m,/m)) (77) 


Ru (42) 


Mure (2+m,/m,)? (re? 


EFFEC 


fo' «) 
N 
x|—z 
3m, j=! 


1 re) fo' ‘ ' 
) sinB“ cosB (- — re) | ; 
” fo de 
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made use of the symmetry of the S matrix. In the steady 
state, 7,=0, from which we obtain 


Oy o,2(H) 
L,(H)=-—- aa i 
Fol) Cyyt(V) 


(QO) 
(38a) 


The transverse voltage is thus the sum of contributions 
from the anisotropy and Hall effects. If the magnetic 
field were reversed, the sign before ¢ ,.(H) would change. 
In that case, the transverse voltage would be 


o,2(0) o,2(H) 
(-H)=-| — |e. 


o,,(0) o,,(0) 
By subtracting (38b) from (38a), the anisotropy voltage 
can be eliminated. The Hall field is then 


Eyou=3(E,(H)—E,(-—H)] 
—[o,-(H)/c,,(0) JE,. 


(38b) 


(39) 


If we now calculate the Hall coefficient from the usual 
definition 


R= Epau (j,H ), 
we obtain, neglecting terms of order H’, 


1 o,2(H) 
Ru-0= — 


H o,2(0)o,,(0)—o,,(0)" 


where 


1 Ofo = 


re) | 
de 
ni (cos 


me 0 fo” 


2 1 
)) + —__ sina” ) — ar ne 
2 jie’ 


me! de 


> 


For low electric field, this expression is the same as the 
one obtained by Herring” for that case. 

It is clear from (40) and (41) that, as indicated in the 
Introduction, even though the total carrier concentra- 
tion remains constant, changes in R will occur as the 
electric field is changed due to change in any of the n‘” 
or fo” 

When wr is not small, it is possible to go through a 
rather similar analysis to obtain R. It is seen from (24) 
that S,,(°, and therefore o,;, can again be separated 
into two, terms, one even in H and the other odd. The 
term even in H becomes a,,(0) in the limit of small H, 
while the term odd in H becomes o,-(H) in the limit of 
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small H. Thus, the former still gives rise toan anisotropy 
voltage, the latter to a Hall voltage, both now modified 
by the presence of H® terms. The expedient of reversing 
the magnetic field will again permit separation of the 
two voltages. By the same procedure carried out in 
Eqs. (37)—(40), we then obtain 


(c, 


: ys sy) 2 
Evan=— . 


Ps, 


Tyy 


1 (o 
R=—- 


BGs ee~“Ceitas 


7] 


z—Gzy)/2 


(45) 


These expressions are valid for any magnetic-field 
strength. The product o.,c,, is the square of the even 
term in ¢,, minus the square of the odd term in ¢,,. In 
the limit of small H, the square of the odd term can be 
neglected, as was done previously, and (45) becomes 
identical with (40). 

The expression (45) for R is also valid for materials to 
which the treatment of Sec. II applies. This is the case 
because, as can be seen from the general expression (7) 
for S23, ¢23 can always be broken up into a set of terms 
even in H and a set odd in H. Of course, the validity of 
(45) requires also that the material have sufficient 
symmetry that off-diagonal components of @ involving 
Z vanish. It must also be remembered here that, if 
carriers from more than one band participate in con- 
duction, the matrix element o,3 consists of the sum of 
Oa3's from each band. 
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APPENDIX 


In this Appendix we carry out the evaluation of the 
S‘° tensors for the case of current in the (110) plane in 
n-germanium. The current direction, which is chosen as 
the X axis, will be specified by the angle 4 it makes with 
the [001 } direction, as shown in Fig. 2. The Z direction 
is taken as the [110] direction, perpendicular to the 
plane of the figure. The S‘” tensors of the four valleys 
will be expressed as a function of @, which puts them 
into a convenient form for further calculation. Also, the 
quantity (m,/m- +sin’B" 


* cos’ , which appears in 


(me 
[1+sin’¢+v2 sin26]+ 1+cos’@#Vv2 sin20 


lm) 
(0)) | Je 


(Su 
ace [~ mM: - 
(S'"(0))) Om, 1— [v2 cos26—} sin2¢0 ] 


mm) 


0 


CONWELL 


ye ong a 








ooT 


Fic. 2. Plot of (110) plane in crystal momentum space. 


the expression (37) for the ratio of power absorbed in 
different valleys, will be plotted as a function of @ for 
each of the valleys. 

Also shown in Fig. 2 are constant-energy ellipsoids for 
the two valleys whose major axis lies in the (110) plane. 
The locations of the valleys, i.e., the Z‘° axes, have 
arbitrarily been chosen along the [111], [111], [111], 
and [111] directions. The same S‘” tensor and con- 
ductivity would of course be obtained by replacing any 
or all of these directions with its negative, i.e., choosing 
the valley location at the opposite end of the body 
diagonal. Also indicated in Fig. 2 are the V axes for the 
four valleys. These lie in the [112], [110], and [112] 
directions according to the convention specified, that 
the sense of Y be that of Z‘°*Z. Thus, the angle B"!", 
which is the angle through which }'“''» must be rotated 
clockwise to be brought into coincidence with the ¥ 
axis, is (cos~'0.816+90°+86), 3°!) =g"™ = (180°+8), 
and 8‘) = (cos-).577 + 180°+4). 

For the [111] and [111] valleys, a 90°; while 
for [111] it is cos-'(—0.816), and for [111] it is 
cos” '(+0.816). 

Because of the similarity in angles, the S tensors for 
the [111] and [111] valleys are identical except for a 
few signs, and those for the [111 ] and [111 ] valleys are 
similarly related. The tensors for these pairs of valleys 
have therefore been displayed together. Only the low- 
magnetic-field case is shown, with S‘(0) in (46), 
S‘(H) in (47). For the [111] and [111] valleys, 
S‘©(0) is given by 
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For the [111] and [111] valleys, (S(0)) is given by 
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In (46a) and (46b) where there is a difference in sign, the upper sign refers to the valley on top at the left, the lower 
sign to the valley below on the left. The tensors (S‘° (H)) for the pairs of valleys are shown in (47a) and (47b), 


with the same convention with regard to signs. 
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It can readily be seen that if S 
added to obtain the full (S 
summed over the valleys and divided by four, the tensor 
of (26) is obtained, as it should be. For the purpose of 
calculating the elements of #, however, the S‘’s can- 
not, of course, all be added before integration is per- 
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Fic. 3. Plot of ")2 cos?B’ +sin’B™, 
tional to the low-field power absorption, as a function of angle 
between the current and the [001] direction for current in the 
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formed because of the different temperatures of different 
valleys. 

To give an indication of the relative temperature of 
different valleys for different field orientations, we have 
plotted, in Fig. 
+sin’3 


3, the quantity (m,/m+)? cos*B™ 
, Which is proportional to the low-field power 
absorption, as a function of @. It is seen that the power 
absorbed in the [111] and [111] valleys is the same, 
independent of @, as expected by symmetry. Thus, in 
high field, these two valleys should be at the same 
temperature. The [111 ] and [111] valleys, on the other 
hand, will absorb energy at different rates and thus be 
at different temperatures, unless @=0, 90, 180, or 270°. 
This is also as expected by symmetry. It is seen that the 
maximum power absorption for a given valley occurs 
when the electric field is perpendicular to the longi- 
tudinal or Z‘ axis, and the minimum when the field is 
parallel to the Z axis. 

Since the [111] and [111] valleys are expected to 
have the same fo” at all fields, the Sas‘"’s of these two 
valleys may be added before integration. It is seen then 
that their off-diagonal components involving z will 
cancel each other. Since off-diagonal components Sasa” 
involving z are zero for the other two valleys, it is clear 
that the off-diagonal components of @ involving z will 
vanish for current in the (110) plane as stated earlier. 


16 For further consideration of the variation of power absorption 
with direction see L. Gold, Phys. Rev. 104, 1580 (1956). 
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Interstitial Defects in LiH and NaCl Irradiated at Low Temperatures* 
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PETTY 


Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
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Expansions of the lattice parameters of both LiH and NaCl exposed to 8 radiation at 77° and 245°K 
have been observed using a vacuum x-ray diffractometer stage operated at 77°K. The source of the 8 
radiation was 5.56% LiT contained in a LiH crystal which was ground and mixed with NaCl in the samples. 
The LiH lattice parameter increased 0.0020+0.0007 A in three samples. This result is consistent with 
density measurements and with the formation of interstitial He* atoms in the LiH lattice. The NaCl lattice 
parameter increased 0.0061+0.0009 A even though the average 8 does for the NaCl was less than 1% of 
that in the Li(H,T) and tritium 8 particles with maximum energy cannot produce direct displacements 
in NaCl. A mechanism is proposed for the production of CI- interstitials and vacancies (Frenkel defects 
in NaCl which is similar to one proposed by Klick for the production of F and H centers. This mechanism 
is related to observations of the production of a centers in alkali halides irradiated at low temperatures. 


HE purpose of this paper is to report the observa- 

tion of lattice expansion in NaCl and LiH irra- 
dated by tritium 8 particles at 77° and 245°K. This 
work was done as part of a study of radiation effects 
on LiH crystals and is correlated with optical absorp- 
tion, electron spin resonance, and expansion measure- 
ments made on samples from the same LiH single 
crystal containing LiT.! This work and additional com- 
parisons between LiH and other alkali halides will be 
published in more detail elsewhere. 

Previous work has been done at room temperature on 
the x-ray determination of changes in lattice parameters 
induced by irradiation. Berry? found small lattice 
changes consistent with the introduction of vacancy 
pairs into KCI exposed to x rays. Binder and Sturm’s® 
report of interstitial formation in LiF exposed to 
neutrons was found to be consistent with a displace- 
ment mechanism according to calculations of Seitz and 
Koehler.* The present work demonstrates that inter- 
stitials are formed in NaCl by electrons of 18-kev 
maximum energy which can only transmit 1.7 ev to a 
Na* ion by direct collision. Since approximately 25 ev 
is required to produce a displacement,‘ it is evident 
that some indirect process for the production of inter- 
stitials must be considered. It is possible to explain 
these observations by using a mechanism for the pro- 
duction of F and H centers proposed by Klick which 
is essentially a refinement of one first given by Varley.® 

The x-ray measurements of the lattice parameters 
were carried out in a vacuum attachment for the x-ray 
diffractometer which held the samples at approximately 
77°K on a stage cooled by circulating liquid nitrogen. 
Transfers of samples stored under liquid nitrogen to 


* Work performed under the 
Energy Commission. 

+ F. E. Pretzel, G. V. Gritton, C. C. Rushing, R. J. Friauf, W. B. 
Lewis, and P. J. Waldstein, Bull. Am. Phys. Soc. 6, 114 (1961). 

*C. R. Berry, Phys. Rev. 98, 934 (1955). 

* D. Binder and W. J. Sturm, Phys. Rev. 96, 1519 (1954). 

* F. Seitz and J. S. Koehler, in Solid-State Physics, edited by F. 
wy and D. Turnbull (Academic Press, Inc., New York, 1956), 

‘ol 2,p 307 
§C. C. Klick, Phys. Rev. 120, 760 (1960). 
$ J. H. O. Varley, Nature 174, 886 (1954). 
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the diffractometer stage were made without significant 
warming. Mixtures containing 20 vol. % NaCl with 
LiH(+5.56% LiT) powder ground to approx 200 mesh 
from portions of single crystals were stored in protected 
sample containers. X radiation from a Cu target was 
used to determine the diffraction pattern from the 
samples and NaCl reference powder. Better results 
were obtained by using softer Cr x radiation for the 
LiH reference powders. All results were analyzed with 
an IBM-704 program utilizing Hess’s’ modified least- 
squares extrapolation. 

The results of the measurements on NaCl and LiH 
samples used for reference are given in Table I. 

The samples marked “crystal” were ground from 
single crystals and packed into the holders, as were the 
mixed active samples; the LiH compress was glued into 
the sample holder and polished but contained some 
Li,O. The room temperature value for LiH crystal is in 
excellent agreement with the value reported by Staritzky 
and Walker.’ The change of LiH lattice parameter in 
going to liquid nitrogen temperature is in good agree- 
ment with the 0.45% length change calculated from 
the dilatometric measurements of Laquer and Head.? 
The NaCl values are in similar agreement with pub- 
lished values.'° 

The results of the low-temperature measurements on 
three samples containing mixed salts after storage at 
low temperature are contained in Table II. A correction 


TABLE I. Reference lattice parameters, a 


Ado/ do 

296°K) 

296 to 
K results 77°K 
0.883% 
0.4439, 
0.446% 


Sample 296°K results 77 
5.6506+ 0.0003 
4.0837 +0.0002 
4.0842+ 0.0004 


5.6007 +0.0004 
4.0656+0.0005 
4.0660+-0.0002 


NaCl (crystal) 
LiH (crystal) 
LiH (compress) 


7 J. B. Hess, Acta Cryst. 4, 209 (1951). 

* E. Staritzky and D. J. Walker, J. Anal. Chem. 28, 1055 (1956). 

*H. Laquer and E. Head, Los Alamos Scientific Laboratory 
Report, AECD-3706, December 9, 1952 (unpublished). 

© Swanson and Fuyat, NBS Circ. 539 2, 41 (1953). 
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of —0,0014+0.0001 A was applied to the LiH reference 
measurements to allow for the presence of 5.56% LiT 
from the values of Vier." 

The average lattice parameter increase of the three 
LiH(+LiT) crystals is 0.0020+0.0007 A, which corre- 
sponds to (0.147;+0.06)% lattice expansion. Flotation 
density measurements on crystals from the same single 
crystal gave a bulk expansion of (0.101+0.01)% for 
the same exposure of 6.7 10" 8/cc. These results agree 
within the errors of the determinations, and they are 
consistent with the interpretation that interstitial He’ 
atoms are formed by tritium decay at 77°-245°K. 
According to the more accurate flotation measurements, 
the expansion associated with the formation of an 
interstitial He* atom is about 15 A*, which is in approxi- 
mate agreement with the calculated expansion of the 
cube of 8 nearest neighbors to the interstitial. 

The NaCl increased 0,0061+0.0009 A in lattice 
parameter from the average of the 3 samples which is 
taken as a strong indication for the production of 
interstitial defects under these conditions. The corre- 
sponding expansion is (0.33+0.05)%. This result is too 
large to explain on the basis of the formation of F and 
H centers at the usual energy requirement of 1000- 
2000 ev/F center at low temperatures, since the calcu- 
lated average 8 exposure is only about 4X10" 8/cc for 
0.01-cm NaCl particles homogeneously irradiated but 
inhomogeneously colored. 

The expansion associated with an interstitial CI- ion 
in NaCl is nearly 60 A* according to the same calcula- 
tion used for interstitial He in LiH. This value can be 
used to account for the magnitude of the observed 
lattice expansion if a large fraction of F centers produced 
at an energy requirement of about 50 ev/F center re- 
combine to produce interstitial Cl- ions or if a com- 
peting process exists. Such a mechanism is illustrated 
in Fig. 1. With Klick® we assume that the double 
ionization of a Cl- ion quickly produces an intermediate 
complex with a Cl, molecule in one of a pair of anion 
vacancies, from which the anion vacancy can dissociate 
because of electrostatic repulsion. At higher tempera- 
tures it is more probable that the vacancy will migrate 
some distance from the Cls molecule before both sites 


TABLE II. Lattice parameters ao(A) at 77°K. 


Age 
(days) 


Sample Storage 


temperature NaCl 

133 ; 5.6069+0,0015 
. 5.6048 +0.0033 
5.6064+0.0005 


Li(H,T) 


4.0669+0.0016 
4,0659+0.0008 
4.0662 +0.0002 


"D—D. T. Vier (private communication). 


RBEFrECTS, IN Lik 


AND NaCl 


+ 


oe 


+ + +—~— 
(c) (d) 


Fic. 1. Mechanism for low temperature radiation damage. (a) 
Loss of a pair of electrons from a pair of adjacent Cl- ions to 
produce the Cl.—vacancy complex. (b) Dissociation of anion 
vacancy from the complex. (c) Trapping of electrons to form F 
and H centers. (d) Trapping of both electrons by Cl: to form 
Frenkel defect. 


have the chance to trap electrons. If they each trap 
one electron, the net result is the formation of F and H 
centers as proposed by Klick. However, if the Cl. mole- 
cule traps both electrons, the net result is the formation 
of a Cl- vacancy and a CI- interstitial. The yield of these 
Frenkel defects may be increased relative to that of 
F and H centers at very low temperatures because F 
and H centers tend to be produced close together under 
these conditions, and the probability that the H center 
can capture the F center electron by a tunneling 
process is increased. 

The production of Frenkel defects in the anion lattice 
of alkali halides irradiated at low temperatures accord- 
ing to the preceding model is consistent with the 
observations of a-center formation in these crystals.” 
Riichardt’s® observations on the yield of @ centers in 
KBr irradiated at temperatures down to 4°K and of 
their subsequent annealing behavior can also be ex- 
plained on the basis of this model. The annealing curves 
for we centers in KBr are similar to those obtained for the 
stage I annealing of Frenkel defects in Cu.“ We ob- 
tained no evidence for interstitial H~ ions in LiH, in 
with calculations which that they 
should be unstable. 


accord indicate 


2 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 
‘SR. Riichardt, Phys. Rev. 103, 873 (1956). 
4 J. W. Corbett and R. M. Walker, Phys. Rev. 115, 67 (1959). 
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Thallium Solid Solutions* 
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rhe superconducting transition temperature, T., has been measured for dilute solid solutions of indium, 
bismuth, and lead in thallium. The transition temperature is found to increase in all cases thus exhibiting a 
behavior opposite to that observed by Serin, Lynton, and co-workers in their studies of solid solutions of 
tin, indium, and aluminum. Some loss in residual impurity scattering which occurs upon annealing suggests 
the migration of solute atoms to grain boundaries in the dilute alloys. 


INTRODUCTION 


TUDIES of the superconducting transition tem- 

perature of dilute solid solutions of tin, indium, 
and aluminum which have been made by Serin, Lynton, 
and co-workers,' Show an initial linear decrease in the 
transition temperature 7T.. This initial decrease is a 
function solely of the normal state electronic mean free 
path and is independent of the specific impurity added 
over this limited range. A similar dependence of 7, 
on residual resistivity has been observed in studies of 
tantalum by Budnick? and by Seraphim® ef al. It was 
felt that this sort of behavior would be found for all 
superconductors at least in the initial limit of very 
long mean free paths. As more impurity is added, the 
transition temperature is found to depend on the specific 
solute atom concerned. 

In the investigation of the system In-Ga!' in which 
small amounts of gallium were added to indium, no 
initial decrease in 7, was noted: on the contrary, a 
gradual increase was observed. Chanin, Lynton, and 
Serin attributed this to one or more of the following, 
first, the relatively low scattering cross section of gallium 
in indium, second, the smaller ionic radius of gallium, 
or third, to a metallurgical problem in the preparation 
of these dilute solid solutions. As to the first however, 
they noted that thallium in indium was almost as poor 
a scatterer as gallium whereas thallium produced a 
large depression in the transition temperature of indium. 

A study of the dilute solid solutions of indium in 
thallium was begun since indium bears in a general 
way, the same relationship to thallium as does gallium 
to indium, i.e., both solutes have smaller ionic radii 
than the solvent atoms, the same valence, and approxi- 
mately the same relative masses. Our results show that 
indium produces relatively small changes in the residual 
resistivity of dilute solutions of indium in thallium and 


does in fact cause an initial increase in T.. However, 


part by the Department of Defense 
national Business Machines Watson Laboratory. 
B. Serin, and M Zucker, J. Phys. Chem. Solids 
; and G. Chanin, E. A. Lynton, and B. Serin, Phys 
, 719 (1959 
2 J. L. Budnick, Phys. Rev. 119, 1578 (1960 
7D—. P. Seraphim, D. T. Novick and J I. Budnick, Acta. Met 
published 


small additions of lead, bismuth, and tin to thallium 
were also found to raise the transition temperature. 


PREPARATION OF SAMPLES 


Thallium of 99.999°, purity, obtained from the 
American Smelting and Refining Company, was used 
as the solvent material to which small quantities of 
very high purity solute metals were added. The samples 
were melted in quartz tubes since molten thallium leaches 
sodium from ordinary glass. The constituents were 
melted in a vacuum of approximately 1X 10~® mm Hg, 
sealed in a tube, and mechanically mixed in the molten 
state for about 20 min. From this bulk we prepared, 
in vacuo, slowly cooled coarse grained polycrystals, and 
extruded finer grained polycrystals. 

In our initial experiments the melt was quenched 
after mixing, extruded and then annealed. This pro- 
cedure was followed in order to minimize segregation 
effects which occur in slowly cooled samples which are 
not zone leveled. Later reference will be made to the 
results on the extruded samples. The coarse grained 
samples were vacuum cast into quartz tubes then cooled 
over a period of about one hour and subsequently 
annealed. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


Measurements of the residual resistivity ratio, 
p= R4.2°K/ (Ros°k— Ri.2’k), were made with a Rubicon 
six-dial potentiometer. Care was taken to ensure good 
voltage contacts since the surface of the sample is readily 
attacked and corroded by the ambient atmosphere. 

Helium-temperature measurements were made in a 
conventional glass Dewar as described in Fig. 1 with 
an overwound solenoid providing a longitudinal field. 
Values of 7. were obtained by extrapolation to zero 
field of the critical field curve measured in the region 
of the transition temperature. The critical field was 
determined by measuring as a function of magneti 
field the change in magnetic induction of a sample when 
an applied magnetic field is removed. 

A sensitive galvanometer, operated ballistically, was 
used to observe the changes in induction with applied 
field. Three samples were mounted in the sample holder 
during a run so that differences in critical field and 
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critical temperature could be measured relative to a 
standard sample which remained from run to run. Cor- 
rections for hydrostatic pressure differences were made 
in the conventional manner. This procedure did not 
introduce large errors since during the course of meas- 
urements at one temperature point, no large change in 
liquid level or behavior of the bath occurred. 


EXPERIMENTAL RESULTS 


Samples of thallium were prepared with various 
atom percents of indium, lead, and bismuth. Figure 2 
shows the effect of impurity on the residual resistivity 
of thallium. The difference in slopes is a measure of the 
relative scattering cross sections of the various solutes. 
For the pure thallium a rough run of resistance versus 
temperature was made below 4.2°K and revealed the 
presence of thermal scattering at these temperatures, 
which further indicates the high purity of the starting 
material used in these experiments. Prolonged annealing 
at high temperatures (240°C) of dilute In-T] samples 
apparently causes some migration of the impurity to 
the grain boundaries. After a prolonged anneal of a fine 
grained polycrystal sample the resistance ratio would 
approach that for pure thallium. A_ spectrographic 
examination, however, revealed the original concentra- 
tion of indium present in the volume of sample analyzed. 
Our first measurements of 7. were made on extruded 
samples which were not annealed at elevated tempera- 
tures, and which probably contained large amounts of 
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lic. 1. Schematic diagram of experimental apparatus. 
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Fic. 2. The variation in resistance ratio p is shown for various 


solute concentrations in thallium. The linearity with composition 
suggests a region of single-phase material with regular changes 
in mean free path. 


dislocations and vacancies. This loss of impurity scat- 
tering upon high temperature anneal was found also 
for lead and bismuth but for the same annealing condi- 
tions was much reduced due to the higher masses of 
these solutes. Higher concentrations of In-T] also failed 
to exhibit any large change in their resistance ratios 
with annealing, indicating that the grain boundaries 
saturate at approximately 0.1 percent of 
impurity. 


atomic 


In order to reduce this clustering of impurities at 
grain boundaries and to reduce the number of vacancies 
and dislocations present, coarse grained polycrystal 
samples were prepared by slow cooling from the melt. 
These specimens were similar in behavior to the unan- 
nealed extruded samples, thus indicating the relatively 
small combined effects of dislocations and vacancies 
in these measurements. The segregation introduced by 
our slow cooling techniques did not broaden the mag- 
netic transitions which we investigated but would cer- 
tainly have had a pronounced effect on resistive transi- 
tion measurements. 

All specimens here reported were found to have sharp 
transitions, one percent or less in width, and were 
found to have parallel critical field curves in the neigh- 
borhood of T.. This we feel is a good assurance that these 
alloys were well-behaved superconductors. It is well 
to note here that thallium undergoes a martensitic 
transformation from a bcc to hep structure at 234°C. 
This may in fact be changed or altered by impurities 
and indeed seemed to have some bearing on the results 
we obtained when various quantities of tin were added 
to thallium. No complete investigation was made of 
this system and we here merely report our observations. 
rhe tin-thallium melts were found to contract upon 
solidification, enabling them to be easily removed from 
the quartz tubes in which they were cast. This is in 
complete contrast to the other alloys, where it was neces- 
sary to etch the quartz tubes from the samples. Low- 
temperature flux measurements on the tin-thallium 








Fic. 3. The relative magnetization is plotted versus field 
in order to determine the critical field. 


specimens indicated broad superconducting transitions 
while x-ray studies at room temperature gave evidence 
of the presence of a phase mixture, the new phase having 
lines which fit those reported by Sekito* whose work 
was later questioned by Pearson.® Due to the uncertain- 
ties in the metallurgy, a detailed study of the tin- 
thallium system has not been carried out but the meas- 
urements of the variation of 7, with composition are in 
general agreement with the other thallium alloys 
studied. 


2 


Figure 3 shows a representative flux transition in a 


magnetic field for solutes other than tin, in thallium, 
while Fig. 4 shows the temperature dependence of the 
critical field for several samples containing various 
amounts of indium added to thallium. Close to the tran- 
sition temperature the samples all show similar be- 
havior as indicated by the same slope of H. vs T. In 
Fig. 4 is also seen the steady upward shift of T, upon 


Fic. 4. The critical field of some InT1 solid solutions is plotted 
versus 7 for temperatures close to 7. The critical field curves 
are similar for the impure samples, while 7, is found to increase 
with addition of impurity. 

‘S. Sekito, Z. Krist, A74, 189 
®’W. B. Pearson, A Handbook 
f Metals and Alloys 


1930). 
if Lattice S pacings and Structure 
Pergamon Press, New York, 1958). 
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alloying as compared to the standard pure thallium 
sample. 

The results of our transition temperature determina- 
tions as a function of resistance ratio are given in Fig. 5. 
Note that these samples are all cast samples. For the 
extruded samples of indium in thallium, which were 
not annealed, the results are similar in that only positive 
changes in T, were observed. No depression of J, was 
found in the region of p investigated even though the 
annealed starting material had a p of about 3107 
and showed appreciable thermal scattering below 4.2°K. 

Annealing caused a decrease in T, of 2 to 3 milli- 
degrees in both the pure and very dilute samples. The 
corresponding decrease in p on anneal was of the order 
of 10 to 15%. The annealing process most probably 
removed physical defects from the materials which 
could act as electron scatterers thus giving rise to the 
decrease in p. This observed lowering of T., upon anneal 
is just what is to be expected in thallium solid solutions 
and is of opposite sign to what is found in tin, indium, 
and aluminum. 

Our estimated uncertainty in 7, determinations is 
~0.002°K which uncertainty occurred in the repro- 
ducibility of our standard from run to run. 


CONCLUSIONS 


We therefore conclude from our observations, that 
in rather dilute solid solutions of thallium we see a 
positive shift in JT, as shown in Fig. 5 which initially is 
strongly dependent on the specific impurity added. 
This is in strong contrast to the initial systematic 
depression in 7, for tin, indium, aluminum, and tanta- 
lum which seems solely dependent on the electronic 
mean free path. The solid solutions we have examined 
are well behaved in their superconducting properties 
thus making it possible to look for some fundamental 
interpretation of these results. The explicit effect on 
T. of impurities located at grain boundaries seems to 
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Fic. 5. The difference in transition temperature AT, between 
the standard agen and the solid solution is plotted versus the 
resistance ratio which is proportional to the rec ipro al mean free 
path. 
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Fic. 6. The shift in transition temperature AZ, is plotted 
versus the atomic concentration of impurity added to the thallium. 


be small in absolute magnitude but no detailed study 
of this effect is contained in this work. 

Figure 6 shows the shift in 7, plotted as a function of 
impurity concentration for various solutes. The simi- 
larity in the initial slopes is surprising when the large 
difference in scattering cross section per impurity atom 
of the different materials is considered. This is of course 
also contrary to what would be expected if a mean free 
path effect were the prime determinant of 7, in this 
region. 

We have neglected any anisotropy effects in our 
studies of the correlation in 7. with residual resistivity 
and feel that this is justified in view of the polycrystal- 
line samples we used and also in the fact that the 
resistivity varied monotonically with the atomic percent 
impurity added. 

The pressure dependence of the critical field for 
thallium is just opposite to that for other supercon- 
ductors® at least in the limit of small strain. In addition, 
the length change’ in going through the superconducting 
transition was found to be of opposite sign to that found 


* L. D. Jennings and C. A. Swenson, Phys. Rev. 112, 31 (1958) 
G. D. Cody, Phys. Rev. 111, 1078 (1958). 
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for tin and lead. There may be some fundamental reason 
for these differences of behavior which also explains 
our results and which may be solely applicable to 
thallium. 

Thallium, mercury and lead are all similar on an 
atomic criterion, i.e., having incomplete f shells sur- 
round by a closed s shell and in their metallic form all 
have quite low Debye temperatures. It is felt that 
studies of impurity effects in very dilute solid solutions 
of lead and mercury might help to understand the 
present results. Recent work of Anderson® seems to 
show that an initial depression in J, should always be 
expected in going from the pure material (very long 
mean free path) to the impure case. We are able to 
present no explanation for our results on the basis of a 
fundamental theory of superconductivity but only 
point out the need for a detailed explanation of the ef- 
fects of impurities on 7, for real metals. 

Note added in proof. Recent work of Chiou, Quinn, 
and Seraphim,’ which provides an analytical expression 
to fit the experimental observations on impurity effects 
in tin, indium, and aluminum solid solutions, does not 
seem to fit our results for thallium-rich solid solutions. 
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The ferromagnetic properties of rare-earth metals and their alloys are discussed in terms of the indirect 
exchange model. It is shown by the molecular-field approximation that, in calculating the Curie temperatures 
of these metals, the simple theory of Fréhlich and Nabarro and Zener is applicable. The second-order energy 
terms calculated by Ruderman and Kittel, Kasuya, and Yosida are important in discussing the low-temper 
ature properties. Some numerical results are obtained which are in good agreement with the experiments 


INTRODUCTION 


HE theory of ferromagnetism has been based on 

the spin exchange interaction between magnetic 
atoms or ions. Heisenberg’s! direct exchange interaction 
between nearest neighbors has been considered as the 
basic interaction that gives rise to ferromagnetism in 
transition elements. The necessary condition for this 
interaction to take place is that the magnetic electrons 
of neighboring ions have overlapping orbits. Conse- 
quently, this model does not seem to apply to the 
magnetic rare-earth metals in which the magnetic 
shells of different ions have little or no overlapping. 
Even for transition metals the recent calculation of 
Stuart and Marshall? shows that the Heisenberg’s 
coupling is not sufficient to account for the observed 
magnetic properties. 

The indirect exchange model was first proposed by 
Frohlich and Nabarro* for the ferromagnetism of the 
nuclear-spin system in some metals. They showed that, 
due to the hyperfine interaction between the conduction 
and the nuclear magnetic moments, the 
nuclear spins tend to line up ferromagnetically at low 
temperatures. The basic idea is as follows. The hyperfine 


electrons 


interaction can be represented by the following inter- 
action Hamiltonian 


H,=>.;.; Asi, 1) 


— 


where §; is the spin operator of the conduction electron 
and I;, the nuclear-spin operator. When the nuclear 
spins are aligned, this interaction produces an internal 
field that removes the spin degenerac y of the conduction 
electrons. As a result, the distribute 
themselves unevenly between the two spin states in 


electrons will 
order to minimize the total energy..It turns out that 
the total energy of the electron sea is lower in this case 
than in the case of unpolarized electrons. The latter 
case holds when the nuclear spins are oriented at 
random. Hence, at low the 
ferromagnetic 1946 
metals, there 
exists an exchange interaction between the conduction 


enough temperatures, 
more stable. In 


Vonsovsky* suggested that, in magnetic 


State Is actually 


1928 
Rev. 120, 353 


barro, Proc. Roy. Soc 


. Heisenberg, Z. Physik 49, 619 
. Stuart < W. Marshall, Phys 
. Fréhlich and 
5. 382 (1940 
4S. Vonsov sky . J 


1960). 
London) 


F.R 


Phys S.S.R.) 10, 468 (1946). 


electrons and the magnetic electrons in the ions. The 
Hamiltonian of this interaction was shown to be of 
the form 

H,=>.;.; As,’§,, (2 


—" 


where S; is the spin of the ion. This Hamiltonian has 
the same form as that in Eq. (1). Zener® independently 
proposed this interaction Hamiltonian and argued that 
a stable ferromagnetic state for the ionic spins should 
be possible at low temperatures as a result of the 
Fréhlich-Nabarro mechanism. This so-called indirect 
exchange interaction has been investigated in detail by 
Ruderman and Kittel,® Kasuya,’ and Yosida.' These 
authors worked out a perturbation calculation up to 
the second order and showed that the effective coupling 
between different 
Hamiltonian 


ions can be represented by the 


B...= —31.3 (RBS; 


where J(R,;) is a function of R;;, the distance between 
the ions. Due to the complicated space dependenc e of 
the coupling energy J(R,;;), it difficult to 
obtain quantitative estimations of the important mag- 
netic properties. 

In this paper it is shown that the simple theory of 
Frohlich and Nabarro Zener give good 
quantitative estimation of the Curie temperatures of 
rare-earth metals and their alloys if the experimental 


seems Very 


and does 


values of the electron-ion coupling energy are used. In 
the molecular-field approximation, the second-order 
energy terms tend to cancel out each other near the 
Curie temperature. At low 
take into account the second-order term 
explain the spin-wave phenomena 


tempt ratures, one must 


in order 10 


SIMPLE THEORY 


In this section, a review of the simple theory based 
on the indirect exchange model is given. A solution of 
a magnetic metal in a nonmagnetic metal is considered. 
The ions of the solute and of the solvent are assumed 
to have the same volume. The total Hamiltonian of 
the material is assumed to contain the following terms: 

C. Zener, Phys. Rev. 81, 440 (1951 Zener and R. 
Heikes, Revs. Modern Phys. 25, 191 (1953). 

6M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 

7T. Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956). 

5K. Yosida, Phys. Rev. 106, 893 (1957 
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INDIRECT EXCHANGE MODEL 
the kinetic energy of the electrons; the interactions 
between the magnetic ions and the external magnetic 
field, between electrons and magnetic ions, and between 
the electrons and the field. Hence 


1Q9s;°S,6(r;— R;) 
ae a en 


R=) i(p2/2m)+Dd;; 
(4) 
where Q) is the volume of the ion, / the energy of 
electron-ion coupling, » the Bohr magneton, g the 
Landé factor, and H the external field. The position 
vectors of the electrons and the ions are denoted by r; 
and R;, respectively. The electron-ion interaction is 
localized as indicated by 6(r;—R,). The free-electron 
used for the electrons. Hence, the 
function for an electron with wave vector k and spin ¢ 
is taken as 


model is wave 


¥(r)=2 'u, exp(ik-r), 


where & is the volume in which the wave function is 
normalized, and au, is the Pauli spinor. From the 
Hamiltonian in Eq. (4) and the wave function in Eq. 
(5), one finds that an electron in the spin-up state has 
the energy 


€xt = (h7R?/2m)+ (1/2N)>°; 87H, 


and an electron in the spin-down state has 


€.4 = (WWR?2/2m)— (1/2N)D ; Si? +H, (6) 


where .V in 2. In later 
calculations, 2 will be taken as 1 cc, so .V is the number 
of ions in a unit volume. The direction of H is taken as 
the z direction for convenience. Hence, when the ions 
are lined up (3-; 5,740), the effect of the electron-ion 
coupling is to produce an internal field that polarizes 
the electrons. The total effective field is 


A.a=H-U 2uN)> ; S,?. 7) 


At O°K, it can be shown that reference 8) the 


energy of the electron sea in the presence of this field is 


1 s2m\} ie 
(2) eon(n Lx,s-)) 
Sa? \ 2? Qu 


where yp is the Fermi energy and x the paramagnetic 
susceptibility of the electron sea, 


| OF 


(see 


(h2/2m)(392N')8, y= 3e2N'/2E pv, 


and N’ is the density of electrons. The result in Eq. (8) 
does not change appreciably with temperature due to 
the nature of the Fermi-Dirac statistics. The total 
energy of the electron-ion system is then 


Ix 
y 


E=Ey—39(%; S7- (w- 


where 


Jax, Sy—bar, (9) 


1 s2m\} 
" ( ) (Ep)! 
Sr \ Re 


FOR FERROMAGNETIC 


I\? 3N’s71\2 
laa? 

MNJ 2Er\2N 
In Eq. (9), the term quadratic in H is the energy due 
to the paramagnetism of the free electrons. From the 
term linear in H one finds that, because of the polar- 


ization of the electrons, the g factor of the ions are 
modified to 


and 


(10) 


Tx 3N'] 


g— 


coe ae 
2u*.\ 


(11) 


Since n>0, the term —3n(>_; .S;*)* in Eq. (9) indicates 
that a state of ordered spin (3°; S,;7+0) has lower 
energy than a state of random spin (>>; .S;7=0). This 
is the fundamental that makes a ferro- 
magnetic state more stable at low temperatures than a 
random spin state or an antiferromagnetic state. 

At T=0°K, the energy is a minimum when all the 
spins are aligned. Taking \ as the number of ions per 


mechanism 


cc, one finds the spontaneous magnetization to be 
Mo= g'uSEN, (12) 


where & is the concentration of magnetic ions. 
Eq. (11), one finds that 


Using 


(13) 


where M; is the ionic contribution given by 


M = guStNn, 
and M, is the electronic contribution given by 
M .=—3N'TpiS/4Ep. 


At finite temperatures, the ionic spins are no longer 
completely aligned, due to thermal excitation. If one 
identifies g’u>_ ; S;* as the spontaneous magnetization, 
then the energy associated with the alignment of spins 
is —4n(g'u)?M*. Hence, the quantity n(g’u)~* can be 
identified as the molecular-field constant in the con- 
ventional theory. From the relationship between the 
Curie temperature 7 
one finds 


- and the molecular-field constant, 


T= S(S+1)&N/3k, (14) 


where & is the Boltzmann constant. 

For alloys of two magnetic metals, it can be easily 
shown that the Curie temperature should depend 
linearly on the composition, i.e., 


(15) 


where 7°; and 7.2 are the Curie temperatures of the 
two metals in pure state. In an actual alloy system, 
the linear relationship may be distorted by other effects. 


MORE RIGOROUS THEORY 


Ruderman and Kittel,® Kasuya,’ and Yosida* have 
calculated the energy of indirect exchange up to the 
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second order of perturbation. The result given by 
Yosida is 
3N’ 
E=Ey—g'pH> ; 8 °—-3x2?- —N- 
32Er 
x E E F(q) f(g) exp(iq: R,»)S,°S,, 


m n q 


(16) 


where 
4k,2— ¢ 
f(q) = 1 a. Sa In 
: 4kng 


2kn— q 
an = R,,,— R,,, 


2km+q 


and k, is the size of the wave vector at Fermi level. 
The electron-ion interaction is, strictly speaking, not 
localized. Hence, the coupling constant J should depend 
on the initial and final values of the electron momentum. 
However, one usually makes the simplified assumption 
that J depends only on the momentum transfer, which 
is characterized by the wave vector q. Thus, q is a 
lattice vector in the reciprocal lattice. 

The last term in the above expression can be sepa- 
rated into two parts according to whether m=n or 
mn. The first part is 

3N’ 

—_— = La Pa f(QSn-Sn 

3N’ 

a" IS(S+1)d 4 P(q@) f(g), (17 


which corresponds to a shift in total energy of the 
crystal independent of the spin ordering. The second 
part is the coupling term between the ions and can be 
written as 


3N’ 
< 
men 


N~P(q)f 0) expla: Ren)Sx | (18) 


m 32Ep 
Hence, one finds that the molecular field acting on the 


spin S,, is 


x ¥ YE P(q) f(g) expliq: Ram)Sn. (19) 


m.mAen q 


Near the Curie point, the spins are very much at 
random, so one may substitute for S,, in Eq. (19) the 
mean value (S) of all the spins. In an alloy where not 
all the ions are magnetic, one has to make another 
averaging process. If the concentration of magnetic 
ions is £, then the probability that there is a magnetic 
ion at the site R,, is &. Hence, in this case, one should 
replace S,, by &S). Thus, 


S) © LP(aq exp(iq- Rim). 


BS 


Carrying out the summation over m, one finds that 


dX exp(iq: Ran) = (V—1)8,0, 


m,men 


because q is a reciprocal lattice vector. Hence, 
tT 


H,=——N-*(¢'n)- 1E(S)7?(0) f(0)( w= 1 Js 
16 r 


“F 
Since f(0)=2, 2(0)=/*?, N—12=N, one obtains 
H,.=n(g’u)M, 


where 


M= g’uiN(S). 
The molecular-field constant is, therefore, 
A= n(g’u) 


which is just what has been found in the last section. 
Therefore, as far as the calculation of the Curie temper- 
ature is concerned, the simple theory gives the correct 
result. 

At low temperatures, the excitation of the spin 
system is better described by spin waves. For a spin- 
product Hamiltonian of the form appropriate to 
indirect exchange coupling 


Aus=—-D DX J(Ran)Sm°Sn, 


nm,mA~n 


one can readily show that, in a pure material, the 
dispersion relation for the spin waves is 


E(q)= 2S. 9(0)— g(q) |, (21) 


where 
§(q)= do mJ (Rn) exp(—iq- Run). 


hos 7 


Physically, the ground state of the system is ferro- 
magnetic if j(q) has a maximum at q=0. Therefore, 
for small g, one must have 
E(q ) fq’, 

where 

1 

= — E> U. 

2 0g" 
This dispersion relation leads to the 7! law for the 
dependence of the magnetization on 
temperature. 

It should be noted that the above result holds only 

if J(q) varies smoothly with q in the neighborhood of 
q=0. From Yosida’s formula Eq. (16), one finds 


spontaneous 


3N’ 
g(a)=——N-P-(q)/(q), 
— 


Ps 
which satisfies the requirement. However, from Eq. 
(9), one finds that the simple theory gives 


1 


§(q)=3n6, 
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which is singular at q=0. Therefore, without the 
second-order terms, the theory gives an incorrect 
description of the magnetic properties of the metal at 
low temperatures. 

Physically the second-order terms have an oscillatory 
space dependence. As a result they only contribute when 
the spin arrangement deviates from a perfectly ordered 
state in a periodic fashion. This condition does not hold 
either at absolute zero or near the Curie point. There- 
fore the Curie temperature, which depends on the differ- 
ence in energy between these two states, is correctly 
estimated by ignoring these terms. However, when the 
spins undergo a collective motion as in spin waves, the 
condition of periodic spin deviation is satisfied. Hence, 
the second-order terms are important in this case. 


DISCUSSION 


For pure gadolinium, the Curie temperature is 
289°K. From Eq. (14), with 
g=1, N=3.0XK10" perce, S=7/2 


, 


one finds 

n= 2.54X10-*". 
From Eq. (10), with V’=3V=9.0X10" per cc and 
an effective mass ratio of unity, one finds 


I| =2.78X 10-" erg 
0.174 ev. 


The interaction Hamiltonian (2) has also been used 
by Suhl and Matthias’ to explain the reduction of 
superconducting transition temperature of lanthanum 
when there is gadolinium impurity; and by Kasuya’’ 
and de Gennes and Friedel' to explain the anomalous 
resistivity of magnetic metals. In the first case, the 
estimated value of J given by reference 9 is 


| 7| =0.165 ev. 
In the second case, one estimates 
I\=0.2 ev 


from the formula in references 10 and 11. The value 
of J measured by Jaccarino et al.” is about 0.1 ev. 
The Landé factor of the ions is 


g = — (3N'7 4k p.\ ps 


from Eq. (11). Using /= —0.174 ev and g=2, one finds 


, 


gs 0.055. 


From the experimental value’ of the effective number 


’H. Suhl and B. T. Matthias, Phys. Rev. 114, 977 (1959). 

0 'T. Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 58 (1956). 

11 P..G. de Gennes and J. Friedel, J. Phys. Chem. Solids 4, 71 

1958). 

2 V. Jaccarino, B. T. Matthias, M. Peter, H. Suhl, and J. H. 
Wernick, Phys. Rev. Letters 5, 251 (1960). 

J. F. Elliot, S. Legvold, and F. H. Spedding, Phys. Rev. 

28 (1953). 


91, 
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of Bohr magnetons per ion, one finds that 


g’—g=0.04+0.01. 

The agreement is reasonably good because this quantity 
itself is of the same order of magnitude as the experi- 
mental error. The contribution of the free electrons to 
the magnetic moment amounts to approximately 2% 
of the total value. In order to be consistent with the 
experiment the sign of J assumed here is opposite to 
that measured by Jaccarino et al. 

For solutions of magnetic metals in nonmagnetic 
metals, Eq. (14) shows that the Curie temperature is 
directly proportional to the concentration of magnetic 
ions provided that the crystal constants do not change 
appreciably with composition. This behavior has been 
observed in GdRu2-CeRup alloys and Gd-Y alloys." 
From the 7, vs concentration curve of the latter group, 
one finds 

T| =0.21 ev. 


The alloys of gadolinium and lanthanum show more 
complicated behavior." 

For rare-earth metals other than gadolinium, the 
spin-orbit coupling in the magnetic shell is important. 
The appropriate Hamiltonian for the electron-ion 
interaction has been shown to be!® 8 


H;=I(g—1)s-J, (22) 
where J is the total angular momentum of the ion. The 
coupling constant J is approximately the same for all 
the elements. Therefore, the Curie temperatures 
these elements are given by 


‘ip i 


of 


(g—1)°J (J+1)n.V/3k. (23) 


Since these elements have nearly the same lattice 
parameters, 7 and .V are roughly the same for all of 
them. Hence, one obtains 


Tx (g—1)7J(J+1), (24) 
which is just the Néel'? and de Gennes!® formula for 
the Curie temperature of rare-earth metals. 

From Eqs. (11) and (22), one finds that the change 
in Landé factor for rare-earth metals is 


Ag=g'—g=—(3N'I/4EpN)(g—1). 


(25) 


The calculated values of Ag using /=—0.174 ev are 
compared with the experimental values in Table I. 
The experimental values for Gd, Tb, and Dy are 
calculated from the saturation magnetizations at O°K; 


the others are calculated from the paramagnetic 
“R. M. Bozorth, D. D. Davis, and A. J. Williams, Phys. Rev. 
119, 1570 (1960). 
!8W. C. Thoburn, S. Legvold, and F. H. Spedding, Phys. Rev. 
110, 1298 (1958). 
P.-G. de Gennes, Compt. rend. 247, 1836 (1958). 
R. Brout and H. Suhl, Phys. Rev. Letters 2, 387 
*S. H. Liu, Phys. Rev. 121, 451 (1961). 
L. Neél, Compt. rend. 206, 49 (1938 


1959). 
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TasLe I. The change in g factor due to the polarization of 
conduction electrons in rare-earth metals; the theoretical values 
are calculated from Eq. (25) with J = —0.174 ev. 


theoret Ag (exp) 


0.04 +0.01 
0.04 +0.01" 
0.017 +0.009 
0.03 

0.05 

Qe 


Element Ag 


0.055 
0.028 
O.O18 
0.014 
0.011 
0.009 


Rev. 109, 
D. Jennings, in Prog- 
Gorter (North-Holland 
pp. 3608-394, 
1960 


v. 118, 1543 
susceptibilities. The theoretical and the experimental 
values agree in order of magnitude. 

Many rare-earth metals and alloys 
spontaneous magnetic transition from ferromagnetic to 


undergo a 


VOI M E 


,1U 


antiferromagnetic ordering. However, these materials 
obey the Curie-Weiss law in the paramagnetic temper- 
ature region with positive Curie points. This is a good 
indication that the basic interaction in the materials is 
ferromagnetic. In such cases, Eqs. (14) and (23) should 
apply to the paramagnetic Curie temperatures rather 
than the Néel temperatures. 

The indirect exchange model may apply to the 
transition elements as well. However, the problem is 
hard to analyze because of the complicated band 
structures. 
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1. INTRODUCTION 


ITH carrier injection and transport in semi- 

conductor material of high resistivity, the widely 
used approximation of local electrical neutrality fre- 
quently does not apply. Thus, for various experiments 
and for a number of devices, including semiconductor 
detectors of nuclear particles, solutions are needed that 
take space charge into account. Extending results previ 
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vanishes for equal mobilities. They spread, exhibiting an apparent 
diffusion. A ‘‘pseudodiffusivity,”’ D,, 

constant mobilities, D, is proportional to rgF,2/o.? 
conductivity. The ambipolar diffusivity and D, are additive. They 
T/e divided by the 
at 300°K. An 
is given; 


For 


ana 
the 


is defined. For + Td 


with o 


are equal in intrinsic material for Ey equal to & 
Debye length (AT €/8xn,e")*, or 10 v/cm for 
extension to a nonlinear case involving high-level injection 


silicon 


concentration-dependent D, and velocity functior 
sufficiently strongly extrinsic material and ry>r 

carriers drift in a delta pulse that leads the majority carriers dis 
tributed in an exponential tail of characteristic length 
may be quite large. For nonconstant mobilities and 7 
polar velocity in the majority-carrier or “revers« 
For rq > 7», the other 


and 


lution gives distri 


drift in the 


occur principal type of so 
butions that in general 


Involving also regions of 


t mobilities 


for constan 


reverse direction local carrier depletion, 
and thus generation as well as recombination, 


het 
r eing 


these distributions 


may persist for times long compared with 
then with time constant r, 


ously reported,’ this paper presents a general formula- 
tion of transport with space charge, including applied 
magnetic field, and gives solutions for various cases of 
one-dimensional drift with recombination. An injected 
pulse of electron-hole pairs is considered. For linear 
small-signal cases, with relatively small perturbation of 


applied electrostatic field, exact solutions are obtained 


'W. van Roosbroeck, Bull. Am. Phys. Soc. 5, 180 (1960 





CURRENT-CARRIER TRANSPORT WITH 


in closed form, and these are treated in detail. From 
the viewpoint of the mathematical methods employed, 
the analysis is quite similar to that of ambipolar drift 
with trapping,?~* for which were established certain 
Laplace transforms* by whose use the solutions could 
be obtained. On the basis of this analysis, an extension 
to a nonlinear case of high-level injection is presented. 
Trapping is not considered, but the theory could be 
extended to include trapping without essential change 
in its formal structure. 

With the present treatment, the neglect of diffusion 
in the linear small-signal case makes it possible to obtain 
exact solutions for the carrier-concentration distribu- 
tions that are otherwise unrestricted. At the same time, 
the neglect of diffusion facilitates physical interpretation 
of these solutions. Theory for transport with space 
charge has been given that is based on direct calculation 
of the means and second moments of the distributions 
for the general linear small-signal case.° Diffusion has 
been taken into account at the outset also in still 
another treatment,® in which evaluation of the dis- 
tributions in closed form is accomplished under the 
assumptions of strongly extrinsic material and com- 
paratively smail dielectric relaxation time. 

In advance of the proper derivations, it may be well 
to outline in descriptive terms some principal aspects 
of the present results concerning transport with space 
charge. Note, first, that local electrical neutrality is, 
in a sense, tantamount to infinite Coulomb forces or 
zero dielectric relaxation time. Effects associated with 
space charge are the more pronounced the larger is the 
dielectric relaxation time. They are thus the more 
pronounced the higher is the resistivity, whether this 
be in, say, weakly extrinsic silicon at room temperature, 
or in a high-purity semiconductor at low temperature, 
which may be quite strongly extrinsic. Note also that 
the problem of specifying the recombination rate with 
space charge, that is, with excess electron and hole con- 
centrations that are unequal, is similar to that previ- 
ously considered in connection with trapping’: For 
given equilibrium concentrations of electrons and holes, 
the small-signal rate is determined simply by the 
“diffusion-length lifetime,” ro. 

The condition that ro be larger than the dielectric 
relaxation time, ta, is of course implicit in the assump- 
tion of local neutrality. Transport with space charge 
under this condition accordingly possesses some quali- 
tative similarity to neutral transport. In particular, 
with constant mobilities, the direction of drift of the 
concentration disturbances is that of the minority 
carriers. With the finite Coulomb forces taken into 
account, however, it is shown that in not too strongly 
extrinsic material under conditions that may readily 


2 W. van Roosbroeck, Bull. Am. Phys. Soc, 2, 152 (1957) 
3W. van Roosbroeck, Bell System Tech. J. 39, 515 (1960 
*W. van Roosbroeck, Phys. Rev. 119, 636 (1960). 
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® R. Gevers, Physica 21, 888 (1955 


SPACE CHARGE 475 
occur in practice, spreading of the distributions may be 
associated primarily with a field-dependent ‘pseudo- 
diffusivity,” D,, rather than with diffusion itself. This 
D, is occasioned by the applied field acting against 
Coulomb forces to which the contribution of the equi- 
librium minority carriers is not inappreciable. Even 
with strongly extrinsic material, for which D, is negli- 
gible, numerical estimate shows that the “polarization 
distance,” xp, by which the means of the electron and 
hole distributions are separated’ may in practice be 
quite large. 

Familiar descriptive considerations that tacitly entail 
local neutrality require quite drastic revision if tq is 
greater than 7». The transport is then typified by com- 
paratively rapid recombination (rather than dielectric 
relaxation) in conjunction with polarization of charge 
essentially by the distance electrons and holes drift 
apart in time ro (rather than 7a). With this polariza- 
tion, recombining excess current carriers of one kind 
cause local depletion of the carriers of the other kind, 
and there is generation of carriers as well as recombina- 
tion. For the carriers of each type, there are adjoining 
regions of carrier excess and carrier depletion, whose 
means exhibit the polarization of charge and for which 
the net total number of carriers is substantially zero. 
The frequency of recombination and generation of the 
minority carriers being the greater, depletion of the 
majority carriers is the more pronounced. The dis- 
tributions, which result essentially from drift with a 
multiple recombination-generation mechanism, there- 
fore move together in the majority-carrier or ‘‘reverse”’ 
direction. For rg>>ro, excess electrons do not recombine 
with excess holes, since there is no overlap of the dis- 
tributions of and the concentration 
disturbances, attenuated with time constant substan- 
tially 7a, persist for a time long compared with the 
lifetime, 7». In this case, both the polarization of ¢ harge 
and the attenuation are such that the dielectric relaxa- 
tion time and lifetime are, in effect, interchanged. 


excess carriers; 


2. FORMULATION 


In this section, phenomenological differential equa- 
tions that take space charge into account are first 
written for arbitrary dependences of the diffusivities 
and the magnitudes of (collinear) drift velocities on 
electrostatic field, and the extension for steady applied 
magnetic field is included. The formulation is then 
examined in further detail for the case of constant 
mobilities and no applied magnetic field. The nota- 
tion is largely consistent 
employed.*:47" 

The continuity equations for holes and electrons may 
be written as 


with notation previously 


Op/at 


—e divI,+g—, 


on, dt=e divI,,4 g—®R, 


van Roosbroeck, Phys. Rev. 91, 282 


van Rooshroec K; Phys Rev 101, 1713 


1953 


1956 
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in which the same volume generation and recombination 
functions g and ® apply in both equations for interband 
excitations and no trapping. For arbitrary drift velocity 
functions v, and v, and no applied magnetic field, the 
current densities are 


I,=ev,p—eD, gradp, 
| x = ev,n+eD, gradn. 


For the homogeneous semiconductor (with uniform net 
fixed-charge concentration), space charge is associated 
only with the inbalance in the hole and electron con- 
centration increments Ap and An, and (with uniform 
dielectric constant ¢€) Poisson’s equation is 


div E= (4mre/€)(Ap—An). (3) 


Lamellar electrostatic field generally obtains as an 
excellent approximation, the effect of time-dependent 
magnetic field that may be associated with the trans- 
port generally being negligible. Thus, the equations 


curlE=0, E=-—gradIJ, (4) 


hold. It follows readily from Eqs. (1) and (3) that the 
total current density I, which includes the displace- 
ment current density, is solenoidal.’ A field equation of 
Maxwell relates I to the curl of the magnetic field: 


[= I,+1,+ (e 4r)OE/dt= (c/4er) curlH. (5) 


Since, with Gaussian units, c is the speed of light, and 
since (for uniform magnetic permeability) divH is zero, 
it is evident that the contribution to H from the trans- 
port can be neglected, unless I is very large. 

For steady uniform applied magnetic field, the 
current-density equations must be suitably modified; 
the other equations still hold. Consistently with results 
previously given,® for magnetic field applied in the 
direction of the z axis, the direction of the unit vector 
k, the current densities are given by 

I,—(1,xk) tané,=I,*, 
I,— (1, k) tané,=I,*, 


(6) 


where 6, and @, are the Hall angles for holes and for 
electrons. These equations may readily be solved" for 
I, and I,. In the present context, the definitions 


1,*=e(Vp:p— Dy: gradp 


- (1i+-3j) 
Te Vpip—Dpi gradp)- kk, 
Git) 

Le(v,m+D,: gradn)- kk 


(7) 


1,*=e(v,m+D,, gradn 


are employed for the case of tensor ellipsoids that are 
ellipsoids of rotation about the magnetic field. The 
second subscripts in Eqs. (7) are used to denote the 
phenomenological transverse or longitudinal velocity 
and diffusion-constant functions. Equations (6) and (7) 
are readily specialized for the case of small Hall angles. 

*W. van Roosbroeck, Bell System Tech. J. 29, 560 

See Eqs. (11) of reference 8 


1950). 
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The current densities I,* and I,,* defined by Eqs. (7) 
represent the “forces” from which the transport origi- 
nates. The velocities and diffusion constants in these 
definitions do not include the effects of the Lorentz 
forces. For the transverse and longitudinal quantities 
equal, as in the case of small Hall angles, I,* and I,* 
are formally the same as the I, and I, for no applied 
magnetic field of Eqs. (2). With applied magnetic field 
but no diffusion, I, and I, of Eqs. (6) are current densi- 
ties that result from the actual velocities, the cross- 
product terms in the equations being the terms that 
arise from the Lorentz forces. From Eqs. (6), velocity 
tensors that involve the Hall angles may be written, 
and, with the diffusion terms included, diffusivity 
tensors as well. It is implicit in these equations that the 
current densities do not change appreciably in times 
comparable with the relaxation times for conductivity." 

The continuity equations may be written out in 
detail by substituting for the current densities in Eqs. 
(1). Useful simplifications result from the assumption 
that the drift-velocity functions of Eqs. (2) are collinear 
with the electrostatic field, or that those of Eqs. (7) 
are collinear with the transverse and longitudinal com- 
ponents of the field. This assumption applies for the 
drift currents along a symmetry axis of the crystal, or, 
at least at room temperature, in general as a reasonable 
approximation.” With this assumption and with applied 
magnetic field taken into account for the case of small 
Hall angles, the following continuity equations result: 


dAp/ dt—div(D, gradAp)—g+ 
= —div(pv,)—8, div(pv,Xk) 
—v,(Ap—An)—v,-gradAp— p(v,— Edo, 
Xdiv(E/E)—6,{ (v,/E)[eradAp,E,k] 
+ p(vp—Edv,/dF) curl(E/E)-k}, (8) 
dt—div(D,, gradAn)—g+® 
div(nv,) +0, div(nv, Xk) 
= —y,(An—Ap)+ v,-gradAn+n(v,— Edd, 
Xdiv(E/E)+6n{ (0, E)[eradAn,E,k] 
+n(v,— Edv,/dk) curl(E/£)-k}. 


dk) 


Here, the heavy brackets denote scalar triple products 


1"! For analysis of space-charge effects at frequencies comparable 
with the collision frequencies (as for certain experiments on plasma 
resonance), the respective left-hand members of Eqs. (6) should 
include the derivative of the current density, I, or I,, with re 
spect to time measured in units of the mean relaxation time for 
conductivity due to holes or electrons. See Dresselhaus, Kip, and 
Kittel, Phys. Rev. 98, 368, 100, 618 (1955); W. P. Allis, Handbuch 
der Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), 
Vol. 21; E. Groschwitz and K. Siebertz, Z. Naturforsch. Ila, 
482 (1956); E. Groschwitz, ibid. 12a, 529 (1957); P. A. Wolff, 
Phys. Rev. 112, 66 (1958 

12 The maximum departure from collinearity does not exceed a 
few degrees in germanium at room temperature. See M. Shibuya, 
Phys. Rev. 99, 1189 (1955); W. Sasaki, M. Shibuya, and K 
Mizuguchi, J. Phys. Soc. Japan 13, 456 (1958); S. H. Koenig, 
Proc. Phys Soc. (London) A73, 959 (1959): E. G. S. Paige, Proc 
Phys. Soc. (London) A75, 174 (1960) 
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and v, and y, are defined by 
v p=4nre(dv,/dE) p/e, 


(9) 
Vn=4re(dv,/dE)n/e. 


With the velocity magnitudes 7, and v, known func- 
tions of the magnitude E of the field, Eqs. (3) and (8) 
provide three differential equations in the dependent 
variables Ap, An, and E or V. 

The second forms of the right-hand members of 
Eqs. (8) apply specifically for v, and v, collinear with 
E. The divergences of v, and v, may then be written 
so that they give contributions involving divE and 
contributions involving div(E//); note that the unit 
vector E/E gives the direction field of the electrostatic 
field, which depends essentially on flow geometry. 
Eliminating divE by means of Eq. (3) gives the terms 
involving the frequencies v, and v,. These are recipro- 
cals of dielectric relaxation times associated, respectively, 
with holes and with electrons. Their sum is the reciprocal 
of the actual dielectric relaxation time, 7a, or 


Ta= (vp tra). (10) 


For constant mobilities, v, and v, reduce to 4a ,/e and 
4ro,,/€, which are proportional to the conductivities 
due to holes and to electrons. 

The factors that multiply div(E/£) and that multiply 
curl(E/#)-k vanish for constant mobilities. For flow in 
one Cartesian dimension, div(E/£) is zero. For cylin- 
drical or spherical symmetry and outwardly directed 
field, div(E/#) equals the reciprocal of the radius r or 
2/r, respectively, and negative signs apply for inwardly 
directed field. For all of these geometries, curl(E//) is 
zero. The terms in div(E/£) are clearly carrier-genera- 
tion or -depletion terms that occur for nonconstant 
mobilities in any flow geometry other than the parallel 
unidirectional one. The terms in curl(E/F)-k are re- 
lated terms for applied magnetic field and flow ge- 
ometries other than the three simple ones considered. 

From the specialization for constant mobilities and 
no applied magnetic field, connections with an earlier 
treatment’ of the neutral case will now be exhibited, 
and differential equations derived that are especially 
suited for certain theoretical applications. For this 
specialization, the continuity equations may be written 
as 
dAp/dt= Dy, div gradAp—y,E-gradAp 

[pp divE—Ap Tp) 
dAn/dt=D,, div gradAn+y,E-gradAn 
+py,n divE—An/r,, 


(11) 


in which g has been omitted and ® written as Ap/rp 
and as An/r,, with rt, and r, lifetime functions for 


holes and for electrons. The differential equation 
oE+ (€/4r)0E/dt=I—e(D,, gradAn—D, gradAp) (12) 


follows readily from Eqs. (2) and (5). In view of 
Poisson’s equation, it is well to employ Am and Ag 


WITH SPACE CHARGE 
defined by 
Am=}(Ap+An), 


(13) 
Aq=}(Ap—An), 


as concentration variables. With these, and by eliminat- 
ing divE by multiplying Eqs. (11), respectively, by on 
and co, and adding, substituting for E from Eq. (12), 
and making use of 


divD gradAm 
=D div gradAm+ eau npp(Dra— D>) 
X[(n—p) gradAm-+ (n+ p) gradAg |-gradAm, (14) 
divD’ gradAg 
- D! div gradAg—e?o~*unup(Drzt+D,) 
X[(n—p) gradAm-+ (n+ p) gradAg ]-gradAg, 


where D and D’ are defined by 


D= Dytn D,. p)/ l \ p) 15) 
D =(D, Dd, p)/ I . ( p) 


the continuity equation 


dAm/dt—divD gradAm 
+eo -unup(n— p)[I— (e 4r)dE dt |-gradAm 
t+o7(¢n/tTptop/Tta)Am 
—a(¢,—0,)0Aq/dl+divD’ gradAg 
—eo*unpp(n+ p)[I— (€/4r)0E/dt]- gradAg 


Tp—Tp/Ta Aq 


(16) 


results. This equation is the generalization of the ambi- 
polar continuity equation’ previously derived for the 
neutral case. In a formal sense, the latter results from 
Eq. (16) if € is set equal to zero; Ag is then zero also 
(and Ap=An and r,=7, follow), since Poisson’s equa- 
tion is, in the present notation, 


Ag= (€/8ze) divE. (17) 


The quantity D is the concentration-dependent ambi- 
polar diffusivity previously derived. The velocity for 
Am which multiplies gradAm is the same as the ambi- 
polar drift velocity except that the factor I is replaced 
by I minus the displacement current density. The 
quantity D’ may consistently be identified as a dif- 
fusivity for the concentration inbalance Ag, and that 
which multiplies gradAg, as a drift velocity for Ag. 
There is a correspondence between D’ and the velocity 
for Am which is the same as that between D and the 
velocity for Ag: The former two quantities contain as a 
factor (n—p) where the latter two contain (n+). 
Note also that the recombination terms on the left- 
hand side of Eq. (16) transposed to the right combine, 
as may be expected, with terms there to give (—@), 
which is the contribution to dAm/di from recom- 
bination; there is no contribution to dAg/dt from 
recombination. 

Another differential equation, one that gives dAq/dt, 
may be obtained by subtracting the second of Eqs. 
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(11) from the first. This procedure is tantamount to 
writing the equation that expresses the solenoidal 
property of I, as by taking the divergence of Eq. (12) 
and introducing dAg/d/ from the time derivative of 
Eq. (17). With Eq. (17) used also to eliminate divE, 
the result obtained is 


e' divl=20Aq/dt—(D,+D,) div gradAg 
— Un—bp) E-gradAg+t (Smo €) Ay 
+ (D,—D,) div grad Am+ (u,+u,) E 


-gradAm=0. (18) 


For the neutral case, the last three terms on the right 
together equal zero if divE is restored by replacing the 
first of these terms by e~'o divE. 

A pair of differential equations obtained as the linear 
combinations of Eqs. (16) and (18) that correspond to 
O(u,Aptyu,An), dt is of advantage for certain applica- 
tions. The equations are 


dAm, dt+[ (b—1)/ (6+1 ) AAg/ dt 
al (RT e) div gradAm— E-gradAg—g divE ] 
—[b/(ob+1)r,+1/(6+1)r, |Am 
—[b/(6+1)r,-1 
[ (b—1)/(6+1) J@Am/di+dAq, dt 
2al (kT /e) div gradAg— E- gradAm—m divE] 
—[b/(b+1)7r,—1/(6+1)r, |Am 
—[b/(b+1)r,+1 


t 3 g } p-n), b=np Lp, and j= Mnktp 
un+u,). Note that the coefficient of div gradAm and 
of div gradAg is the diffusivity D;=2D,D,/(D,+D,) 
for intrinsic material. The recombination terms on the 
right in the respective equations are, as may be ex- 
pected, equal to (—®) and [(b—1)/(6+1)](—@). As 
written with divE, Eqs. (19) are symmetrical, since one 
results from the other upon interchange of m and g 
and of Am and Ag. The equations that Eqs. (19) reduce 
to for the neutral case do not possess this symmetry.” 

The two concentration variables and E or V are the 
dependent variables, and three differential equations 
are Eqs. (16), (17), and (18) or Eqs. (17) and (19). If 
I must be determined from boundary conditions, then 
ll to eliminate I from Eq. (16) by use of Eq. (12 
But I is retained and Eq. (12) advantageously used 
instead of Eq. (17) if, as is often the case, I is a known 
function of the space coordinates and time. 


(6+ 1 )T, lAg, 


b+1)r,, Ag, 


with m=}(p+n), g 


it is we 


3. TRANSPORT OF AN INJECTED PULSE 
3.1 Drift in the Linear Small-Signal Case 
3.11 The Exact 


Solutions 


From Eqs. (8), linear small-signal continuity equa- 


tions for one-dimensional drift with recombination, 


3 For this case, the transport terms of the right-hand mem 
bers are, respectively, e'divl’) and (b—1)/(b+1) times 
—e"divl’’), where I : densities defined in 


, 2 
relerence 3. 


ROOSBROECK 


neglecting diffusion and for no applied magnetic 
are 
OAp/Ot= (Vp— Var) ANn— (vp+vp-)Ap—v,0Ap/ dx, , 
OAn/Ot= — (vant Par) Ant (vn—vpr)APt+?,0An/ dx. ) 
Here, the volume generation term has been omitted; 
the dielectric relaxation frequencies and the drift ve- 
locities have values that apply for thermal equilibrium ; 
and v,, and vp, are decay constants for “linear recom- 
bination” defined in accordance with" 

R= (poAn+ noAp)/ (not po) To=vn-An+vprAp, (21) 
where 7» is the diffusion-length lifetime. Equation (21) 
indicates that (for the linear small-signal case) it is the 
concentration (poAn+mAp)/ (9+ po) to which a life- 
time applies, and that this lifetime is ro. This result is 
based on the hypothesis of negligible trapping, that is, 
that the recombination centers, present in compara- 
tively small concentration, have a trapping transient of 
negligible amplitude and also of negligible duration. 
Note that in regions where there is carrier depletion, 
the recombination function ® may be negative, which 
implies generation of electron-hole pairs 

To solve Eqs. (20) for a pulse of electron-hole pairs 
injected into a doubly-infinite filament, for which a 
suitable technique is that of the bilateral or two-sided 
Laplace transform with respect to the distance variable, 
a particular dimensionless formulation is employed. 
This involves independent variables 


X=2/L, 
and reduced concentrations 


AP =Ap/(0/L), AN=An 


where the distance and time units / and 7 are given by 


24) 


subject to the restriction v°+0. The reduced differential 


equations that result are 

dAP/dU =3[ (A—WAN— (F—K) AP— 

OAN /OU =3[— (F+nK) AVF (A+n) AP 
+ (1+a)dA.\ 


1—a)dAP/OX 


OX |, (2: 
4 See re ferenc e S. pp 573 574 The expression for % follows 
from the linearization of the ger steady-state 
use of the last form for 7» of Eqs. (65) of this reference 


eral expression and 





CARRIER TE 


in which a, «, A, and ¢ are the parameters 
(2, Ty) / (Sn Up); 
(Yn Vp Tur Vpr)T 
[¥n—Vp— (No— po)/ (not po)to]7, (26) 


(Yat <a Var—Vpr)T (Ta l— 75 \)7, 


(ra '+ro0')r. 


It is clear from the second form for v* of Eqs. (24) 
that v is real for sufficiently large or sufficiently small 
lifetime 79, and imaginary for an intermediate range in 
which, for constant mobilities, the relative change in 
ty equals the mobility ratio. Thus, with differing elec- 
tron and hole mobilities, imaginary v may obtain for ro 
of the order of the dielectric relaxation time, ru. The 
relationships between parameters, 


»7 \ 
\2i/ 


+1=) 


C—4r/ Tat», 


in which the upper and lower signs apply, respectively, 
for real and imaginary », follow readily from the defini- 
tions of Eqs. (24) and (26). The equation to the left 
shows that « and \ are not independent parameters. The 


AP | 6[3(1-—a)U-—X ] 
( ) {expL «KX —3(¢—ax)U ]} ( ) 
AN | 6L.X+3(1+a)U | 


X+3(1+a)l 
+ ( P(X T sal)? | 


—X+3(1—-a)U 
for v real, and 


(AP j 
( ) {exp[«X— 3 (¢—ax)U 1 
AN 
_ ta)l 


for v imaginary. 


X-—3(1-—a)U 


The terms in AP and AV with the delta functions 
6[3(1—a)U —X J= Lh(2,t- and 6{[X+3(1+a)U } 
Lé(x+ 2,t) represent, respectively, pulses of holes and 
lectrons at distances from the origin corresponding to 
the particle-drift displacements. The continuous con- 
tributions, in which Jo, J;, Jo, and J; denote Bessel 
functions in the notation of Watson, are confined to the 
interval —3(1+a)U<X <}(1—a)U or —0,t <x <2,I, 
the step function 
1[4U°-—(X+ jal)’ 
I GA—a)l —X)(X+}(1+a)l)] 
Il (vpf—x)(a+2,0) ] 


x) 


being, respectively, zero and unity for negative and 


( ( 


AP 
)- {expL—3(¢+« cosO)U By 


AN [L0U}60 


lf sA-—k 
+ ( Jrau sin®)-+ ( 
2t \A+k 


ANSPORT 


4 


[3(r—O)U }'5(x—-O) 


WITH SPACE CHARGE 


one to the right combines the identities 


(¢+A)trg=rT =$(¢—A)ro. (28) 


Note that ¢ is always positive, and, for no recombina- 
tion, X and ¢ are equal. Positive or negative A corre- 
sponds, respectively, to 7a smaller or larger than 79. It 
is evident that vy is real or imaginary according to 
whether the quantities 


1 \ 
1(\—x)=(vp—», L(\+k)=(vn—vpr)r (29) 


are of the same or of opposite sign. It is readily shown 
that imaginary v imposes no restriction on \ and im- 
plies either 1<«<« for n-type material or — 2 <x 
<—1 for p-type material, while real » imposes no re- 
striction on « and implies either 1<A< or — 2% <dA 

—1 for positive or negative (t»— Ta), respectively. 

Solutions of Eqs. (25) for a Gaussian initial distribu- 
tion of electron-hole pairs, obtained in Sec. A.1 of the 
Appendix by use of two-sided Laplace transforms 
previously derived,’ provide solutions for the limiting 
case of the injected delta pulse. These are, for the pulse 
injected at X=0, 


IC 
2L \A+k 


)rotaue—(X+4al ) ) 


bat’))) pracy —(X-4 sal >] (30) 


positives value of its argument. Thus, the Bessel func- 
tions contribute only for positive values of their 
argument. 

It is of particular advantage to transform Eqs. (30) 
(31) eliminating the reduced distance X in 
accordance with 


and by 


Ps —}(cos0+a)l 
(sin? 0O—3(1+a) jl 
[—cos*30+3(1—a)]U, U>0, (32) 
in favor of ©, an angle variable that specifies relative 
location within the range covered by the distributions. 
This procedure gives 


) 


tans 
)na sin) [1L@(r—8)]} (33) 
} 


cot AS) 
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for v real, and 


AN rs0U 80 


ROOS 
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nit ( (LAr OUP (x) 
( )=teml-1¢-+« cose |( ) 


if /A-« tan}O 
ao {( )aau ang )nau sin) ]> 1[O(r—- @)]| (34) 
2L \A+« 


for v imaginary. The use of © as a variable implies the 
step function of Eqs. (30) and (31), while the step 
function of Eqs. (33) and (34) simply restricts 0 as 
defined by Eq. (32) to the interval OC O<-x. The 
particle-drift displacements x=—»?,¢ and x=0,/ cor- 
respond to X¥=—3(1+a)U and X=}(1—a)U and to 
©=0 and =r, respectively. The total range in X is 
equal to U. 

Some details of the evaluation of integrals of the 
concentrations over the drift range as well as integrals 
for the means or first moments are given in Sec. A.2 of 
the Appendix. It is verified that (with no trapping) the 
fractions F, and F, at given elapsed time of holes and 

ectrons initially injected are both exp[—}(f—A)U ] 

=exp(—t/ro), as may be expected. The means of the 
3 (34) are then found to 


. AP 
x(. .)ax /exp(— To) 
k—X 
\/a 
K+X 


<[1—exp(—AU) 


distributions of Eqs. (33) and 
be given by 


$(l-—a 
J 4 


whence 


X,)—(X,)=A 


| 1—exp — Xl 


his result shows that, for \ positive, the difference of 
the means of the distributions yor ee asymptoti- 
cally, with time constant '_a “polarization 
distance’ 


(rg2t— 757) 
’ xp given by' 


= L/rX=(0,+02,)/(rat—r 


™ 
> (37) 


It is clear that xp is essentially the distance electrons 
and holes drift apart in the dielectric relaxation time ra, 
provided te<ro holds, and that xp is increased by 
recombination. 

For \ negative, the right-hand member of Eq. (36) 
may be writtenas A|~Lexp(|A!U)—1] 
of the distributions ultimately 
ponentially 


and the means 
separate at an ex- 
that an xp does not 
apply. As is shown in further detail in Sec. 3.12 in con- 
nection with specific illustrative cases, the physical 
interpretation has to do with the circumstance that 
(with \<0O) the distributions include regions of carrier 
depletion as well as regions of carrier excess, and both 


increasing rate, so 


written f 


of reference 5 


18 Equation (37 yr constant 


vith Eq. (14 


mobilities is consistent 


cotz0 
means ultimately lie outside the drift range,'® even 
though the distributions themselves do not. 

If an xp applies, then Eqs. (35) show that the means 
of the distributions ultimately exhibit the common 
drift velocity 3(«/A—a)(v,+2,). This velocity differs 
from the ambipolar drift velocity’ which, by eliminating 
the contributions from divE (which are proportional 
to An—Ap) between Eqs. (20) and then introducing the 
neutrality condition An= Af, is found to be given by 


Vptn)/(¥ntvp) 


= $3 (¥n—vp)/(vnt 


= (vnPp— 
Vp) —a |(Un +p) (38) 
= (vpnodv,/dE—v,podv,/dE) 


(nodv,/dE+ podv,/dE). 


With the definitions of Eqs. (26), the common drift 
velocity and v» are clearly equal if there is no recom- 
bination. The correction to v is given by" 


1 (x A—a)(v,+ 


> 


Vp) —% 


n; dt n ‘dE—dv, dE Td/ TO 

——— ——___ ——_——, (9) 
Not po nodv,,/dE+ podv,/dE 1—ra/ 7 

which is evidently a small correction® for rz<<ro, vanish- 

ing for no recombination. It vanishes also if the differ- 

ential mobilities dv,/dE and dv,/dE are equal. Note 

that, according to Eq. (38), with nonconstant mobilities 


.an ambipolar velocity vo may occur whose direction is 


opposite to that normally associated with the con- 
ductivity type." 


3.12 Approximate Solutions and Illustrative Cases 


Principal physical interest attaches to cases of real v. 
Cases of imaginary v apply over a range of approximate 
equality of 7» and rq that is generally quite limited, 
their occurrence depending on differing electron and 
hole mobilities. For real v, approximate solutions of two 
main types are here considered, the first being for 
sufficiently large times and not too strongly extrinsic 
material, and the second for extrinsic material of suffi- 
ciently high resistivity. These correspond, respectively, 
to large and to small values of the argument of the 
Bessel functions. 

6 This conclusion follows from E 44. (35) since, from Eqs 
«+!d| >0 and «—/A| <0 hold for » real and \< —1 

17 For constant mobilities, this result gives the corresponding 
correction en? (unt —py)ta/o0(no+po)(ro—7a) to the ambipolar 
pseudomobility,’ and this correc tion can be shown to be consistent 


with Eq. (16) of reference 5 
'8 A.C. Prior, Proc. Phys. Soc. 


(29), 


A76, 465 (1960) 


(London 
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For U large and © not too close to the limits of the interval to which it is confined, approximation" of the 
Bessel functions in the solution of Eqs. (33) for v real gives 


AN exp[ —3(¢+«)U ]X[40U }'50 


(*”) Ce ae "7 


A—«+tan30 
i(rU sin@) ( exp[ —3(¢—sinO+x cosO)U |X 1[O(x—@) ]. (40) 


A+x+ cot 30 


Since U’ is large, the continuous distributions can be 
appreciable only for © in a certain range about the 
value ©,, for which the exponential factor (for given U’) 
has a maximum, and for which 


tanO,,=—«, sinO,= («+1)-!= |A|-, 
¢—sinO,,+« cosO,,=f—|A|, 


A—x+tan}0,,=A+x«+cot 10.= A+ Al, 


(41) 


can easily be shown to hold. It is well, therefore, to 
write the approximate solution, Eqs. (40), as an ex- 
pansion about the maximum. Equations (41) indicate 
that the solution will assume either of two distinct 
forms, according to whether J is positive or negative. 

Positive \ implies \>1, since v is real. For this case, 
lifetime exceeds the dielectric relaxation time, and the 
last of Eqs. (41) indicates that the continuous hole and 
electron distributions from Eqs. (40) are approximately 
the same. Thus, the fractions of holes and of electrons 
in the respective delta pulses must be relatively small, 
and similar continuous distributions then result whose 
means are displaced by the polarization distance xp, 
with xp small compared with the range covered by the 
distributions. 

This consideration provides the condition for large /. 
From Eqs. (40) and by use of Eqs. (26), the decay con- 
stants for the delta pulses of holes and of electrons are 
Vpt+Vpr and vz+Vnr. Since the decay constant for the 
total number of carriers is ry~', the decay constants for 
the fractions of holes and of electrons in the delta 
pulses are vp+rpr—T0” 


and patvy,—rto? 
the second forms following by use of Eq. 
(21). From the definition of »* in Eqs. (24), it is clear 
that the assumption of real vy and positive \ ensures 
that these decay constants are positive. The condition 
of large time is thus 


— a i 
: Vn—Vpr, 


: : : , 
{>(vp— Yar) ") ta Vor) 1, (42) 


This provides also £>3[(vp— var) + (vn— vpr) 


condition that the argument 3U sinO,,=U 
Bessel functions for ©= 


], the 
2\ of the 
Q,, is sufficiently large.*? One 


of Eqs. (42) requires that ¢ be large compared to a 
time at least equal to the dielectric relaxation time 


' Use is made of: [o(s)~J,(s)~(27z)—! exps for |z| large. 

2” The asymptotic expansions of J) and /; give U/2\>>} and 
U/2d>}. Hence U>>»d or t>(ra7!— 797!) /2(va—vpr) (vp—vnr) is 
essentially the condition required. With ra!=v,+v, and ro 
=Vnrt+vpr, this reduces to the form given. 


associated with the minority carriers. Thus originates 
for this case of positive A, the previously stated require- 
ment that the material be not too strongly extrinsic. 

With negligible fractions of the carriers in the delta 
pulses and with the variables AO and Ax= LAX intro- 
duced in accordance with 


AO 
AX=X—Xmr~(U/2N)AO,7 


Nw —}(cosO,,+a)l 3 (k 


Q—,,. 


Eqs. (40) and (41) give 


Ap~An~ (0/L)AP 
~ (P/L)(\3/rU )} expl —t/ro— 1,U AO? | 
> P(rD,t) to— Ax?/4D,t], 


hexp[ —/ (44) 


and, by use also of Eq. (37) 
(@/L)(AP—AN) 
~(0/L)(\P/rU)2AO exp - ro— }AU AO? | 
iw} P(Del) tx pAx expl—t/to— Ax*/4D t] 
~ —xpdAp/dx, (45) 


Ap—An 


D,=1 (n+ 0p)?7/¥3 


Up 


(46) 


= (vy— Vor) (Vp— Var) (Un Up)*/ (Td 


The similar hole and electron distributions for this 
case—whose displacement by the polarization distance 
xp is verified by Eq. (45)—are thus Gaussian distribu- 
tions that are attenuated by the lifetime decay factor, 
exp(—t/ro), drift at the common drift velocity, 
3(k/A—a) (ta +v,), and spread, exhibiting an apparent 
diffusion with “pseudodiffusivity” D,. For Gaussian 
distributions, as is shown in Sec. 3.3, the pseudodif- 
fusivity D, and the ambipolar diffusivity Do are 
additive. 

For constant mobilities nu, and uy, the pseudodif- 
fusivity is proportional to the square of the applied 
field, . If also recombination is negligible, then D, is 
proportional to ra .?/o0’, being given by 


D,=Unbp(oi/o0)?(€/4r0 0) Ee’, (47) 
where og; is the value for intrinsic material of the con- 
ductivity oo. In its dependence on conductivity, this D, 
is largest for material of minimum conductivity, 
namely,’ p-type material of conductivity 2640;/(b+1). 
In given semiconductor material, D, may be larger or 
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Fic. 1. Continuous concentration distributions at different 
times of electrons and holes from an injected neutral delta pulse 
for a case of drift with space charge for which diffusion-length 
lifetime is larger than the dielectric relaxation time. The assump- 
tions of conductivity due to electrons 10 times that due to holes, 
constant mobilities with mobility ratio 2.63 (as for silicon at 
300°K), and negligible recombination give a=0.449, «=1.422, and 
\={=1.738. The delta pulse of holes at the end of the drift 
range to the right is attenuated by the factor exp(—0.158U"), and 


that of electrons to the left by exp(—1.58U 


smaller than Do, depending on the applied field. From 


Eq. (47), D. is equal to D RT unpp(n + po) oo for the 


applied field 
oo/ a3) 4ekT (not po)/€}}. 48 


material, this field is (8ak7n,, €)*, which 
s equal to &7 e divided by the Debye length’ Lp 

kT 8x intrinsic silicon at 300°K, 
D, equals Dy for a field of only 10 v, cm. For silicon of 
minimum conductivity at 300°K, the field is about 6% 
(26) (b+1 that for 


For intrinsi 


rhus, for 


less, being times intrinsi« 
material.’ 

Figure 1 illustrates a case of drift in an n-type semi- 
conductor for which the Gaussian approximation of 
Eqs. (44) to (46) applies. The continuous distributions, 
calculated from the exact solutions of Eqs. (33), are 
shown at different times following injection of the 
neutral pulse at the origin. 
due to electrons 


Ap’ ; 
sa ; 


n. Equilibrium conductivity 
is assumed to be 10 times conductivity 


+v,)? (7 ta ')*. (50 


That the decay term in the exponent involves rq rather 
than 79 follows from Eqs. (28) and the second of Eqs. 


ference 


2 For silicén at 300°K, as in re 3, the values 1500 and 
70 cm?/v sec are used for yw, and w,, and 1.316 10!°/cmé for n 
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due to holes, constant mobilities are assumed with a 
mobility ratio equal to that for silicon at 300°K, and 
recombination is neglected. For this case, the time unit 
r equals €/82e(u,u,)'m; and is thus of the order of the 
dielectric relaxation time in material. The 
continuous distributions, reduced times 
U=t'r equal to 5, 10, 20, and 50, illustrate the ap- 
proach to the Gaussian approximation. Since they 


intrinsic 
shown at 


cover a total range in reduced distance equal to the 
reduced time, the ones for (= 50, for example, extend 
in principle from about plus 14 in reduced distance 
X=x/L off scale to minus 36. Evaluated specifically for 
n-type silicon at 300°K, 507 is about 14 usec; and for an 
applied field of 10 v/cm, the distributions at time 507 
are about a half-millimeter from the origin. This dis- 
tance is, of course, proportional to the applied field. 
The applied field for which D, equals Dy is about 17 
v cm for this v-type silicon, and for fields in excess of 
this, the pseudodiffusivity predominates 

A delta pulse of majority electrons adjoins each 
continuous electron distribution shown, off scale to the 
left, and a delta pulse of minority holes adjoins the 
abrupt front of each hole distribution. The majority 
carriers appear comparatively rapidly in the continuous 
distribution, since the delta pulse of these carriers in 
the extrinsic material is attenuated wiih time constant 
substantially rg. This is a reduced time for the present 
case of about 0.6. The delta pulse of minority carriers is 
attenuated more slowly, with decay constant vp; 
80° of the excess holes are in the 
tion shown for l’ equal to 10. The 
tribution of minority carriers leads that of majority 
carriers, and the latter is the first 
maximum. 


only 
continuous distribu 
continuous dis 


to exhibit a relative 


The case of negative A is that of dielectric relaxation 
time greater than the lifetime. With negative A 
implies \<—1. For this case, as the last of Eqs. (41 
indicates, the continuous hol 
tions for large /° from Eqs. (40) are 
AQ or Ax, being given by 


} 
real, 
and electron distribu 
odd functions of 


x Ax exp [/ 4 Aa 1D.’ : 49 


(41). From Eq. (24), the second factors in brackets in 
the matrix are both positive, since is positive and A 
negative. Thus, as shown by the first factors in brackets 
in the matrix, the hole and electron distributions in the 


present approximation are everywhere proportional but 


* From Eq. (48), the field for D Dy equals the factor 
X (tot po)/2n; }! times the corresponding fiel 


f ! 
The factor is 1.738 for the example 


for intrinst 


ter) 
evTia 
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Fic. 2. Continuous concentration dis 
tributions at different times of electrons 
and holes from an injected neutral delta 
pulse for a case of drift with space charge 
for which dielectric relaxation time is 
larger than the diffusion-length lifetime. 
rhe assumptions of equilibrium electron 
concentration 10 times equilibrium hole 
concentration, constant mobilities with 





mobility ratio 2.63 (as for silicon at 
300°K), and negligible dielectric relaxa- 
tion give a=0.449, «=—1.422, and A 
= —¢=—1.738. The delta pulse of holes 
at the end of the drift range to the right 
is attenuated by the factor exp(—1.58U), 
and that of electrons to the left by 
exp(—O 158’ 


DIMENSIONLESS CONCENTRATIONS, AN AND AP 


of opposite sign, the majority-carrier distribution gen- 
erally having the greater amplitude. Furthermore, each 
distribution includes a region of carrier depletion as 
well as a symmetrically equal region of carrier excess. 
The common point x,, of zero concentration is given by 
Y,, equal to 3(k/ A —a)U, or 
Xm= 3 (K/ |X| —a) (tat, (51) 
It is easily shown that 
is given by 


the concentration inbalance 
Ap— An~ 
— Ax? /4D,'t}}, 


+0;)/ (to Fa’); 
a result that represents a certain formal analog of Eq. 
(45) for positive \: The definitions of xp’ and D,’ result 
from those of xp and D, if \ is replaced by |X|, that is, 
if ry and rq are interchanged. Thus, xp’ is, for ra>r», 
substantially (v%,+2,)7o, the distance electrons and 
holes drift apart in a lifetime, and xp’ is increased by 
dielectric relaxation. Since the distributions are not 
Gaussian (but proportional to the gradient of a Gaus- 
sian distribution), D,’ cannot properly be construed as 
a pseudodiffusivity. 
Comparison with the case of positive \ furnishes the 
condition of large time, which is 
I>(vnr— vp), > (vpr— on). (54) 
For the present case, this condition does not entail the 
requirement that the fractions of holes and of electrons 
in the delta pulses be negligible. The reason is that, 
while the hole and electron delta pulses are themselves 
attenuated with decay constants v,+vp, and ypzt+vnr, 
the fractions in the pulses increase, their decay con- 
stants vp—Vnar and v,z—vy, being negative. This in- 
crease of the fractions in the pulses is essentially a con- 


sequence of the vanishing of the distance integrals of 
the concentrations in the continuous distributions. One 
of Eqs. (54) requires that ¢ be large compared with a 
time at least equal to the majority-carrier recombina- 
tion time vy, !=(no/pot1)ro or vpr = (po/no#1)ro. 
Thus originates, for this case of negative A, the require- 
ment that the material be not too strongly extrinsic. 
Figure 2 illustrates a case of drift for negative \ in 
an #-type semiconductor for which the approximation 
of Eqs. (49) applies. This case is otherwise largely 
similar to that of positive of Fig. 1: Equilibrium elec- 
tron concentration is assumed to be 10 times the equi- 
librium hole concentration, so that the parameter ¢ is 
the same; constant mobilities are assumed, as before; 
and, for this case, the dielectric relaxation times are 
neglected. The continuous distributions, shown at re- 
duced times 5, 10, 20, and 50, indicate, consistently 
with Eq. (51) for x,,, that drift occurs in the majority- 
carrier direction, opposite to that normally associ- 
ated with the conductivity type. With 7 
[(no+ po) 2n,|7o or 1.73870, 


equal to 
a lifetime of 1 usec gives 
about 87 wsec for 507, and for an applied field of 10 
v/cm in silicon at 300°K, the distributions at time 507 
are about 1.14 cm from the origin. Since the corre- 
sponding diffusion distance* (Dot)! is only about 0.04 
cm, the effect of diffusion is quite negligible for this 
lifetime. 

Thus, somewhat paradoxically, if lifetime is suff- 
ciently short, concentration disturbances drift under 
applied field that are not subject to decay according 
to the lifetime, but to decay according to a dielectric 
relaxation time that may be considerably larger. The 
continuous distributions of AP and AV are initially 
both negative for this case; for U’ small, Eqs. (29) and 


(33) give S(Ax) or (vp—Yar)T<O and (vn—Ypr)T<O 
for their initial amplitudes. Thus, with a frequency v,,, 
of electron that 


electric relaxation frequency 7», 


recombination exceeds the hole di- 


the excess electrons 


(from the delta pulse) cause hole depletion or negative 


The value of Do is 15.6 cm?/sec. 
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AP before their charge is neutralized by holes. Nega- 
tive A.V results similarly. These negative distributions 
give negative ® and carrier-pair generation; with no 
trapping, the same function ® applies to both electrons 
and holes. Regions in which the distributions are posi- 
tive then appear, but nowhere are the distributions of 
both carriers positive together. Recombination from a 
region in which the distribution of given carriers is 
positive results in depletion of the other carriers only. 
Che amplitude of the distribution of majority carriers 
is the larger because the frequency of recombination and 
generation of these carriers is the smaller. Drift accord- 
ingly occurs in the majority-carrier direction. A multiple 
recombination-generation process accounts for the dis- 
progressive changes in shape, shown in 
the approximation for 
large lL” of Eq. (49). The case of this figure involving 
no decay factor, the distributions decrease in amplitude 


AP 
as) 


tributions’ 


Fig. 2, 


with the approach to 


(30U +60 


Vy X8(vpt/L—X) - 
)+tewl 


1 x<8(X+0,t/L) 


x 


‘ 


Here, the double signs in the continuous contributions 
refer to the si The second forms of the solutions 
are obtained by writing the exponent in the first forms 
in terms of sin*}© and cos*}@ and by use of Eqs. (26 
1 (32). It is easily seen that the magnitudes of the 
he double signs cannot exceed }U, and 
ll compared with 3, since U>>2 is the 

h the approximation depends. 
tice, small Ll’ would generally bea consequence 


gn of vr. 


In pra 
of large time unit r. If recombination may be neglected 
compared to di 


large dielectric relaxation 


electric relaxation, then large r implies 
material, 
re adily be 


Since in 


time for intrinsic 
high intrinsi tivity, as may 
itl temperature 
may, indeed, be 

concentration of 

at is quite strongly 
and negligible 
recombin 


Ap 
An 


[3(x—O)U }'6(r— 0) 1 ( 
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simply because they spread, with a distance for large / 
between extrema of a given distribution equal to*! 
(8D,’t)'. For negligible dielectric relaxation and large 
U, there is substantially no net recombination or 
generation; as is readily seen, ® is zero for the approxi- 
mation (written for small rg') of Eq. (49). That the 
hole distributions shown result, however, from the 
regions of electron depletion is reflected in the lag of 
the maximum of each of these distributions behind th 
minimum of the corresponding electron distribution 
As the figure shows, this lag is substantially independent 
of U and corresponds to a reduced distance of about 
0.6. By formal analogy with the case of positive A, this 
lag is xp’, the distance electrons and holes drift apart 
in time 79. The reduced distance of lag of the figure, for 
which to= 7/1.738~0.67 holds, is thus explained. 

Approximate solutions for / 
Eqs. (33) and (34), 


are small are, from 


+ +3] 


? 


sin’?3© 
) <1 EO (r-—O 
cos30 


(Vp— Yur) 

(¥a— Myr) t+} 

this case, the minority carriers drift at the minority 

carrier velocity in an unattenuated delta 

leads the majority carriers distributed in an exponential 

tail of characteristic lengt 

polarization distance xp. This 

minates at an attenuated de 

carriers that drifts w 

and it is easily verified that this atten 

accounts for the cut-off portion of the tail. 

(56) accordingly represent a consistent approximat 

it is, moreover, also easily verified from them that 

difference of the means of the distributions 

the delta pulses ith ti 

as follows in general for 1 

Eqs. 
For an illustrative 

large xp, consider silicon of resistivity 10° ohm-cm 

77.4°K, for which v,+1, is*® 1.09 10° cm/sec for / 
10 v/cm. Since ra licon is 1.06 10 


pulse, whi 


h substantially « 


jual to the 


ith the majority j 
uated pulse 
Equatior 


ion; 


approat he S 4 
(36) and (37). 


numerical estimate of a fairly 


in seconds for 
times the resistivity in ohm-cm, an xp of about 1.2 cm 
results. This x; 


resistivity. 


i proportional to / 


Another case of small lL’ asso iated 


trinsic resistivity is that of recombination 


1900 
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gible dielectric relaxation. For n-type material with 


no>>po, which implies vp->v,r, Eqs. (55) give 


Ap= (0/L)AP~ @ exp(—vprt) X8(v,t—x), 
An= (0/L)AN~ O{6(xt+ ont) —vpr(Vn+0,) 7 


Xexp[ —vpr(xtrnl)/ (tnt vp) | 
X1[(vpf—x)(x+0,t) ]} (57) 
for this case; a similar result holds for p-type material. 
The majority carriers accordingly drift at the majority- 
carrier velocity in an unattenuated delta pulse of excess 
carriers with an exponential tail of carrier depletion 
It is readily seen that this depletion region and delta 
pulse approach equivalence; the integrals over the en- 
tire range of the electron and hole concentrations ap- 
proach zero, both being equal to @ exp(—vp,t). This 
quantity corresponds to the cut-off portion of the ex- 
ponential tail, which terminates at the attenuated 
minority-carrier delta pulse. The characteristic length 
of the exponential tail is substantially the distance xp’ 
electrons and holes drift apart in a lifetime. As for the 
case of negative A and large U’,, if lifetime is sufficiently 
short, a substantially unattenuated majority-carrier 
concentration disturbance drifts under applied field. 
The cases of small UV’ show that carriers of opposite 
charge can be completely separated, excess carriers of 
only one charge occurring at any given point. This 
consideration provides a condition for the substantial 
constancy of the field assumed in the calculation. By 
integrating 0///dx from Poisson’s equation over a small 
interval in x that includes the unattenuated delta pulse, 
the magnitude of the change in field is found to equal 
dore/e. Because of over-all neutrality, this change in 
field is, of course, balanced by an equal and opposite 
change obtained by integrating over the remainder of 
the range. The condition that the maximum change in 
field be small compared with the applied field /o is 


accordingly 0<eK/41e or 


ey tal< :. 


fre P/elio 


3.2 Reformulation of the Drift Problem 


Results of the analysis of the drift of an injected 
pulse suggest new variables in terms of which the linear 
differential equations might advantageously be written. 
Such reformulation will now be considered, and con 
clusions that were arrived at will be discussed in con- 
nection with it. This reformulation will serve also as 
basis for analysis of nonlinear cases. It consists in use 
of © and U’ as independent variables (instead of X and 
U), and 


AM=}(AP+A\ 
AO=}(AP—AY) 


SPACE CHARGE 


as dependent variables. With, from Eq. (32), 


dAP 2 @ar 


aX Usin® 90° 


(60) 
(—-) (— cos0+a dAP 
= t ’ 
ous x au ), Usin® a0 
and similar equations for AV, Eqs. (25) for drift with 
no diffusion give 


OAM 0AM dAQ 
cot —l csc 
ae) ae) 
\)AM 


tKAQ), (61) 


dAM aAQ 
ole) 


ae) 00) 


~ ae (-) 


—2(S+A)A0. 


From Eqs. (28), the term [—3(¢—A)AM ] is associ- 
ated with decay with lifetime 7») of the dimensionless 
total concentration AM, while the term [— a(C-t \)AQ ] 
is associated with decay according to the dielectric re- 
laxation time rq of the dimensionless concentration in- 
balance AQ. Which one of these decays may actually be 
exhibited as such through an exponential decay factor 
depends on the particular nature of the solution: The 
Gaussian approximation for large U’ with \ or (ro— 7a) 
positive involves exp(—t/r7o), while the corresponding 
approximation for negative \ involves exp(—t/ra). 
Thus, for large LU’, it is well to rewrite Eqs. (61) for 
dey endent variables 


AM=exp(t/7.)K AM, AQ=exp(t/t.)XAQ, (62) 


if X is positive and dependent variables exp(t/Ta) XK AM 
and exp(t/ra)X AO if \ is negative. In the former case, 
the dielectric relaxation term [ —}(¢+A)AQ] then gives 
rise to [—AA Q ]. This term may be shown to be associ- 
ated with the pseudodiffusivity as follows: With similar 
electron and hole distributions that cover a range large 
compared with the polarization distance +p separating 
their means, |AQ|<<AM holds everywhere. Also, with 
fixed separation of the means, 49 changes relatively 
slowly; its value is, consistently also with Eq. (45) 
substantially that which results from setting dA 9/dU 


equal to zero. These considerations give 


A I~ — (AU) (cscOdAM/dO+cotOdA 9/dO 


JAM 0 
csc@——— (AU) cotO0— esc O . 
el) 00) rel) 


(63) 


JOAN 
AU) 


) 


This approximation for A 9 may now be substituted in 
the differential equation for AN, which then takes the 
form , 

JdAmM/al’ ate 


OAM (64) 
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for large U. It is easily seen that this is the differential 
equation for the result of Eqs. (44) to (46), which ex- 
hibits the lifetime decay factor and the pseudo- 
diffusivity D,. 

In the corresponding analysis for negative A, with 
use of exp(//ta)X 4M and exp(?/ra)X AQ as dependent 
variables, the term [—}(¢+A)AQ] is eliminated from 
the equation for AQ, AU. Consistently with this cir- 
cumstance and from Eqs. (49), in this case it is «AQ 
—|\ AM relatively small in magnitude; and 
exp(/ 74) times this quantity changes relatively slowly. 
The former condition is equivalent to (v,,—v,)An 
+ —v,)Ap being substantially zero: The hole de- 
excess of the electron 


that Is 


pletion rate determined by the 
recombination frequency over the hole dielectric 
relaxation frequency v, is balanced algebraically by the 
corresponding electron depletion rate. That is, depletion 
is matched by generation and dielectric relaxation. If 
dielectric relaxation is negligible, then the net recom- 
bination rate ® is substantially zero, as Was pointed out 
in connection with Fig. 2. 
While this brief exploration 
other formulation in itself adds nothing materially new, 


f consistencies in an- 


its motivation has been the heuristic value of the analy- 
sis it entails for extensions to nonlinear cases. It has 
appeared, for example, that if independent variables X 
and U are employed, then the assumption (for positive 
\) of slowly varying 49 seems to lead to a wrong 
apparent inconsistency the 


pseudodiffusivity,”” an 
hich is not yet entirely evident. 


reason for whic! 


3.3 A Nonlinear Case 


of an injected pulse of current carriers 

is increased so that the 
perturbed applied field is no longer met, then the trans- 
\ is positive, so that 
ere is no carrier depletion, then injection of the pulse 
Its in locall through mutually 
harge and conductivity-modulation 


condition for substantially un- 


port is significantly modified. If 


Ly decreased field 


is read y seen that the condition of 
j. (58) for relatively small decrease in field according 
to Poisson’s equation is also essentially the condition 


hat the 


maximum relative increase in conductivity 
from the continuous distribution of Eqs. (56) be small.” 
Field region exhibits a 
ini nd in a neighborhood of 
he divergence of the field is small and 


ity obtains. The minimum field may 


decreased over a certain finite 


in this region, a 


mall, particularly with injection in 


Since diffusion is 
ar-neutral region of small field, trans 


dominant in a ne 
port in its early stages following injection may occur 


- 
principally through this mechanism, with distributions 
o;)* results for no recombina 
to eP<Ira. If X is negative, 


ll maximum conductivity 
n implies eP<T+r 
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that are approximately Gaussian in shape. The ampli- 
tude of the distributions is then approximately 
®/2(xD,t)* and the dispersion, (D,f)}, with D, the 
ambipolar diffusivity for intrinsic material. Comparing 
this amplitude with the majority-carrier concentration 
gives an estimate of the time over which modulation 
nonlinearity may ‘persist, and thé dispersion may be 
calculated for this time. The time and dispersion so 
calculated will be appreciably larger than the dielectric 
relaxation time and the polarization distance, respec- 
tively, if ® is sufficiently large and the resistivity not 
too small. 

An extension for high-level injection using certain 
simplifying assumptions now follows. In the present 
context, effects associated with the difference in mo- 
bilities are comparatively minor, at 


least for semi- 
conductors like germanium and 


With the 
assumption of equal mobilities and with divE elimi- 
nated by use of Eq. (17), Eqs. (19) reduce 


silicon. 


dAm /dt= De? Am/ dx? 
—p{/ OAg On 
dAg/dt= Dd Ag/dx* 


—p[ kdAm, Ox+ (82e/ €)mAg 


for the transport in one dimension, in which u» denotes 
the common mobility and D=&7y/e the diffusivity. 
With no trapping, the recombination function ® may 
properly be written as the steady-state function® 
(poAnt+nvAp+AnAp)/[rpo(n+mi)+rno(pt+ pi) |, where 
tno and ryo are the respective limiting lifetimes in 
strongly extrinsic p- and n-type materials. 

The angle variable ©-and other dimensionless vari- 
ables are now introduced in accordance with Eqs. (22), 
(23), (24), and (32); the length and time units reduce to 

L=2pEor=2yIr/ 00, 
t= (not po)/[L2n;! dren (n 
for the present Case. Use of Eqs. 


OAM 


csc&) 


OAM B 0 
CSt (-) 
au NL? ae ae 
core dA VW 
¢—\)AM+xAO—BAO 
ae) 


D 0 OAQ_ EVI 
CS( (-) ( (-) 
al’ NT : ae ae 
cot (-) dA 
— —} (+A AO—BAM AQ, 
U ao 
in which 


D=4D)\'7/L2= D/D 


* Note that (r,-!—r, 
to An/t,=Ap/r 
See reference 3, p. 573 and Eqs. (71 


ly Am+(r, +r, )Ag=0 
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is the diffusivity expressed in units of the pseudo- 
diffusivity D, (in the linear limit) given by Eq. (46). 


TRANSPORT WITH 


SPACE CHARGI 487 


by Eqs. (26). In the first equation, recombination in the 
linear limit accounts for the term in AM and part of the 


The parameter 8 is defined by Eq. (58), and x, A, and ¢ term in AQ, while 


d6R= R—v,,An—vp,-Ap 


[7 po(1— po) +7 n0(pi— No) Am? +207 poPo— 7 nomi 


a 


(not po) ToL. 


is the nonlinear 
function ®. 


contribution to the recombination 

With A positive, it is well to employ the dependent 
variables of Eqs. (62) that take recombinative decay 
(in the linear limit) into account. Equations (67) then 
transform into 


OAM 3) ra) 
CS6 (-) 
ae) 


dAmM E/E, dA Q 
csc® 
ae) 


CS¢ (-) 
al NU? ae) 
cot™ dAm 
+ (x—BAQ)AQ 
U ae 
— (rL/&)Lexp(t/ro) 68, 
(70) 
D) 0 
CS( (-) 
NL”? ae) 


OA 9 
csc) — 


ae U 


E/ Eo JAM 
esc 
ae) 


colo dAQ 
~ —(A+BAM)A 9. 

U ae) 
The nonlinear extension of Eq. (64), the differential 
equation in AIT for the Gaussian approximation, can 
now be obtained by assuming large U, slowly changing 
AQ small compared with AM, and O~O,,, where On, 
given in Eqs. (41), is the value for the maximum in the 


ou’ ® A+BAM (A+BAM) 


j (x —BPAY) (oo a) JAM 
UN cot@+ CS( @| —(rL 


A\+B8AM 0) 
M(a0/a)* 


KA(k— BAY) (a0/a) bE. 
are 


\+B8AM)? 


Note the relationships 


k—BAQ | — Srepy é€-t qo MyTo |T, 


- (74 
\+8AM 


AL 1+Am/mo(1—ra/ 70) ], 


which follow by use of Eqs. (26) and (58). Also, with 
r given by the second of Eqs. (66), x and \ reduce (for 


‘' For negative A, the signs of the expressions on the right are 
changed. 


JAM D (a0/c)* (x—BAQ)(a0/c) p 
nl | 4 f. cos® | cscO 
ae) 


a= {J 


AmAg—[r po(mit po) +7 nol pitno) JAg 


(69) 


Not po) ToT po( Am— Ag) +7 n0(Am-+ Ag 


linear case. The field may be eliminated from Eqs. (70) 
by use of 

E~ (I+ 2eDdAq/dx)/o~1/o, (71) 
which follows from Eq. (12). It is readily seen that the 
field given by Eq. (71) is approached asymptotically, 
essentially exponentially with time constant ¢€/47o if 
the concentrations (on which ¢ depends) do not change 
appreciably in this time. From Eq. (71), £//o may be 
replaced by oo/o. Then, for U large and A9<AM, 
solving for 4 Q in the second of Eqs. 
04 9 AU equal to zero gives 


70) after setting 


csc 
a 


(A+BAM)U 


JAM OAM 
CS( (-) 


a \+ BAM ae) 


(oo/a)A OAM K —) 
; + y CFR) 
(A+ BAM \l ( ae) ( + BAM [ ae : 


the second form applying, from Eqs. (41), for O~0,,; 
and substituting this A 9 in the first of Eqs. (70) results 
in 


( ose) 0 oO oO 


| (Joa) 
ae) l 


JAM 
csc 
at) 


®)Lexp(t T dK 


| A(k— BAY) (a; 
Se 


\+BAM 
To) J6R. 


positive ) to®! 


A 


It is easily verified that, near equilibrium, the co- 
efficient of the first derivative in the second form in 
Eq. (73) vanishes, which implies drift at the ambipolar 
drift velocity. Thus, near equilibrium, only the second- 
derivative contribution and, with \?—x?=1 
from the first of Eqs. (27), the terms inside the brackets 
that follow D/A in the second form reduce to 1/A. Thus, 


remains; 
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consistently with Eq. (64), these terms give the pseudo- 
diffusivity of Eq. (46). A generalized concentration- 
dependent pseudodiffusivity may accordingly be defined 
from Eqs. (46) and (73) as 


D,= (00/0) X (00/0) —x(x—BAQV)/ (A+ 84M) ] 
X (uF o)?r/A(A+BAM). (76) 


For sufficiently large injection level,” this D, ap- 
proaches zero inversely as the cube of the conductivity ; 
note that, from Eq. (72), AV approaches zero also. As 
comparison with the D, for the linear case of Eq. (47) 
indicates,this behavior of the large-signal D, results 
from approximate proportionality to the large-signal 
dielectric relaxation time divided by the square of the 
conductivity, or times the square of the (decreased) 
local field. 

In accordance with Eq. (73), an effective diffusivity 
is simply the sum of the (constant) diffusivity D and 
the pseudodiffusivity D, of Eq. (76). Note that the 
correction® to the diffusivity of order ra/7o associated 
with the departure from local electrical neutrality is 
absent. It appears, therefore, that this correction de- 
pends on differing electron and hole diffusion constants ; 
its vanishing for equal diffusion constants is readily 
verified. 

A velocity function may be evaluated from the term 
in dAIM/IO in Eq. (73). In the first form, the contribu- 
tion involving cot© is canceled by transforming from 
(@AM/dU)e to (d@AM/IdU)x in accordance with the 
second of Eqs. (60). From Eq. (32), the operator 
U— csc@d/d0 is equal to 30/0X, so that the contribu- 
tion with @AM/dO as factor that remains may be 
written as (—4)(o0/0)(x—8AQ)(A+84M)“0A/ dX. 
The velocity function 2 is accordingly given by 


xk—BAQ)(A+8AM, 


p—(no— po)ta/to I 


o 


in which rg and ro are the equilibrium dielectric relaxa- 
tion time and diffusion-length lifetime. The final form 
of Eq. (77) is obtained by replacing L/r by 2yu//oy and 
by use of Eqs. (74). For small ra, this velocity reduces 
to the ambipolar velocity previously derived.’ The 
correction to the ambipolar velocity involving 74/7; 
vanishes in the small-signal limit for this case of equal 
mobilities. Thus, the small-signal correction’ depends 
on differing mobilities, as pointed out in connection 
with Eq. (39). The correction may occur for equal 
mobilities if there are appreciable concentrations of 
injected carriers with space charge. 


% The condition Ae~c, which is Am/mo>>1, subsumes the con- 
dition BAM>>A, which is Am/mo>>1—€/4reu(mo+ po) ro. For posi- 
tive A, this expression on the right is positive 

See reference 5, Eq. (18 
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APPENDIX A 
A.1 Solutions for Drift of an Injected Pulse 


The two-sided Laplace transform of f(X,U) with 


respect to YX is defined by 


x 


L{f(X,U)} “| e~*7 f(y, 


and application of this transform to Eas. 
aL{AP}/aU 

1((A—x) L{AV}—[¢ 
dL{AN}/aU 

=3(—[¢+«-(1 t a)s |L{LAN \ a) 


l—a)s 


The general solution of Eqs. (79) is 
£ | 


L{AP}=L Age”, L{AN}=D. 


) 


in which the dimensionless decay constants are readily 


found to be given by 


(\) 


The double sign inside the radical 
follows—relates only to sign of v’. 
A nj/ A; fixed by 


here and in what 


With the ratios 


aati 
Any —Nj+4[¢—«+(1—a)s 


A 5; F(\—k 
Li Te) 


the four constants A,; and A,; are determined by the 


transforms L{AP;} and L{A.V;} of the initial concen 
trations. If these concentrations are equal, then 


A pi/ L{AP3} ™ 
( os om 
A ni/L{AP,} " 
(, nana ‘i 
results. Thus, with L{AP;} given by 
L{APi}= L{4r-Fa 


iexp(—X ha } exp (a*s*) (84 


as the transform of a Gaussian initial distribution, the 
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transforms of the concentrations are 


{AP} 
( (AN )- {exp[a’s?+ 3 U (as—f) ]} {cosh(UL(s—«)?+1}')# (sF AL (s—«)P?+1]}-?XsinhGUL(s—«)?+1)})}. 
LAN} ( 


85) 
By use of the identity 
Ps?+3U (as—f) (86) 
and transform formulas previously derived,’ the solution for the initial Gaussian distribution is found to be 


AP=}n a“ {exp[a?(e@F 1) +«X —43(¢—ax)U ]} 


a?(x°-F1)—3U (¢—ax)+ (2a*x+ sal’ (s—x)?+1 ] 


)( s—x)+e7 


L 


x | expt (X+2a°x—4(1—a)U)*/4a? |—3( an) f 
X 


en) 
A+ <6 


xX {expl— (y+3U)?/4a? ]—exp[l— (y—3U)*/4a? ]} dy 


I; 
[y?— (Y+2a%x+3aU)?}-3 , {(y?— (X+2a’x+4al/)?}}} 


Jy 
(X+2ax+3aU —y) exp[ — (y+3U)?/4a? |— (X+2a*%x+3aU +y) exp — 


AN =39- ha" {exp[a?(x?-F 1) +X —3 (¢—ax)U ]} 


1 “Horo fi 


& soNdy 


x expl— (X+2a%x+}3(1+a)U) 4a*] 


a — (X+42a%x+4aU)?}} 


Fs 


0 


x {expl— 
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af 


“ N+2%a'«t+jal 


(y+3U) 4a’ ]—exp[—- (y—3l 


[y?— (X+2a%x+ 3a)? | 


I 
([y— (X 420% +a)? }}} 
/, 


x {(X+2a°%x+ al +7) exp[— (y+}U)?/4a? ]— (X+2a’x+3aU —y) exp[—(y—-4U)? 


in which the upper and lower signs and functions apply To establish this 
respectively for real and imaginary v. The limiting solu- 
tions of Eqs. (30) and (31) for the injected delta pulse 
involve the step-function factor as a result of the re- 
quirement that, for contributions in the limit of zero a, 
the Gaussian factors in the integrands of Eqs. (87) be 
centered at values within the range of integration. 


result, © is first introduced as variable 


of integration from Eqs. (32) to (34). Then, comparison 
with a solution for AP and the corresponding F’, previ- 
ously derived* gives the expression in the second line, 
That 


is evident from the observa- 


in which the double sign refers to the sign of v*. 
this expression is also F,, 
tions that it involves «x only through its square and that, 


A.2 Integrals over the Drift Range ‘ ; ; 
(33) and (34), AP and AN are transformed into 


The fractions of carriers initially injected that remain 
after given elapsed time are given by 


F,, vpt Ap Mi—a)U AP 
( ‘) ail i ( Jas f ( Jax 
F, Sent NAN poe Ie" 
U VAP +1) t sinh[4 (x?+1)!L 


+ cosh[4 («+ 1)!U }} 


|= ex} »(—t/ro). 


wy , , (1—a) ee 
ll = 
n ) ‘ —(1+a) exp[—}(A+«K)U ] 


{expl—2¢ 


(F—AU (88) 


exp| 


in Eqs. 
each other if © is replaced by x—© and « by its nega- 
tive. Since the expression is an even function of (x°+1)! 
= ||, this quantity may be replaced by A, and the 
first form of the third line follows. The final form then 
follows from the second of Eqs. (28). 

With Eqs. (32) to (34), the 


of Eqs. (35) 


means and (X,) 
are given by 


VLexp(-Pv)I [ exp(—4xU cos@) 


0 


\—-K tan}O ™ : 
x| ( )1@U sine) +( T,(4U sin®)} sinO(cosO+a)dQ (89) 
A\+k cots AS) | 


* The AP of Eq. (158) of reference 3 with & replaced by is (with a differing definition of ®) formally the same as the AP of Eqs. 
33) and (34) of the present paper. Hence F, is obtained by replacing £ by \ in Eq. (164) of reference 3 
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for v real; for vy imaginary, /» is replaced by Jo and J; by (—J,). The contribution to the integral from the 
Bessel function of order zero and with a as a factor, similar to an integral previously evaluated by transforming it 
to a Gegenbauer’s integral,*° is, by use also of the first of Eqs. (27), 


A—« “ ae 1—«/r 
— io( )vtew —3rU) f exp(—}3«U cos@)Jo(3U sin@) sinOd0 = -Ia( )ua-e AU) (90) 
AK 1+x/Xr 


Evaluated by means of the same transformation, a second contribution is 


A—« 63 
- su ) fexp(—3AU) if exp(—}3x«U cos@)Jo(3U sin@) sinO cosOdO 
A+k 


i—«/r 
=41(x »( Juste MY— ({—e'¥V)/XU ). (91) 
1+x/r 


Equations (90) and (91) with Jo in the integrand in place of 7) hold for v imaginary. For the contributions from 
the Bessel functions of order one, use is made of 

(tan}@)+*! sin@(cosO+a) = +sin?OF (1a) (1 cosO). (92) 
Che transformation gives 


_ 7 Oe Cexp( _ *NU) if exp —3xU cosO)/,| LU sin®) sin?@d@= — 1d -UTs (14 e 1—e~> AU |, (93) 


> 


and, for vy imaginary, with (—/,) in the integrand in place of /;, the sign of the right-hand member is changed. 
Also, essentially as previously derived,** the result 


; + 1—cos® 
—}U*Lexp -puyif exp(—IaU’ cos) (3U sin) ( jae 
1+-< os® 


expL—3(A—«)U ] 1+x/Xr 1—«/r 
-1v|2{ )-( )-( Jew — Xl | (94) 

expl —3(A+x)U ] 1—«/Xr 1+x/v 
follows; note that replacing (1—cos@) by (1+cos@) simply replaces « by (—x«), as may be seen by replacing 
© by r—9. Equation (94) with (—J;) in the integrand in place of J; holds for v imaginary. Equations (89) 
exhibit expressions for the contributions from the delta pulses, and the results for the various integrals may be 


combined with these; with Eqs. (92) taken into consideration, Eqs. (35) readily follow, and these equations hold 
whether v be real or imaginary. 


See reference 3 Appendix Cc 
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The heat capacities of indium and tin were measured between 
0.4 and 4.2°K. In the normal state, the specific heat could be 
represented by AT ?*+y7T+a7?+8T5+yT". For Sn, in molar 
millijoule units, A =0; +, the coefficient in the electronic term, is 
1.80; a=0.242, corresponding to a Debye temperature, 9, of 
200°K ; 8=0.004; and »=0.00014. For In, A, the coefficient of a 
nuclear electric quadrupole term, is calculated to be 8.97X10~ 
from resonance data; y=1.61 for one ingot and 1.59 for another; 
6) = 109° and 108°K; and 8=0.008. In the superconducting state, 
the specific heat of Sn could be expressed as the normal lattice term 
plus an electronic term of the form ayT. exp(—bT./T), with 


INTRODUCTION 


ECENT theories on the electronic and lattice 

contributions to the specific heat of super- 
conductors continue to stimulate measurement of their 
heat capacities to still lower temperatures. The BCS 
theory! resulted in a formula for the electronic specific 
heat which could be approximated by 


ayT. exp(—bT./T), (1) 


where yT7 is the electronic specific heat in the normal 
state and a=8.5, 6=1.44 when 2<T./T<6. Boorse? 
found that for 7<7T./7T<11 the same expression would 
represent the BCS formula when a=26 and b= 1.62. 
While the electronic term is quite different than in the 
normal state due to the appearance in the super- 
conductor of an energy gap centered at the Fermi level, 
there has until now been no evidence of a change in 
the lattice term accompanying the transition to super- 
conductivity. Chester has supported this view with a 
thermodynamic argument based on the isotope effect 
and assumption of certain similarity rules,? namely, 
that C../yT. and the critical magnetic field ratio 
H.(T)/H») are functions of the reduced temperature 
TT. which are independent of isotopic mass. 

C,. is customarily deduced from the specific heat data 
on the following assumptions: (a) The normal and 
superconducting specific heats are expressible as the 
sum of electronic and lattice terms: 

CentCin (2a) 
and 


(2b) 
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T.=3.70°K (0.02 deg lower than found in a magnetic measure 
ment), a=7.63, and b=1.41 when 2<T,./T<7; the value of } 
agrees with infrared measurements of the energy gap. This sort of 
analysis could not be applied to In, for below 0.8°K the total 
superconducting specific heat was less than the normal lattice 
term. A possible interpretation is that 4) is 9°% higher in the 
superconducting state than in the normal metal at 0.4°K; this 
is not supported, however, by the recent acoustic measurements of 
the elastic constants by Chandrasekhar and Rayne. The anomaly 
is not as yet understood, but a few plausible explanations are 
discussed 


excluding such additional contributions as come from 
the nuclei or magnetic impurities. (b) The normal 
electronic term has the temperature dependence charac- 
teristic of the specific heat of a degenerate Fermi gas: 


Con= (w°h?/3)N (()T=4T, (3) 


where .\(/:)dE is the number of electronic states in 
the energy interval dE and ¢ is the Fermi energy. (c) 
The normal lattice term can be represented by the 
expansion 

C,,=al*+87T°+ypT'+---. (4) 


The coefficient a is related to the Debye temperature 6, 
at absolute zero and the gas constant R by 


a= (127*/5)RO.-°. (5) 


(d) C.,, and C;, are independent of the magnetic field 
applied to quench superconductivity while measuring 
C, below T.. (e) The lattice term is the same in both 
states, i.€., 

(6) 


The electronic part of C, is then considered to be the 
difference between C, and (C,—yT). 

The heat capacity of indium had previously been 
measured by Clement and Quinnell‘ down to 1.7°K. 
At that temperature, C), is still three times yT and 
T./T is only 2. The present measurements extend data 
down to 0.35°K through the use of a helium-three 
cryostat,® and allow a more accurate determination of y. 
Because of the relatively high transition temperature 
(T.-=3.4°K) and the low 6) of 108°K, values of T./T 
to nearly 10 could be obtained, where C,, is expected 
to be negligible compared to C;, according to Eqs. (1) 
and (5). Thus, the measurement provided a test of the 
assumption expressed in Eq. (6). We recently reported 
the unexpected result® that C, is less than C;, below 
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0.8°K. This result conflicts with one or more of the 
above common assumptions unless one admits a 
negative contribution to the heat capacity. As a con- 
sequence of this behavior, it is not possible to estimate 
C., directly from the specific heat data. A small 
nuclear electric quadrupole contribution is expected 
similar to that found in Re’ and Bi,* but it is smaller 
than the anomalous change in C, and could not be 
observed. In this paper we will present the indium 
results in fuller detail, together with some new data 
on tin. 

The specific heat of tin has previously been reported 
by Corak and Satterthwaite? and Goodman” above 
1°K and by Zavaritskii" also below 1°K. All of their 
results were consistent with the above assumptions (a) 
through (e) used to obtain C.,(7). The present work 
on tin was primarily an effort to disclose in our measure- 
ments systematic tendencies to underestimate the heat 
capacity below 1°K. The resulting data could be 
analyzed in the customary way, and revealed no 
deviations such as seen in superconducting indium. 


MEASUREMENT 


Apparatus 


The helium-three cryostat used for these measure- 
ments will maintain temperatures as low as 0.35°K 
in a relatively large volume for two days without 
warmup. Since it has been described in detail elsewhere,® 
only a few features pertaining to the reliability of the 
measurement need be mentioned here. The specimen 
is cooled by means of a mechanical heat switch in the 
absence of exchange gas, so that there is no heat of gas 
desorption contributed during a measurement. Heating 
is done electrically through a clock-controlled switch 
and the temperature recorded by means of a 7-w, 
10-ohm Allen Bradley carbon composition resistor 
cemented to the specimen with glyptal lacquer. 

After completion of heat-capacity measurements, 
exchange gas is admitted to the vacuum spaces and the 
resistance thermometer calibrated against helium-three 
and helium-four vapor pressures using the helium-three 
scale of Sydoriak and Roberts" and the 1958 scale for 
helium-four." Below 0.4°K the correction required for 
the thermomolecular pressure gradient is a large 
fraction of the measured helium-three pressure and the 
effect of gas viscosity becomes important, so a para- 
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magnetic salt thermometer is used instead.° Between 
1.0° and 1.3°K, a comparison of the helium-three and 
helium-four bath pressures revealed that the former 
was lower than should be expected. This could be 
explained by a contamination of the helium-three by 
about 1% helium-four and the assumption of Raoult’s 
law of partial pressures. Consequently, all helium-three 
pressures were corrected by +1% in the calibration 
for indium. Before the tin measurements the helium- 
three was purified by fractional distillation, and no such 
correction was necessary thereafter. 

The systematic error in specific heat due to in- 
accuracies in temperature scale and calibration is 
thought not to exceed 1% above 1°K, but may be as 
high as 3% at the lowest temperature. Other systematic 
errors in heating current, heater resistance, timing, and 
correction for heat capacity of the addenda total at 
most another percent. Graphical scatter in the data 
also amounts to about a percent. 


Specimens 


The polycrystalline tin came from the Consolidated 
Mining and Smelting Company of Canada, Ltd., Trail, 
British Columbia, who claim 99.999% purity. A 137-g 
piece, allowed to self-anneal at room temperature, 
produced results indistinguishable from a 209-g piece 
which was annealed in air for an hour at 200°C before 
mounting in the cryostat. The two indium specimens 
were both from a 99.99% pure polycrystalline ingot 
supplied by the Indium Corporation of America. One, 
weighing 168 g and hereafter called In I, was mounted 
as received, and may have been strained. The second, 
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Fic. 1. Specific heat of tin in normal and superconducting 
states. Our data (@ and a) are here compared with those of 
Corak and Satterthwaite ('w) and Zavaritskii (X). 
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TABLE I. Specific heat of tin in normal and superconducting states. (C is in mjoule/mole deg.) 


°K 


C/T 
(H =0) 


C 


T, °K 


rf 


K 





0.4374 
0.4449 
0.5021 
0.5084 
0.5727 
0.6274 
0.6678 
0.6874 


0. 
0. 
0. 
0. 


7117 
7407 
7712 


8047 


0.8326 
0.8804 
0.9217 
0.9630 

.0490 
1307 
.2069 
2985 
4172 
5744 


1 
1 

1 

1 

1 

1 
Z 
1.§ 
2. 
2.1: 
2 
2.6: 
2.8. 
3. 
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0.0441 
0.0460 
0.0623 
0.0640 
0.0888 
0.1106 
0.1404 
0.1440 
0.1642 
0.1876 
0.215 
0.247 
0.281 
0.337 
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0.595 
0.745 
0.900 
1.104 
1.382 
1.785 
2.19 
2.67 
3.06 
3.40 
4.14 
5.00 
5.65 
6.33 
6.90 
7.39 
7.81 
8.26 
8.81 
6.40 
6.87 
8.13 
8.99 


0.4026 
0.4237 
0.4374 
0.4847 
0.6042 
0.7062 
0.7319 
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1.0329 
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2391 
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0.0400 
0.0386 
0.0445 
0.0585 
0.0738 
0.1090 
0.1602 
0.1799 
0.409 
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0.589 
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0.945 
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0.6482 
0.7340 
0.8374 
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0129 
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1748 
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6965 
9983 
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3.036 
3.383 
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2.01 
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g, was cast in a high-purity graphite 


For the heater, 1.75-mil constantan wire was wrapped 


mold in vacuum and allowed to solidify over a period 
of 40 min, then cooled in 2 hr to 100°C. No impurities 
could be detected spectroscopically in samples from this 
casting. After mounting in the cryostat, it was enclosed 
in a can which was pumped to rough vacuum and 
immersed in boiling water for 6 hr. 


around the ingots (54 cm on In and 40 cm on Sn) and 
cemented in place with glyptal. Because some heat 
escapes along the electrical leads instead of warming 
the specimen, the loose ends of these wires were tinned 
for some distance to ensure heating only of the part 
in good thermal contact with the ingot. The potential 
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Fic. 2. Graphical determination 
of parameters in the specific heat 
of normal tin. The plot for which 
y= 1.80 mjoule/mole deg? includes 
results on both specimens, and was 
chosen as best represented by 
Eqs. (2a), (3), and (4). 


* ™ 


10( + - ¥)/T®, (miliijoulasmole deg* ) 


& § § 


T T T T T T T T T A T 
T . s 
4 


yei79 











ob 





494 BRYANT 


ase II. Specific heat of indium in normal and superconducting 
| in , g 
states. (C is in mjoules/mole deg.) 


C/T 
°K) (47=0) 


We & 
(/1—~300 oe) 


0.3704 
0.3595 
0.3447 
0.3880 
0.4447 
0.5216 
0.5892 
0.6149 
0.6607 
0.7291 
0.7849 
0.6538 
0.7959 
0.8556 
0.9069 
0.9728 
0707 
1792 
2884 
4498 
7136 


0.167 
0.149 
0.138 
0.180 
0.238 
0.352 
0.443 
0.516 
0.601 
0.765 
0.938 
0.828 
0.968 
1.162 
1.347 
1.620 
2.017 
2.563 
3.136 
4.129 
5.904 
0717 8.652 
6711 14.27 
888 16.50 
188 20.10 
442 20.52 
549 21.63 
849 25.39 
105 29.05 
121 19.38 
220 20.51 
21.68 


0.4819 
0.5648 
0.6487 
0.8147 
0.8385 
0.8738 
0.9065 
0.9461 
0.9862 
1.0381 
1.0874 
1.1434 
1.1073 
1.1819 
1.3376 
1.4496 
1.6068 
1.9523 
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0.162 0.3669 
0.199 0.4197 
0.250 0.4754 
0.350 0.5534 
0.487 0.6344 
0.614 0.6623 
0.690 0.7089 
0.757 0.7498 
0.996 0.8048 
1.202 0.8676 
1.509 0.9511 
1.884 1.0896 
1.839 .2002 
2.456 3609 
3.535 5481 
4.829 
5.670 
7.350 
10.41 
13.66 
16.23 
18.36 
21.02 
20.68 
22.20 
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leads to heater and thermometer were of the same 
constantan wire. For In I, the current leads were all of 
niobium welded to nickel at the ends, which were in 
turn soldered to the terminals. Since it was feared that 
too much heat might develop in the welded contacts, 
the heater current leads were replaced by 50-gauge 
copper wire for In IT and tin. 
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RESULTS 
Tin 

Representative specific heat data on tin are listed in 
Table I and plotted as C/T against 7° in Fig. 1 along 
with the results of Corak and Satterthwaite,? Good- 
man," and Zavaritskii."" The upward curvature of the 
normal-state data indicates the presence of at least a 
T® term in the lattice contribution. For deciding values 
of the parameters in Eqs. (3) and (4) which would best 
fit the data, (C,—~yT)/T* is plotted against T° in Fig. 2. 
The points at lowest temperatures are most affected by 
the choice of y, and that y has been chosen for which 
these points fall most nearly on a straight line. The 
ordinate of this line at 7?=0 is a, and its initial slope 
is 8. The upward curvature in this plot indicates the 
need of a 7” term in representing the lattice contri- 
bution, so the normal specific heat becomes 


C,= (1.80+0.02) 7+ (0.242+0.01) T°+-0.0040T° 
+0.0001477 mjoule/mole deg. (7) 


Only the statistical errors are given here. According to 
Eq. (5) the Debye temperature is 200+3°K. Rayne and 
Chandrasekhar have measured the elastic constants 
of tin,'* and from them calculated the value of 6) to be 
201.6+2.6°K. 


Superconducting Electronic Term 


Figure 3 is a detail of Fig. 1 below 0.9°K in which the 
solid line through the origin represents (a7°/T), the 
| 
ee . 
| T* (deg KF 
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4 J. A. Rayne and B. S. Chandrasekhar, Phys. Rev. 120 
1960). 
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Fic. 4. Electronic specific heat of superconducting tin. The 
present data are represented by Eq. (1) when 2<T7,/T<7. 
Goodman's results are the open ¢ ircles 


dominant lattice term in this region. Data for the 
superconducting state (7=0) appear to approach this 
line asymptotically as C,, dies out at very low tempera- 
tures. To test whether C,, is an exponential function, 
C.—(C,—yT) is plotted semilogarithmically against 
T./T in Fig. 4. For values of T./T between 2 and 7, 
the points are indeed represented by Eq. (1) with 
T.=3.70°K, a=7.63, and 6= 1.41; uncertainties do not 
permit evaluation of C,, beyond this range. The BCS 
theory! yields an energy gap at O°K of 3.50k7, corre- 
sponding to 6=1.44. Following Goodman, we may 
evaluate the specific heat energy gap in Sn as 


(1.41,/1.44)(3.50kT,) = 3.43kT~. 


This compares favorably with (3.340.2)kT, found by 
Ginsburg and ‘Tinkham and (3.6+0.2)kT. by 
Richards and Tinkham, both from infrared absorption 
measurements,’® 


Transition Temperature 


The midpoint of the specific heat discontinuity 
occurred at 3.701°K, and this temperature is regarded 
as T.. This is considerably lower than the 3.713°K 
reported by Corak and Satterthwaite® (corrected to the 
1958 temperature scale) and 3.722°K from the mag- 


P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 
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netic measurements of Shaw, Mapother, and Hopkins,'¢ 
To determine whether some property of the tin was 
responsible for this difference, a small piece was cooled 
inside a set of coils immersed in liquid helium. The 
temperature at which the mutual inductance of the coils 
was halfway through its change, 3.714°K, is 7, in the 
earth’s field. Corrected to zero field, it would be 3.718°K, 
about midway between the values reported in references 
9 and 16. Although a Helmholtz coil was set up to 
cancel the earth’s field to within 0.1 oe during the 
heat-capacity measurements, it is believed that mag- 
netic flux can have been trapped by layers of super- 
conducting solder near the specimen. However, the 
intensity would have to have been four times the earth’s 
field to explain the observed difference. It is believed 
that positive changes in 7, of up to 0.1°K can result 
from strains introduced on cooling because of aniso- 
tropic contraction.’ If our bulk material had been 
strained in such a way as to depress T., perhaps the 
small piece from the surface was not, and this would 
account for'the difference. 


Calculation of Threshold Field 


The critical magnetic field intensity H.(7) at which 
the normal and superconducting phases are in equi- 
librium at the temperature 7 is related thermo- 
dynamically to the specific heats by 


7 r 
(V »/$n)(H.(T) } f af arc -C,)/T (8) 
7 « 


where V,, is the molar volume. The entropy difference 


at T., So’ dT(C,—C,)/T, significantly 
different from zero, as should be expected for a second 
order transition. Figure 5 shows the deviation of H,(T) 
from a parabolic temperature dependence, D(7T?/T?) 
= D(?)=1—f-H.(T)/ Ho, calculated from the specific 
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lic. 5. Deviation of the critical magnetic field in tin from 


a parabolic temperature dependence. 


16 R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev. 
120, 88 (1960). 
7 T. E. Faber, Proc. 


Roy. SOC London) A241, 545, 1957). 
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TABLE IIL. Results of measurements on tin and indium. 


8 
(mjoule 
mK le deg®) 


nge y(mjoule Oo 
mole deg?*) deg K) 
1.80+0.02 200 +3 
1.75+0.01 195.0+0.6 


dH./dT)r, 


oe/ deg) 


Measurement 
Tin I & Il 
Corak and Satterthwaite 
Rayne and 
Chandrasekhar (acoustic) 1.76" 201.6+2.6 
Zavaritskii"! 5 202 +3 
Muench'® 1 j 
Shaw, Mapoth« 
Hopkins" 


0.004 149+6 


0.005" 10.038 


0.002 


In I 35-4. 1.61+0.02 0.008 i 

In II ; 1.59+0.02 0.008 .6' 3.403 

Clement and Quin 3 1.81 +0.. 3.387 

Chandrasekhar : 

(acoustic)** 1.65" 

Muench'® 3 3.412+0.003 284 
Reeber2 1-3 3.407 +0.002 293 
Shaw, Mapother 

Hopkins" 3.408 285.7 


alculated or estimated fror 


heat. Resulting values of Hy and (dH./dT)r, are listed 
in Table III along with values from the magnetic 
measurements of Muench'’ and Shaw, Mapother, and 


contribution was deducted from the specific heat. ‘The 
9/2 and 
are distributed among five doubly degenerate energy 


nuclei of both natural isotopes have spin J 


rar 16 ° ° ° ° . 
Hopkins. levels determined by interaction of the nuclear electric 
Indium quadrupole moment and the axially symmetric electric 

, , field gradient at the nucleus. These energy levels are 
Vuclear Term , 8) 

given by” 
Before analysis of th 


Table II, a A'[ 3m?—I (+1 
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nuclear electric quadrupole | 
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Fic. 7. Graphical determination 
of parameters in the specific heat 
of normal indium. This figure 
shows the In II data, for which 
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y=1.59 mjoule/mole deg? was 
chosen. 
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where mh/2z is the component of the nuclear angular 
momentum along the symmetry axis of the crystal and 
A’=eQ/41(2I—1). The product of the scalar quad- 
rupole moment eV and the maximum electric field 
gradient at the nucleus, eg, is the coupling constant for 
the interaction, and has been measured by Hewitt and 


Knight using an rf resonance technique.”’ Their results 


give for the average coupling constant, weighted 
according to natural abundance of In'® and In", 


h(45.21 Mc/sec). A standard statistical calculation 


results in the nuclear specific heat, 
(66, 5)Ra?T~?, (10) 
in the high-temperature approximation where 7>a 
6A’'/k. From the value of the coupling constant it 
follows that a=9,04X10~ °K and C,=8.97XK10~ T~ 
mjoule/mole deg. At 0.35°K, C, is only 11% of C, and 
falls below 1% of C, above 0.6°K. No such nuclear 
term was expected in tin because all naturally occurring 
isotopes have J either } or 0, and consequently F,, is a 
singlet or a degenerate doublet. 


Normal State 


It was then assumed that C, was not changed ap- 
preciably by the applied magnetic field and (C,—C,) 
was analyzed by a procedure analogous to the one 
used to obtain C, for tin. From Figs. 6 and 7 it was 
found that 


(1.59-+0.03) T+ (1.5340.03) T 
+0,0087° 


(C,—C,)= 
(11) 


. R. Hewitt and W. D. Knight, Phys. Rev. Letters 3, 18 





i (deg K* 


represented the In II data and from similar graphs that 


’ 


(C,—C,) = (1.6140.03) T+ (1.50+0.03) T° 


+0,008T* (12) 


mjoule/mole deg represented the In I data over the 


entire temperature range of the measurement. The 
errors quoted are graphical uncertainties only. 


Superconducting State 


In Fig. 8, a straight line of slope a 
deg‘ has been drawn through the origin to represent the 
normal lattice term. In contrast to tin, the points taken 


1.5 mjoule/mole 


-25 
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(millijoule /mole-deg 2) 
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Fic. 8. Detail of the specific heat of In I and In IT below 1°K. 

A solid line through the origin represents the normal lattice 
term. 
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9. Deviation of the critical magnetic field in indium from a 
parabolic > ] 


temperature dependence. 


in zero field fall well below the line so that for 7<0.6 k, 
(C,—C,) is less than the normal lattice term. By 
assuming values for a and 6 in Eq. (1), one can estimate 
C,, and fit analytic expressions to the remaining part of 
(C,—C,). From values of a and 6 for other super- 
conductors and data on the energy gap,’® the best 
numbers appear to be a=11 and 6=1.6 for indium; 
below 1°K, C,, is less than 20°7 of the total, so that a 
large error in the estimate is tolerable. Regarding the 
rest of (C,—C,) as a modified T° lattice term, we find, 
in the customary units: 


(C,—C,—C.,) =1.78 exp(—0.059T./T)T* (13a) 


for In I and 


(C,—C,—C,,) =1.72 exp(—0.051T./T)T (13b) 
for In II, when 2<T7,/ T< 10, Taking an alternate point 
of view, that the lattice term is unchanged but there is a 
negative term of unknown origin, we find: 


C,—C,—C,..)=1.507T?—6.12T', 


for In I and 


C,—C, 
T<0.85°K (14b) 


for In II. 


Threshold Magnetic Field 
For the of calculating the critical field 
according to Eq. (8), lines were fit to a large scale plot 
of C/T against T for both In I and In II such as to 


satisfy the following conditions: (a) 


purpose 


In those regions 
where the results were different for the two specimens 
by as much as 2% just below 7. in the superconducting 
state), the lines were drawn somewhere between the 
two sets of points. (b) The transition was considered 
to be a sharp discontinuity at T-=3.403°K. (c) The 
difference in specific heats at T. given by Rutgers’ 


ABD ?P. H. 


KEESOM 


formula, 


(C.—Ca)r-= (VmT-/4n)( (dH -/dT)*]r., 


(15) 


was made to agree with the result of Muench!’ that 
(dH ./dT)r.= 156 oe/deg using Swenson’s value for the 
molar volume V,, at absolute zero,”! 15.37 cm*/mole. 
This requirement was consistent with the first condition. 
(d) The lines were then adjusted where the fit 
was uncertain so as to make the entropy difference 
SoT dT(C.—C,)/T equal to zero. The resulting 
deviation curve (Fig. 9) is exceptional in that the 
deviation D(f) changes sign; this has never been 
observed in a critical-field measurement. The initial 
slope of this curve at ?=0 is 


D!' (@)= (2ry/Vm)(T-/Ho)?—1, (16) 


which depends on the choice of y; for a positive initial 
slope, we would need y=1.70 mjoule/mole deg’. The 
specific heats give H)p= 284 oe, while Muench" found 
284.5; Reeber,” 293; and Mapother, 
Hopkins,'® 285.7+0.5 oe. 


Shaw, and 


DISCUSSION 


We exclude systematic errors in the measurement as 
important contributions to the In anomaly. The errors, 
as well as the nuclear contribution estimate, are several 
times smaller than the deviation in C,, which is as much 
as 30° below C;,. A similar deviation has been ob- 
served in niobium by Boorse, Hirschfield, and Leupold,”* 
who recently reported a C,(T) which was lower than the 
normal lattice term below 7/5. Their measurements 
extended down to 1.1°K, or about T./8, where 4 in the 
superconducting state was estimated to be 5% higher 
than in the normal state. 

Assuming that C, in indium is almost entirely in the 
lattice at the lowest temperature, its value corresponds 
to @>=121°K as compared with 109°K in the normal 
state. This result demanded careful measurement of the 
elastic constants, which Chandrasekhar and Rayne 
have just performed down to 1.4°K.** By observing a 
distant echo of a pulse of 10-Mc/sec acoustic waves in 
an oriented single In crystal, they could detect a change 
in transit time of one part in 2 10*. At no temperature 
did they observe a detectable difference of transit time 
in the normal and superconducting states; 0) was 
calculated to be 111.341°K for both. By fitting the 
expression 


Cra=Cyt (129'/5)R(T/0:)*+yT, (17) 
to our data below 0.7°K and using their @, they found 
y= 1.65 mjoule/mole deg’. 


21 C, A. Swenson, Phys. Rev. 100, 1607 (1955 

2 M.D. Reeber, Phys. Rev. Letters 4, 198 (1960 

3H. A. Boorse, A. T. Hirschfield, and H. Leupold, Phys. Rev. 
Letters 5, 246 (1960). 

*# B. S. Chandrasekhar and J. A. Rayne, Phys. Rev. Letters 6, 
3 (1961). David and Blangé have recently communicated to us 
results of similar experiments. 
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The acoustic and heat capacity measurements are not 
necessarily conflicting. The 10-Mc/sec phonons have 
very long wavelengths, the order of 3X 10-? cm, while 
at 3°K, the kT phonons are only about 410-5 cm 
long. ‘The coherence distance of the attractive electron- 
electron interaction giving rise to superconductivity' is 
the order of 10~*cm. We need a quite special mechanism, 
operating in these two superconductors, which causes 
stiffening of the lattice (or an increase in the elastic 
constants) in the superconducting state, but only for 
short-wave phonons, or perhaps only for those wave- 
lengths near the coherence distance. 

From the point of view of a two-fluid model, one can 
regard the lattice in the normal state as vibrating in a 
viscous medium, the electron gas. As T drops below the 
transition temperature, the superfluid fraction increases 
rapidly ; corresponding to the decrease in viscosity of 
the electrons is an increase in frequencies, and hence 
energies, of the normal lattice modes. The result is a 
lowered heat capacity. The exponential factor in the 
empirical expressions (13) favors somewhat this point of 
view. It is interesting to estimate the effect on the heat 
capacity of changes in the zero-point energy, which on 
the Debye model of a lattice is given by 


¥max ¥max DROp 
3 vf dy pve | dv Av =——._ (18) 
( J 8 


Assuming that the temperature dependence of this 


quantity is due solely to an increase in the cutoff 
frequency Ymax toward lower temperatures in the super- 
conducting state, there results a negative specific heat 


contribution (9R/8)d@p/dT. At OA°K, Ci, is 30% 
below the value it would have been, had @p remained 
constant, corresponding to (d@p/dT)~—0.3(a/R) 
x (0.4°K)*—5X10~-*, A small temperature dependence 
of the high-frequency cutoff affects the ground state of 
a large number of normal modes, resulting in a signifi- 
cant change in the specific heat. BCS' have calculated 
that the shift in lattice zero-point energy during the 
superconducting transition is the order of a thousandth 
of the electron condensation energy, Wo. Their estimate 
gives 


Wom (0) (RT)? = 3y(T./2)’6 mjoule/mole, (19) 
or a shift in the zero-point energy of the In lattice by a 
few microjoules per mole. This energy shift is much 
smaller than would be estimated from the apparent 
difference in lattice terms, 07°(C.,—C,.)dT. Another 
difficulty with this approach is that the depression of 
C;, depends on d@p/dT, and hence, the rate at which 
the superfluid density changes. The change is greatest 
just below 7., and hence the depression of C;, should 
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be far greater there than the lowest temperatures, 
where @p should be more nearly constant. The former 
interpretation, in which C;, depends on the density of 
superfluid rather than on its temperature derivative, is 
more satisfying. 

There seems to be no feature common to In and Nb 
which distinguishes them from Sn and other elements? 
for which C,, has been determined well below T,. The 
In lattice is face-centered tetragonal and Nb is body- 
centered cubic, while Sn is double body-centered 
tetragonal. In has a very low 6) and @/T., but the 
values of these parameters for Sn are lower than for 
Nb. Perhaps the essential feature lies in the electronic 
distribution. Jones has calculated a contribution to the 
specific heat which arises from the effect of thermal 
electronic excitation on the shear constant ¢44.25 The 
specific heat term is BE Td Incqs/0T*, where 8 is a 
constant the order of 1 and £&p is the lattice zero-point 
energy. The free energy W involves a parameter p which 
is defined as the distance from the origin to a face of the 
Brillouin zone. The temperature dependence of ¢44 is 
then calculated from 


Cas= (4/9) p?0?(W/Q)/0p?+ (8/9) pd(W/Q)/dp, (20) 


with the help of assumptions on the p dependence of 
W ;Q is the atomic volume. The contribution is signifi- 
cant only when the Fermi surface lies close to the 
Brillouin zone boundaries, so that its contour is sensitive 
to p. In the model of a normal metal (the @ brasses) 
which Jones considered, it is positive and proportional 
to T (W is proportional to 7°). But in the super- 
conducting state, with an energy gap centered at the 
Fermi surface and W having an exponential T depend- 
ence, one would expect Jones’ specific heat term to be 
exponential in character. Its sign and magnitude would 
depend on the details of energy surfaces near the zone 
boundaries and their sensitivity to p, i.e., to shear 
strain of the lattice. However, it is not clear how this 
theory can lead to a change in the elastic constants 
during the superconducting transition and at 
the same time explain the negative result of acoustic 
measurements. 
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Ultraviolet Absorption Spectra in Ruby* 
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The optical properties of highly doped rubies have been investigated. Al2O; and Cr2O; form a complete 
solid-solution series; single crystals containing up to 5 mole % chromia were grown by the Verneuil tech 
nique. The optical absorption of a group of ultraviolet crystal-field bands near 3400 A was studied asa function 
of temperature, crystal orientation, and chemical composition. The intensity of these absorption bands varies 
with the square of the Cr concentration, perhaps indicating strong chromium-pair interactions 


HE absorption spectra of rubies have been studied 
extensively in recent years. Several groups of 
absorption bands in the visible are well known and have 
been correlated with transitions to energy levels calcu- 
lated from crystal field theory.' These include two strong 
broad bands at 3900 and 5500 A, and two groups of weak 
narrow bands, at 4700 and 6900 A. In addition, the 
existence of some weak narrow bands in the ultraviolet 
has been noted previously,?* but no details have been 
published to permit comparison with crystal field theory. 
Single crystals of Cr-doped Al,O; containing up to 
five percent Cr.O; were grown with a modified Verneuil 
burner.‘ Feed materials were obtained from co-precipi- 
tated NH,(Al,Cr) alums calcined at 950°C for two 
hours. Lattice-parameter measurements and chemical 
analyses were employed to establish their homogeneity 
and composition. Since approximately 70% of the 
chromia vaporizes during the growth process, it was 
necessary to recheck the composition of the single- 
crystal boules. Boules containing more than 5% Cr.O; 
were usually inhomogeneous and full of bubbles. 
The lattice parameters of the chromium oxide-alumi- 
num oxide system were measured over the entire range 
of compositions using feed materials calcined at 1450°C. 


Fic. 1. Room-temperature lattice parameters and axial ratio 
as a function of composition in the Al,O;-Cr.O;, series 


* This work was sponsored by the Office of Naval Research 
‘See D. S. McClure, in Solid-State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, New York, 1959), Vol. 9, p. 490 
2S. F. Jacobs, Ph. D. thesis, Johns Hopkins University, 1956 
unpublished 
*W. Low, J. Chem. Phys. 33, 1162 
‘ A. Linz, Jr. (to be published 


1960). 


Measurements on intermediate compositions were 
hampered by a marked broadening of the high-order 
x-ray diffraction spectra, possibly arising from the dif- 
ference between the ionic radii of trivalent Al and Cr. 
Further studies might yield additional evidence rele- 
vant to the ion compression theory proposed by Orgel.® 
The values of a and c, the hexagonal unit-cell dimen- 
sions, are shown as a function of composition in Fig. 1. 
Both change smoothly between the end-member values, 
closely approximating Vegard’s rule. The axial ratio 
remains constant to 50 mole “% Cr and then rises gradu- 
ally to the value for Cr.O;. This effect may be caused 
by the Cr-Cr interactions along the ¢ axis between 
nearest cation neighbors. The lattice parameters of 
aluminum oxide crystals containing 0 to 2% Cr were 
identical, within experimental error, with those meas- 
ured by Swiss workers.® There was no indication of the 
discontinuity near 8% reported by Thilo e¢ al.’ 

Optical measurements were carried out on five single- 
crystal specimens containing 0.08, 0.35, 1.40, 2.55, and 
4.25% chromia; thin sections (2.0 to 0.2 mm), oriented 
both perpendicular and parallel to the optic axis, were 
cut from each boule. An extended ultraviolet-range 
Beckman DK-1 spectrophotometer with a tungsten 
light source and quartz optics was used to record the 
absorption spectrum of the ruby specimen, positioned 
in the exit beam. A calcite air-gap Glan-Thompson 
prism was used as a polarizer. The results permitted 
verification of all the spectra from 3000 to 7500 A 
reported by McClure,' plus the ultraviolet bands near 
3400 A shown in Fig. 2 and compiled in Table I. The 
intensities of these ultraviolet spectra were studied as a 
function of temperature, polarization direction, and Cr 
content. 

The precise number of bands in the group is difficult 
to ascertain because some are extremely weak while 
others lie so close together they can scarcely be re- 
solved. Some absorption bands are less sensitive to 
temperature than others, but nearly all increase in 
intensity as the temperature is lowered (Fig. 2). The 
intensities also show a marked dependence on crystal 


51. E. Orgel, Nature 179, 1348 (1957 

® J. P. Jan, S. Steinemann, and P. Dinichert, Helv. Phys. Acta 
33, 123 (1960). 

7E. Thilo, J. Jander, H. Seemann, and R. Sauer, Naturwissen 
schaften 37, 399 (1950). 
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TABLE I. Wavelengths of ultraviolet absorption bands at 77°K 


Elle 
d (A) 


3268 
3295 
3300 
3327 
3343 
3347 
3377 
3402 
3415 
3430 
3450 


Elc 


Zz 


v (cm) vy (cm ‘) 
30 600 
30 350 
30 300 
30 060 
29 910 
29 880 
29 610 
29 390 
29 280 
29 160 
28 990 


30 660 
30 280 
29 870 
29 480 
29 430 
29 240 
29 1600 
28 970 
28 840 
28 690 


Width 


i | 


orientation ; the spectra for /_Lc¢ and £/\\c are shown in 
Figs. 2(a) and 2(b), respectively. The principal bands 
of the w spectrum (/:)\c, H Lc) occur at a higher energy 
than those of the a spectrum (# 1c, Hc). The latter 
is identical with the o spectrum (FE _Lc, H||c), indicating 
that the spectra are not associated with magnetic 
dipole transitions.® 

The bands increase in intensity relative to other bands 
in the ruby spectrum as the Cr concentration is in- 
creased. Measurements of both peak and integrated 


Fic. 2. Optical density of ruby containing 2.55% Cr2Os, 
recorded at various temperatures. 


8 E. V. Sayre, K. Sancier, and S. Freed, J. Chem. Phys. 23, 


2060 (1955). 


ri1oN 


SPE 





Fic. 3. Integrated 
absorption of the ul- 
traviolet bands and 
the “B” lines as a 
function of the Cr 
content in ruby. 


intensities for the ultraviolet bands indicated a de- 


pendence on the square of the concentration for both 
orientations. Similar observations on the sharp spectra 


near 4770 A (the “B” lines) showed their intensities 
to be linearly proportional to the Cr content (Fig. 3). 
Paramagnetic resonance absorptions and optical emis- 
sion lines showing a dependence on the square of the 
composition have been observed previously.’ Both 
were ascribed to exchange-coupled Cr*+ ion pairs, 
which also play a role in the ultraviolet spectra. The 
theoretical calculations of Tanabe and Sugano!" suggest 
the most plausible explanation of the spectra. They 
predict transitions in the ultraviolet from the ground 
*A,(t3) to several excited doublet states, 241, 274, 
?T>2, and 7F; all having a t’e electronic configuration. 
It is conceivable that when two Cr** ions are close 
together the spin selection rules are weakened and the 
bands appear stronger than for isolated atoms in the 
lattice. 


state 
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Decay of Phosphorescence from a Distribution of Trapping Levels 


W. L. MEDLIN 
Field Research Laboratory, Socony Mobil Oil Company, Incorporated, Dallas, Texas 
(Received March 13, 1961) 


In a previous paper it was shown that the usual model for second-order decay predicted the correct form 
for the decay in many thermoluminescent crystals but gave the wrong behavior for the parameters involved. 
Specifically, it was shown that 6 and m in the decay expression, J = I9[b/(b+#) }", should behave differently 
as functions of the decay temperature and the degree of trap filling than is observed experimentally at 
temperatures near or below the glow peak. In the present paper it is shown that the discrepancies can be 
accounted for by assuming a first-order decay from a distribution of trapping levels. Most of the results are 
based on a Gaussian distribution but it is shown that other distributions can produce similar results. The 
first-order mechanism is justified by considering the relative magnitudes of the rate constants for trap 
emptying, retrapping, and recombination. At temperatures well above the glow peak this assumption is no 
longer justified, but in this range the second-order decay predicts the observed results for 6 and m. The 
effects of retrapping and of crystal dimensions are considered. Also, the effect on the glow peak of having a 
distribution of levels rather than a set of discrete levels is worked out and it is shown that the peak is 
broadened appreciably even for relatively narrow distributions. 


I. INTRODUCTION 


[TS a previous paper! it was shown that the phosphores- 

cent decay curves for a number of thermoluminescent 
crystals including calcite, dolomite, anhydrite, aragonite, 
and magnesite have the form predicted for a second- 
order process, namely, 


II. THEORY 


Figure 1 illustrates the transitions involved in phos- 
phorescent decay of the type to be considered here. The 
constants y, a, and @ refer to the rates of emptying filled 
traps, filling empty traps, and recombination with 
empty luminescent centers, respectively. It is reason- 


able to expect a and @ to be roughly independent of 
temperature over the range of a glow peak but y is a 
strong function of temperature, namely, 


IT=1,(b/b+2)", (1) 


where 6 and m are parameters. It was further demon- 
strated that the behavior of the parameters 6 and m <7 
with changes in temperature and the fraction of ini- ee (2) 
tially filled traps was not the one predicted for a second- 
order process except at temperatures well above the 
glow peak. 

In this paper it is shown that the correct behavior 
for 6 and m at temperatures near the glow peak can be 
predicted by assuming that the trapping levels are 
spread over a range of energies according to a Gaussian 
distribution function. The results are based on the 
assumption that the emptying of traps is the rate- 
determining step in the decay process except at tem- 
peratures well above the glow peak where the second- 
order process predicts the correct behavior for b and m. 
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where y is a frequency factor, F is the activation energy 
associated with the trap, and kT is the Boltzmann 
factor. At temperatures near or below the glow peak, 
y is much less than unity for most trapping levels 
whereas a and 8 should be much larger since they are 
proportional to the probability that an electron will 
combine with positively charged centers in the crystal. 
Therefore, at temperatures near the glow peak, the 
emptying of traps should occur at a much slower rate 
than either the rate of retrapping or recombination and 
should thus be the rate-determining step for the com- 
plete decay process. 

Obviously, the decay mechanism is more complicated 
than this in the crystals being considered here since the 
preceding process results in an exponential decay rate 
rather than the relation given by Eq. (1). The problem 
to be worked out here is whether the postulation of a 
distribution of trapping levels will result in a decay of 
the form of Eq. (1) and will predict the correct behavior 
for the constants 6 and m. 

The postulation of a distribution of trapping levels 
is not new? and there is good evidence that such dis- 
tributions exist in calcite, dolomite, etc. For example, 
it is found that partial emptying of the traps associated 
with a particular glow peak (by warming the crystals 
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Fic. 1. Energy level 


scheme for second-order decay. 2J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London 
A184, 390 (1945). 
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to temperatures near a glow peak for a brief period) 
results in shifting the glow peak to higher temperatures 
whereas the peak temperature should remain constant 
for a set of discrete traps. It has also been shown by 
Saddy* and Curie® that the decay curves for phosphors 
such as ZnS can be duplicated by a sum of exponential 
decay rates based on a Gaussian distribution of trapping 
levels. 

The smearing out of discrete trapping levels into a 
band of levels would presumably be the result of local 
distortions in the crystal field due to dislocations, 
vacancies, impurities, etc. Since both the local dis- 
tortions and the trapping centers should be randomly 
distributed throughout the crystal, a logical form for the 
distribution would be 


Ng=No exp[—8(E—£E,)*]. (3) 


At temperatures well below the glow peak, Eq. (3) 
expresses the distribution of filled traps after any ex- 
citation time since the rate of emptying is negligible 
and it can be assumed that the rate of filling is inde- 
pendent of trap depth, E. However, at temperatures 
near the glow peak where the rate of emptying becomes 
appreciable, the shallower traps of the distribution are 
emptied at a faster rate than the deep ones as given by 
Eq. (2). Therefore, it is clear that the value of E corre- 
sponding to the maximum number of filled traps shifts 
toward greater values as the excitation proceeds and 
the rate of shift is a function of temperature. 


The method of measuring decay curves requires 
that the sample be excited at the same temperature for 
which the decay rate is measured. Therefore, it is 
necessary to investigate the form of the distribution of 
filled traps as a function of excitation time and tem- 
perature near the glow peak. Assuming that the proba- 
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Fic. 2. Distribution of filled traps as a function of time for 
t=0.01 sec—!, 5= 10% ergs, v=107 sec!, Lo=1.00XK10-" ergs 
and T=440°K. 


4M. J. Saddy, Compt. rend, 228, 2022 (1949). 
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Fic. 3. Distribution of filled traps as a function of temperature 
for £=0.01 sec, 6=10* ergs, »v=107 sec, Ey=1.00XK10-2 
ergs, and ‘=15 sec. 


bility, &, of filling traps is independent of T and E, the 
rate of filling is given by 


dz/dt= —2zy+(Ne—2)é, (4) 


where z is the number of filled traps and y is related to 
the temperature through Eq. (2). Integrating Eq. (4) 
and substituting the initial condition: z=0 when ¢=0, 
gives 


EN expl—6(E— Ep)? ] 
: (1—exp[—(y+8)1]}. (5) 
5 ag 


The behavior of Eq. (5) is illustrated in Figs. 2 and 3 
which show z/.Vo as a function of / for various values 
of ¢ and T, respectively. These results show that s(£) 
is Gaussian in form to a good degree of approximation 
or, 


(E)~S exp[—o(E—En)?), (6) 


where S, o, and E£,, are all functions of ¢ and y (and 
hence T). At low temperatures where y<&, it is found 
that S 6, and E,,~ Eo, which means that 
all of the traps are filled uniformly as expected. At 
high temperatures where y>>£, Eq. (5) reduces to a 
Gaussian function multiplied by exp(E£/kT), which 
means that -,, increases to a limiting value with in- 
creasing ¢. For intermediate values of y, Em behaves in 
the same way but reaches a limiting value more slowly. 
The magnitude of & also determines the rate at which 
FE, reaches a limit, i.e., for smaller — longer times are 
required. It follows from this that the magnitude of », 
the temperature independent part of y, has the opposite 
effect: For smaller v shorter times are required for Eq 
to reach a limiting value. The magnitude of the limiting 
value of E,, is determined by the distribution parameter, 
5, as well as the temperature. For broader distributions 
(smaller 6) and for higher temperatures the limiting 
value is larger. 


1—e—*, os 


The distribution parameter, o, is also a function of 
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the excitation time and temperature. The value of o can 
be computed from the relation, 


o=0.693/(Ey—Em)*, 


where £, is the value of FE for which z has half its maxi- 
mum value. At a given temperature, o increases with 
excitation time, passes through a maximum, and then 
decreases to a limiting value. The rate at which it 
reaches a limit still depends on the temperature and 
the relative magnitudes of v and £ as in the case of Ey. 
In general, ¢ approaches a limit in approximately the 
same time as’ £,,, the difference being that it passes 
through a maximum first. The occurrence of this maxi- 
mum is in accordance with the trap emptying and re- 
trapping mechanisms involved. During the early part 
of the excitation, the deeper traps in the distribution are 
filled at a much faster rate than the shallower ones be- 
cause the probability of emptying the shallow traps is 
greater. The distribution of filled traps is thus becoming 
narrower during this time and a is increasing. But as 
the deeper levels become filled the rate of filling them 
decreases and finally becomes smaller than the rate of 
filling the shallower traps. During this period, the dis- 
tribution is becoming broader and o is decreasing. 
Eventually, equilibrium conditions are approached and 
o takes on a limiting value. 

Since it has been determined that the distribution of 
filled traps can be approximated by a Gaussian function 
for any excitation time, it is now necessary to deter- 
mine the rate at which this distribution is emptied 
when the exciting source is removed. Neglecting re- 
trapping, the rate of emptying traps is 


yi(E exp[ —7 f= | ) dk, 


where é is the time at which the exciting source is re- 
moved and the decay begins. Substituting Eqs. (2) 
and (6) gives 


x 


—dz a= f ySe~ E/k1 expl —a' k—FE,,) } 


<exp[ — ve E/kT (t— to) \dE. (8) 


As long as the rate of emptying traps is the rate deter- 
mining step, Eq. (8) expresses the decay rate. Since the 
distributions represented by Eq. (8) are very narrow 
(o~ 100 ev~*), the integrand cuts off very quickly on 
either side of E,, and it is a very good approximation for 
all but very shallow traps to extend the integration to 


—«, so that 


x 


~f ySe~ Elk exp —o(E—E,, 2] 


; <exp[—ve-F/#T(1— to) WE. (9) 


The integral in Eq. (9) has the same form as the ex- 
pression for the aftereffect current in a charged con- 
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Fic. 4. Theoretical decay curves based on Eqs. (9) and (10) for 
Eo=1.20X 10-" ergs and y= 1.40 107 sec 


denser.® A set of numerical values for this function has 
been computed by Wagner’ and a family of curves has 
also been published by Jahnke and Emde.' It is clear 
from inspection that these curves can be fitted to Eq. 
(1) over a range of values of y,(/—/y) which decreases 
with increasing values of 6(k7)*?. However the results 
compiled by Jahnke and Emde are not complete 
enough to determine the functional relations between 
the parameters 6 and m in Eq. (1) and the parameters 
o, Em, v, and T in Eq. (9). In order to determine these 
relations a set of supplementary values has been com- 
puted from Eq. (8). These results show that Eq. (1) 
can be fitted over a considerable range of values of 
o, Em, v, and T when 


b=cE,,'/v(kTE.)’, (10) 
where £, is a constant having the value of 0.01 ev. The 
corresponding value of m can be determined graphi- 
cally. A table of results for b and m has been compiled 
on the basis of Eq. (10) and these results are presented 
in Table I. Some representative curves taken from these 
results are shown in Fig. 4, and Fig. 5 shows some 
typical experimental decay curves for comparison. 

The results of Table I are not adequate to provide 
an expression for m in terms of E,, ¢, and T (m is 
independent of » in agreement with dimensional con- 


"K. W. Wagner, Ann. Phys. 40, 833 (1913 

K. W. Wagner, Electrotech. Z. 34, 1279 (1913 
*E. Jahnke and F. Emde, Tables of Functions 
tions, New York, 1945), p. 38 
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TABLE I. Graphically determined values of b and m. 


o Eo v . 
(erg™?) (erg) (sec!) (deg K) 
10% 1.200 107 1.40 «107 400 
105 1.200 10-# 1.40 107 440 
105 1.200 10-2 1.40 107 480 


1076 .200 XK 10-# 
1076 .200X 107" 
1076 200 X 10~-" 


1.40 x10? 400 
1.40 107 440 
1.40 «107 480 


1077 .200X 107? 
1077 .200X 10-# 
10?7 .200X 107 


1.40 X10? 400 
1.40 10? 440 
1.40 X10? 480 


106 .200 X 10-2 
1076 .200 XK 10-2 


0.700 X 107 400 
0.700 X 107 480 


1028 .200X 10-" 
1028 200 107" 


2.80 107 400 
2.80 «107 480 


1076 1.000 107? 
10r* 1.000 107 


1.40 10? 400 
1.40 107 440, 


1026 1.400 107” 
106 1.400 10-8 
106 1.400 107" 


1.40 «107 400 
1.40 «107 440 
140 «107 480 


0.708 
1.90 


siderations), but the following relations have been 


determined : 
m = —CyEytCo, Ci=f(s); 
m= C3+Cy, €. tt Ba } 


m=C;T, Cs=f(o,Em), 


C:=f(T), 
C1=f(EmT), 


where C1, C2, Cs, C4, and C; are all positive. Thus, m is 
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Fic. 5, Experimental decay curves for an anhydrite sample 
containing 680 ppm Mn** 
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Fic. 6. Decay parameter, 6, as a function of ¢ computed from 
Eqs. (5) and (10) for 6=5X10* ergs*, €=0.01 sec, and Eo 
= 1.00 10-” ergs. 


approximately a linear function of each parameter over 
the range of values considered in Table I. 

The results predicted for the parameters 6 and m of 
Eq. (1) can now be summarized and compared with the 
experimental results. At a given temperature, } varies 
with excitation time as the product cF,,°. Because of 
the complicated behavior of o with ¢, the predicted be- 
havior of } is not obvious. Some computed values of b 
have been plotted in Fig. 6. The results show that in 
general, 6 increases with excitation time to a more or 
less constant value at temperatures below or near the 
glow peak and then decreases slightly with excitation 
time at temperatures well above the glow peak. These 
results are in good qualitative agreement with the 
experimental data reported earlier! for calcite, dolomite, 
anhydrite, aragonite, and magnesite. It should be 
pointed out that the magnitude of the increase in 6 
with excitation time is controlled mainly by the in- 
fluence of ,, which depends on the relative values of 
vy and é and the value of the distribution parameter, 6. 

The behavior of 6 as a function of temperature (at a 
constant excitation time) is even more difficult to pre- 
dict because it involves the factor, 1/7*. Some com- 
puted results are plotted in Fig. 7 which shows that 6b 
should increase with temperature to a maximum value 
and then fall off more rapidly than 1/7°. These results 
are also in qualitative agreement with the experimental 
data' except at temperatures well above the glow peak. 
It is to be expected that the results are influenced in 
this range by the second-order process which becomes 
important at high temperatures. 
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Fic. 7. Decay parameter, 6, as a function of T computed from 
Eqs. (5) and (10) for 6=5X10*5 ergs, €=0.01 sec™, and / 


an 0OOX 10-" ergs 


The relations given for m in Eq. (11) are not precise 
enough to predict its behavior except as a function of 
temperature for long excitation times. Under these 
conditions o and £,, remain approximately constant 
and m should increase roughly as a linear function of 
temperature. This behavior is observed in most cases 
in the experimental data. However, it is difficult to 
explain the result, observed in all samples,’ that m in- 
creases to a limiting value and then falls off with in- 
creasing temperature. 


It is interesting to note that in most cases the experi- 
mental curves decay faster than Eq. (1) at very short 
and very long times. The faster decay at short times is 
evidently the result of the rapid emptying of traps in 


shallower distributions. However, the behavior at 
longer times is in accordance with the curves of Fig. 4. 
Therefore, Eq. (8) actually fits the experimental decay 
for longer times than indicated by the curves of Fig. 5. 
This means that Eq. (1) should be interpreted merely 
as a convenient approximation to Eq. (8) which can be 
used to describe the experimental decay curves in 
terms of the parameters 6 and m. The few cases for 
which the decay at long times is slower than Eq. (1) 
can probably be explained by interference from the 
emptying of deep trap distributions. 

The results discussed above provide good evidence 
that the electron traps in many thermoluminescent 
crystals are distributed over a range of energies. In 
view of this, the question arises as to what effect a dis- 
tribution of traps has on the glow curve. The well- 
known expression derived by Randall and Wilkins? for 
the form of a glow peak due to a heating rate, p, 


T 


py 
T=Neve B *T exp -f — e EIkTGT ’ 
0 Pp 


(12) 
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is based on a discrete trapping level, E. For a Gaussian 
distribution of filled levels, the equation for the glow 
peak is given by 


1-f Sv exp[ —o(E— E,,)? Je“ #/*? 


0 


7 


' 
exp -f e-FINTAT dE. 
, p 


(13) 


Calculations for J as a function of JT have been made 
for a set of representative values of E,,, v, and p and the 
results are shown in Fig. 8 for four values of o. These 
have been compared with the glow peak for a discrete 
level by introducing a suitable normalization factor. 
The normalizing criterion is that the total number of 
traps, V, be constant. For the Gaussian distribution 
this gives 


x 


1 
f S expl—o(E- 
E 


-m~ 


since .VE, is the total energy of all of the electrons 
which have an average energy, /,. Equation (14) can 
be integrated by letting x= E—E,, and recognizing that 
for all but very shallow traps, 


) 1 L 
f exp(—o2")dx f expl —o(E—E,,)* |dI 
Em 2 


The result is 


f expl—o(E—E,,) dE of exp(— oA di 


Thus, the normalizing relation for the curves of Fig. 8 is 


N = (S/Ewm 


TO 


As would be expected, the sharpness of the glow peaks 
in Fig. 8 increases with o. It is somewhat surprising, 
however, that the magnitude of ¢ should be so critical 
in this respect. It is clear that the values of £,,, v, and p 
change only the temperature of the glow peak and have 
little effect on its shape except for very shallow traps. 
Therefore, Fig. 8 indicates that ¢ must be at least of 
the order 10°° ergs? to provide a reasonably sharp 
glow peak. It is interesting that a o no smaller than 
10° ergs~*, which still corresponds to a very narrow 
distribution of traps, can account for a glow peak as 
broad as the one shown in Fig. 8. Some of the crystals 
considered here such as calcite, dolomite, and magnesite 
have glow curves consisting of more or less continuous 
levels of emission over a long range of temperature.’ 
The results of Fig. 8 show that these can be explained 
by a relatively narrow distribution of traps. 

Another point which deserves some comment is the 
method of determining the activation energy associated 
with a trap. The most satisfactory means of doing this 
for a discrete level is to measure the exponential slope 
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TABLE IT. Slope of exponential plot of glow curve 
for various values of o. 


o Slope of exponential plot 
in ergs? for /,,/k=0.870 deg 


5X 1075 
10° 
5X 1076 
10?" 


mune uw 


of the initial increase in intensity over a range of tem- 
peratures well below the glow peak. In this range, 


™ 
f e FlkTdT< 1, 
0 p 


and Eq. (12) reduces to 


[= Neve Elk? 


from which a value of / can be determined graphically. 
When .V¢ is replaced by the Gaussian distribution of 
Eq. (6), the early rise of the glow peak is given by 


Zs 


/ f Vov exp. —o(E—E,,)* |e EIKT dF, 


(15) 


Equation (15) is nonintegrable in closed form but a sét 
of numerical integrations has been carried out over 
the temperature range 350°-400°K for £,,=0.75 ev and 
for several values of o. It was found that the slope of 
the early part of the /(7) curve is still exponential and 
approaches —£,,/k for large o. The results, tabulated 
in Table II, show that the method is suitable for pre- 
dicting an approximate value of /» (which is always 
too small) for reasonably sharp glow peaks. 

It has been shown that for some crystals such as 
calcite the glow peaks are appreciably enhanced by 
annealing the sample at temperatures near its decom- 
position range for a few hours.’ The increase in intensity 
is accompanied by a decrease in the half width of the 
glow peak. The results shown in Fig. 8 indicate that this 
can be readily explained by an increase in o when the 
sample is annealed. Since the effect of annealing is to 
smooth out many of the crystal distortions which were 
introduced during growth, such an increase in a is to be 
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Effect of annealing on decay parameters 6 and m 


Excita 
tion Tempera 
time ture 
Sample deg K) 
before annealing 
before annealing 


Calcite 


after annealing 
after annealing 


Calcite 


'W. L. Medlin, J. Chem. Phys. 32, 943 (1960). 
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expected. To test the hypothesis, a calcite sample con- 
taining 1000 ppm Mn** was prepared by precipitation 
at room temperature. A part of the sample was then 
annealed and values of o were determined from the 
decay curves of the original and the annealed samples. 
The results, given in Table III, show a definite increase 
in o due to annealing which indicates a larger value of 
a in the annealed sample. Similar results have been ob- 
served by comparing the decay curves of samples pre- 
cipitated at room temperature with samples precipi- 
tated at elevated temperatures (200-250°C) by hydro- 
thermal techniques.’ 

In deriving the decay expression given by Eq. (8) it 
has been assumed that retrapping during the decay 
period can be neglected. If the crystal contains trapping 
sites at several different distribution levels then it is 
clear that retrapping at levels other than the one under 
consideration can be neglected. Retrapping in the shal- 
lower distributions has negligible effect since the elec- 
trons spend such a short time there. Retrapping in the 
deeper levels is in the same category as radiationless 
transitions; both can be neglected as long as the trap- 
emptying process is the rate determining step. How- 
ever, retrapping at the same level may occur to an 
appreciable extent and it is worthwhile to consider its 
effect. 

Using the notation of Fig. 1, the rate of emptying 
traps is 


ds/dt yota(A E—2)n. (16) 
The case where an electron is immediately retrapped 
at the same center it ‘has just left can be eliminated as 
before since this merely amounts to a reduction in the 
value of y. If it is assumed that the number of conduc- 
tion band electrons, 7, remains approximately constant 
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during the period of interest, then Eq. (16) gives 


1 
->=——{AVe+[(At+y)s—ANe ] 
A+7 

xXexp[— (A+) (t—to) ]}, (17) 
where \=an and Zo is the number of filled traps at 
t=t. Differentiating Eq. (17) with respect to ¢ and 
substituting for so and .Vg¢ from Eqs. (3) and (6) gives 
an expression for the rate of emptying traps, 


—dz;/dt={(A+ ve E/kT)S§ exp 
AV expl—6 


Xexp[(—A+ ve~#/*7) (tt, ) }. 


(18) 


The decay rate is then obtained by integrating Eq. (18) 
over all energies. The resulting expression can be put 
in the form, 


}. (19) is identical to the decay 
rate without retrapping [see Eq. (8) ] multiplied by the 
exponential, exp[—A(¢—¢o) ]. The second integral is 
always negative since So*2d E < S(*N edE and for long 
excitation times becomes negligible. Therefore the decay 
with retrapping is given by the decay without retrap- 
ping multiplied by the corrective factor expl —A(t—¢o) ] 
and with another corrective term of approximately the 
same form in ¢ subtracted from it. An obvious means of 
determining the importance of retrapping is to measure 
the decay rates under the two conditions: (1) y>A 
high temperature) and /(*2dE=~ fo*N dE (long ex- 
citation time), and (2) y~A and /p*2d@ EK fU*N ed. 
This has been done for several samples! without finding 
any apparent differences in the form of the decay curve. 

The preceding developments have been derived on 
the basis of a single crystal of large dimensions. But 
since large single crystals of most of the crystals con- 
sidered are not generally available, it is important to 
consider the effect of crystal size on the decay process. 

Since the crystal boundaries act as barriers for the 
motion of free electrons it is clear that the crystal 
dimensions determine the maximum range of electrons 
in the conduction band. Therefore, unless the mean 
free path of the conduction electrons is considerably 
less than the dimensions of the individual crystallites, 
the equations based on single crystals are not valid when 
he effect of considering 


The first integral in E 


applied to a powdered sample (| 
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TABLE IV. Effect of crystal size on decay cur 


Excita 
tion Tempera 
time ture b Re- 
Sample SEC deg K m marks 
Natural calcite 300 335 0.85 
(Brewster County, Texas 
Natural calcite 
Brewster County, 


Single 


crystal 


300 335 2 O85 Groune 


Pexas sample 


the contributions of a large number of crystallites to the 
decay process has been considered by Weyl"). 

An expression for the mean free path of electrons in 
ionic crystals has been derived by Fréhlich and Mott! 
and by Seeger and Teller."* For electrons having an 
energy of a few electron volts (the energy gap in most 
of the crystals considered here is of the order of 10 ev), 
the mean free path is no greater than 10 
the crystallites in most natural samples have dimensions 
of the order 10~* cm, it is evidently valid to apply the 
single-crystal results to these samples. 


> cm. Since 


To verify this experimentally the decay curves for a 
single crystal of natural calcite containing Mn** 
measured before and after grinding. The maximum 
crystallite size after grinding was no larger than 107% 
cm. The results, which are given in Table IV, show that 
the form of the decay curve and the values of 6 and m 
were not appreciably affected by diminishing the 
crystal dimensions. 

The choice of a Gaussian functior 
distribution of traps with energy follows from the 
assumption that localized distortions as well as trapping 
centers are randomly distributed throughout the crystal. 
It is interesting to consider at this point the question 
of other possible distribution functions. 

A form which suggests itself is one for which the rate 
of change in the number of traps with energy (measured 
on either side of a zero point energy, £o) is proportional 
to the number of traps at that energy, i.e., 


dN ./de pb ., 
Ko|. From Eq. (20), V.(E 


were 


to describe the 


(20 
where «= |E has the form, 
V.= No exp[p(E— Ep) |, E< 
N.=Noexpl[—u(E-—£))], E>E. 


(21 


When this distribution is substituted into the 
expression, the result is 


decay 


I 


l=N f explu(h— FE ) Je“ #/*T exp[ — rte? 
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HNww f 
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expL—p(E-1 a exp) 


4! H. Frohlich and N. F. Mott, Proc. 
496 (1939). 
>R. J. Seeger and FE. Teller, Phys. Rev. 54, 515 
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Fic. 9. Theoretical decay curves computed from Eq. (21) for 
an exponential distribution of trapping levels with 2o=1.20 10” 
ergs, v= 1.40107 sect, and T=440°K. 


Equation (22) is nonintegrable in closed form but a set 
of values of J as a function of ¢ has been computed 
numerically. The results fit Eq. (1) over a suitable 
range of ‘—¢y as illustrated in Fig. 9. The relations be- 
tween b and m and the parameters Eo, v, T, and wu have 
not been worked out in this case. Also, it has been 
assumed that the distribution function (21) retains its 
form to a good approximation as the traps are filled. 

It can be concluded that a Gaussian distribution 
function is not the only one which will give the correct 
form for the decay curve. Therefore, the agreement with 
experiment of results based on the Gaussian distribu- 
tion cannot be taken as proof that the traps are dis- 
tributed in this way. 
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III. CONCLUSIONS 


The experimentally observed form of the decay curve 
for all of the common thermoluminescent minerals, 
given by Eq. (1) can be derived by assuming that: 
(a) the electron traps are not confined to a discrete 
level but are distributed over a narrow range of energies 
and (b) at temperatures near the glow peak, the rates 
of recombination and retrapping are so much faster 
than the rate of emptying traps that the latter process 
is the rate determining step. 

A Gaussian distribution of trapping levels (which is 
the most logical choice) results in a distribution of 
filled traps which can be approximated by a different 
Gaussian function for any excitation time. The decay 
curve predicted for such a distribution has the experi- 
mentally observed form and the behavior of the pa- 
rameters b and m with excitation time and temperature 
(near the glow peak) agree with the experimental 
results. 

Retrapping during the decay period is apparently 
not important in affecting the form of the decay curve. 
Also, the size of the individual crystallites in powdered 
samples is not critical above 10-100 u. 

The smearing out of discrete trapping levels into 
bands of levels results in a flattening of the associated 
glow peak. This broadening effect becomes extreme for 
distributions which are still relatively narrow and shows 
that the very broad, low-temperature glow peaks ob- 
served in such crystals as calcite and dolomite can be 
explained by quite narrow distributions of trapping 
levels. 

It can be shown that a Gaussian distribution is not 
the only one which provides the observed decay form 
and the proper behavior of the parameters b and m with 
excitation time and temperature. It appears that any 
narrow distribution function provides the observed 
results. 
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The specific heats of fec ZrH;.ss and ZrD;.5s have been measured in the temperature interval 30-500°C 
The data are interpreted in terms of a harmonic oscillator model for the hydrogen and deuterium specific 
heat contributions. This model is in accord with recent inelastic neutron scattering studies and predicts an 
isotopic depression of the deuteride Einstein temperature by a factor of 1/\2 relative to the hydride value. 
Over the interval 30-200°C, the data and model are quantitatively consistent. At higher temperatures, the 
deuteride specific heat is somewhat smaller than anticipated. Quantities of noncubic y-phase material are 
known to be present in the samples used, particularly in the deuteride, and this is thought to be a likely 
cause for the deviations. The hydride Einstein temperature calculated from the difference between deuteride 
and hydride specific heats at 150°C is 1500+300°K, as compared with the inelastic neutron scattering 


value of 1500+ 60°K 


I. INTRODUCTION 


YDROGEN and deuterium readily react with 

zirconium at elevated temperatures until the 
limiting compositions ZrH, and ZrD» are approached. 
In the resulting material, the zirconium completely 
occupies the sites of a lattice which has its symmetry 
and scale determined by temperature and gas concen- 
tration, while the gaseous component exists as a mono- 
nuclear species within the interstices of the resulting 
structure. For example, ZrD2 is known to have all the 
tetrahedral interstices of the fct zirconium structure 
occupied,' so that the deuterium also forms a completed 
structure. At lower concentrations, however, a defect 
structure must result, since there are more interstices 
of the proper type than there are gas atoms. For the 
present, it will not be necessary to ponder the fate of the 
electrons originally associated with the gas atoms. It 
will suffice to assume that for a given gas concentration, 
the gas atom nuclei are bound to the zirconium matrix 
by forces which are the same for hydride and deuteride, 
an assumption supported by their great similarity with 
regard to many physical properties such as crystal 
structure, electronic transport properties, etc. 

Recent inelastic neutron scattering (INS) studies*~* 
indicate that the lattice vibration spectrum of ZrH;.5 
closely resembles that produced by a linear diatomic 
lattice in the limit of very large mass ratios. Specifically, 
an acoustical branch with an energy cutoff correspond- 
ing to 230°K (0.02 ev) is observed in conjunction with 
a narrow optical branch having a mean energy corre- 
sponding to 1500°K (0.130 ev). Instrumental resolution 
and Doppler broadening account for very nearly all of 
the optical branch energy linewidth, and hence, these 
modes are associated with essentially a single energy (or 
frequency), independent of the wave propagation vec- 

t Supported by the U. S. Atomic Energy Commission. 

1S. S. Sidhu, LeRoy Heaton, and M. H. Mueller, J. Appl. 
Phys. 30, 1332 (1959). 

21. Pelah, C. M. Eisenhauer, D. J. Hughes, and H. Palevsky, 
Phys. Rev. 108, 1091 (1957). 

3 A, Andresen, A. W. McReynolds, M. Nelkin, M. Rosenbluth, 
and W. Whittemore, Phys. Rev. 108, 1092 (1957). 


4W. L. Whittemore and A. W. McReynolds, Phys. Rev. 113, 
806 (1959) 


tor. On this basis, it appears reasonable to treat the 
hydrogen nuclei as independent and identical harmonic 
oscillators, and to predict that they will make an inde- 
pendent Einstein contribution to the specific heat at 
constant volume C,. The thermal vibration contribution 
to C, is accordingly separated into two additive parts: 
one due to the gas nuclei c,(H), the other to the zir- 
conium c,(Zr). The zirconium sublattice will presumably 
make a typical Debye contribution (@p ~ 230°K) which 
will be very nearly saturated at the Dulong-Petit value 
above room temperature. Furthermore, in view of the 
large molar concentration and high characteristic tem- 
perature (1500°K) associated with the gas nuclei, it 
would appear that the optical modes should lend a 
strong unsaturated Einstein character to C, above room 
temperature. The tenability of this conclusion should be 
capable of direct test by comparison of hydride and 
deuteride specific heats above room temperature, since 
the latter should suffer a predictable isotopic depression 
of its Einstein characteristic temperature relative to the 
hydride. Unfortunately, C, values cannot be determined 
directly, nor is there available the thermodynamic data 
which would permit the conversion of constant pressure 
measurements C, to constant volume. Although the 
change in lattice dynamics entailed by the substitution 
of deuterium for hydrogen undoubtedly affects the 
density, thermal expansion, and isothermal compressi- 
bility somewhat, it is not unreasonable to suppose that 
the over-all change in (C,—C,) will be fairly small. In 
this spirit, it will be assumed that (C,—C,) is not sub- 
ject to an important isotope effect, but instead is com- 
mon to both hydride and deuteride. Consequently, 
direct intercomparison of hydride and deuteride C, data 
can be used to investigate the consistency between 
model and experiment. As will be seen, a reasonably good 
degree of consistency is indeed observed. 


II. THEORY 


The characteristic frequency vg, Einstein character- 
istic temperature 7, force constant K, and reduced 
mass m of a quantized, three-dimensional harmoni 
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Te *1060°K 


Te=!500°K = (x= 1.58) 
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Fic. 1. Harmonic oscillator contributions calculated on the 
basis of 1.58 moles of oscillators. The Einstein temperatures 
1060°K and 1500°K are appropriate for ZrDj.5, and ZrH, 
respectively. 


oscillator are related by 


hvg=kTp=h(K/m)}, 


and the specific heat of one mole of such oscillators is 


3R(AY)? sinh-2(4Y), (2) 
with 


Tp/T, 


where R is the universal gas constant. Due to the large 
relative mass of zirconium, only negligible errors are 
incurred by not using reduced masses for the oscillators. 
Also, since the force constant AK is assumed to be de- 
termined by the electronic properties of the atoms in- 
volved, and hence to be the same for hydride and 
deuteride, Eq. (1) indicates that 


7 r(H)=v2Tx(D), (4) 


i.e., the deuteride characteristic temperature is depressed 
by a factor 1/\2 relative to that of the hydride for 
materials having the same gas-to-metal atom ratio x. 
Figure 1 presents plots of Eq. (2) for 1.58 moles of 
oscillators (or 1 mole zirconium in ZrH; 3s), the two 
temperatures used being consistent with the INS hy- 
dride value and Eq. (4). The INS Einstein temperature 
for x= 1.5 is taken to apply also for «= 1.58.° 
Assuming that (1) there is one harmonic oscillator 
per gas atom nucleus, (2) every such oscillator makes an 
independent and identical Einstein contribution to C,, 
and (3) the zirconium contribution to C, (plus any other 
contributions not explicitly mentioned) and (C,—C,) 


5A. W. McReynolds, M. S. Nelkin, M. N. Rosenbluth, and 
W. L. Whittemore, Proceedings of the Second United Nations Inter 
national Conference on the Peaceful Uses of Atomic Energy (United 
Nations, Geneva, 1958), Vol. 16, p. 297. This study indicates that 


the Einstein temperature (INS) remains essentially constant over 


the range ZrH;.2-ZrH,.9. (By implication, the hydrogen in the a, 


5, ¢, and y phases must be associated with very nearly the same 


instein temperature.) 
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Fic. 2. Difference in harmonic oscillator specific heats (for 
isotopic mass ratio of two) vs ratio of Einstein temperature to 
actual temperature (°K). Two branches of solutions exist, due 
to the double valued nature of the function. The temperature 7) is 
associated with the larger specific heat difference. 


are the same for hydride and deuteride: 


C,(ZrD,)—C,(ZrH,) =a[¢,(D)—c,(H)], (5) 


where the gas contributions c, are given by Eq. (2). The 
third assumption embodies the spirit of the present 
approximation, as mentioned earlier. It is convenient 
to display: the consistency between model and experi- 
ment in two equivalent ways, the first of which is 
based on 


x¢,(D)=[(C,(ZrD,)—C,(ZrH,) | (experimental) 
(6a) 


(6b) 


(H (calculated 


rc,(D) (calculated), 
where the calculated «c, values are the functions appear- 
ing in Fig. 1. Alternatively, Eqs. (2), (4), and (5) may 
be combined explicitly : 


C,(ZrD.z)—C,(ZrH:) 


=3R(x)($Vp)*[sinh-?(3Vp)—2 sinh?(Ip, v2) }. (7) 


Hence, deuteride (or hydride) Einstein temperatures 
can be obtained directly from the difference of experi- 
mental C, values, again enabling comparison with INS 
results. At first, it may appear that Eq. (7), as plotted 
in Fig. 2, involves a certain degree of ambiguity, in that 
it is a double-valued function. This difficulty is removed, 
however, when C,(ZrD,) and C,(ZrH,) are known for 
at least two temperatures 7 and 7», since only one or 
the other branch of solutions is appropriate, depending 
on whether 7)>7>2 or 71;< 7.2, where 7, is associated 
with the larger difference of specific heats. 


III. SAMPLE MATERIALS 


Both hydride and deuteride specimens were prepared 
from AEC reactor grade, extruded sponge zirconium 
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bar stock. A typical analysis for such material is avail- 
able elsewhere.* Bottled hydrogen and deuterium were 
first reacted with uranium, then re-evolved for sample 
manufacture. The hydrogen content of the deuterium 
was determined to be less than 1 at.% by direct mass- 
spectrographic analysis. 

Annular slugs having the approximate dimensions, 
1.25 in. o.d.X0.25 in. i.d. 0.50 in., were machined from 
zirconium. These were subsequently reacted with hy- 
drogen or deuterium inside a quartz tube mounted 
vertically in a resistance furnace. Prior to reaction, the 
zirconium was outgassed at either 850°C (hydride) or 
650°C (deuteride) until the pressure fell below 5X 10~¢ 
mm Hg. During initial reaction, the furnace tempera- 
tures remained constant at the aforementioned values. 
Hydride and deuteride slugs were produced in about 40 
and 15 hr (per slug), respectively, roughly half of the 
time being used to cool the samples to room tempera- 
ture. The difference in preparation time between hydride 
and deuteride was mainly due to the necessity of admit- 
ting deuterium much faster than hydrogen, to avoid 
stalling the reaction as the result of very slight surface 
contamination. In this respect, the systems Zr-H and 
Zr-D seem to differ drastically, more so than would be 
expected from the mere decreased mobility of deuterium 
owing to its larger mass. During the rapid initial reac- 
tion with deuterium, the zirconium undoubtedly rose 
significantly above 650°C. 

Mass gain and reacted gas volume (STP) were used 
to determine the compositions of samples as manu- 
factured. After calorimetry, their compositions were re- 
determined using standard vacuum fusion techniques, 
good agreement invariably being obtained with the pre- 
calorimetry value x= 1.58+0.02. 

Originally, it was thought that the composition 
x= 1.58 would yield a single phase, i.e., the fcc 6 phase. 
Metallographic and x-ray evidence, however, indicates 
that samples prepared by the above methods actually 
contain amounts of noncubic material, both before and 
after thermal cycling in the calorimeter. Although it is 
difficult to make an accurate estimate, metallographic 
studies indicate that as much as 10 vol. % of noncubic 
material may be present in the deuteride. Tne hydride 
contains substantially less, probably only 2 or 3%. 

Examination by polarized light suggests the presence 
of three classifications of material. By far the bulk of 
every sample consists of an optically inactive com- 
ponent, i.e., one which has a cubic structure. This is 
undoubtedly the 6 phase which also produces the basi: 
fcc x-ray powder patterns observed. Within this matrix, 
the noncubic (optically active) material is deposited in 
two characteristic modes with respect to the 6-phase 
grain network. One occurs within the grains (intra- 
granular) as an array of parallel bands, while the other 
is deposited as irregular masses along grain boundaries 


6 R W Dayton, Reactor Handb 0k Ir ters« ien e Publishers, 
Inc., New York, 1960), Vol. ILI, p 463. 
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(intergranular). Of the two, the intergranular material 
is far less abundant, perhaps by as much as a factor of 
five or more. 

At worst, only a suggestion of irregularity occurred in 
the hydride x-ray pattern (fcc). For the deuteride, how- 
ever, weak lines were observed corresponding to inter- 
planar spacings of d=2.72 A and d=2.48 A. On the 
basis of comparison with 11 other hydride and deuteride 
samples (1.5€«¢ 1.9), as well as with pure zirconium, 
it was concluded that these lines did not correspond to 
any known fct modification, nor to free zirconium. Sub- 
sequently, it has come to the author’s attention that 
very recent studies’~’ indicate that as many as three 
phases (a, 6, and y) seem to coexist over much of the 
composition range formerly reserved exclusively for the 
5 phase, both for Zr-H and Zr-D. [From earlier phase 
diagram work,'® and from conventional phase-rule con- 
siderations, it seems likely that both a (hep) and y (bet) 
phases are metastable at «= 1.58. | The y phase has been 
reported to have its strongest lines at d=2.72 A and 
d=2.48 A.? In accord with the experience of others,’ 
attempts to substantially reduce the amount of y-phase 
material by annealing below the eutectoid temperature 
(550°C) have been unsuccessful. 

To summarize the situation, it would appear that 
relatively minor amounts of noncubic material occur in 
the hydride, while the deuteride may contain as much 
as 10 vol. %, most of which probably exists as intra- 
granular y phase. 


IV. EXPERIMENTAL METHODS 


Special experimental complications are encountered 
in the calorimetry of hydrides and deuterides. These 
stem from the fact that gas is evolved as the temperature 
is increased. The problem is twofold: Evolution or ab- 
sorption of relatively small amounts of gas can introduce 
sizeable errors into the heat capacity measurements, 
due to the large associated latent heat; and large inte- 
grated losses of gas will significantly change the com- 
position of the sample. Encapsulating the sample in a 
gas-tight stainless steel can having very little void 
volume is the simplest solution for both. Void volumes 
of the order of 10 cm’ are permissible for the samples 
used (approx 200 g). It is also necessary to improve the 
effective thermal diffusivity of the sample so as to reduce 
thermal-lag effects. This is accomplished by introducing 
+ atm of helium into the sample can, and by increasing 
heat transfer area by utilizing multiple-slug sample 
geometry. 
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A schematic sketch of the adiabatic shield calorimeter 
which was used is presented in Fig. 3. Fine wires support 
the sample can within the adiabatic shield. Both sample 
can and copper shield carry platinum resistance ther- 
mometers on their surfaces. An internal electrical sample 
heater makes use of a vacuum-tight ceramic-to-metal 
seal as an insulated lead, and a ribbon heater is wound 
on the outer surface of the shield. Surrounding the 
sample-shield assembly is a vacuum resistance furnace 
which has its temperature regulated by means of a com- 
mercial saturable reactor thermostat. The effective tem- 
perature difference between sample-can and shield sur- 
faces is sensed by placement of the platinum thermome- 
ters in a de bridge circuit. After amplification, the bridge 
unbalance signal drives a commercial recording con- 
troller which adjusts the shield power so as to restore 
balance. In addition to this function, the sample 
thermometer can be used simultaneously as a four- 
terminal resistance thermometer for the determination 
of absolute sample temperatures. 

Heat capacities are measured as follows: After the 
calorimeter has achieved steady-state conditions for a 
given furnace temperature (and for a small, constant 
value of shield power), the bridge is balanced and there- 
after permitted to control power to the shield. Under 
these conditions, the sample temperature drift is ob- 
served for an appropriate length of time. Electrical 
energy (dc) is then supplied to the sample heater at a 
well-known, nearly constant rate, and for a predeter- 
mined length of time. During this interval, referred to 
as the heating pidse, the sample temperature rises nearly 
linearly ; afterwards, the new drift rate is observed. A 
typical temperature vs time plot is presented in Fig. 4. 
The effective change in sample temperature AT is ob- 
tained by extrapolating the prepulse and postpulse 
curves to the center of the heating interval as indicated 
in Fig. 4. For heating curves of the simple variety en- 
countered, this method compensates for changes in 
effective drift rate which occur during the pulse. Among 
possible causes for such changes are temperature de- 
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the center of the heating interval. 


pendence of the bridge balance point, and thermal effects 
associated with certain types of phase reapportionment. 
After evaluation of the total heat AQ developed in the 
sample heater, the heat capacity of sample plus ad- 
dendum is calculated from AQ/AT. Later, the sample is 
removed from the sample can, and the procedure re- 
peated for the resealed sample can alone. Taking the 
difference yields the heat capacity of the sample. This 
procedure has the usual merit of compensating for 
systematic errors common to both sets of measurements. 

Prior to making hydride or deuteride measurements, 
the specific heat of very pure copper was determined 
several times at 300° and 500°C. All results were within 
+1% of accepted values, corresponding to an uncer- 
tainty of +0.3 cal, °C in the heat capacity. 

Several attempts were made to determine the room 
temperature compressibility of hydride and deuteride 
samples by measuring the elastic constants via the ultra- 
sonic pulse-echo method. These were unsuccessful, pre- 
sumably because of strong crystalline boundary scatter- 
ing of sound waves. It should be possible to perform 
such measurements using the piezoelectric composite 
oscillator technique, since the wavelengths involved are 
much longer. Obtaining the compressibility is the major 
experimental problem in the direct 
hydride and deuteride (C,—( 


comparison of 
) values. 


V. RESULTS AND DISCUSSION 
t heat measurements is 
presented in Fig. 5, with a somewhat stylized curve 
being drawn through the deuteride data to emphasize 


A summary of the specific 


the possibility of a relatively rapid change in slope 
occurring near 150°C. These data have been combined 
via Eq. (6a) to produce the results of Fig. 6. This treat- 
ment is tantamount to using the hydride data [in con- 
junction with Eq. (2) and the INS value 7’~= 1500°K | 
to evaluate all contributions to C, which are common to 
hydride and deuteride, i.e., all contributions save that 
arising from the vibrations of gas atom nuclei. Subse- 
quent subtraction from the deuteride data yields the 
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deuterium contribution «c,(D) (bars) which can be com- 
pared with the direct predictions of Eqs. (2) and (4) 
(smooth curve). It is seen that within experimental un- 
certainty, the model is consistent with observed C, 
values over the interval 30-200°C, above which there 
occur significant deviations towards small xc,(D). Equa- 
tion (7) may be used to evaluate Tg for the hydride, 
and again reasonable agreement is obtained over the 
interval 30—200°C, e.g., a value of T7g= 1500+300°K is 
obtained at 150°C, compared with the INS value of 
1500+60°K. Above 200°C, the deviations of Fig. 6 are 
reflected in the rapid variation of deduced 7¢ values. 
By and large, however, the harmonic oscillator model 
seems to give fairly good account of the hydrogen and 
deuterium contributions to C,, including the isotopic 
depression of the deuteride Einstein temperature.” 
The deviations noted above can only stem from two 
general possible shortcomings of the model 
and/or complications in the experimental situation. Due 
to the potential multiplicity of possible inadequacies in 
the model, and because of the limited nature of available 
information, it appears unprofitable to consider this 
aspect at present. As was indicated earlier, there is 
evidence that the deuteride sample may contain as much 
as 10 vol. % of noncubic phases, which could indeed 
complicate matters experimentally. Furthermore, the 
deuteride C, data may be interpreted as having a break 


in slope near 150°C, a feature not in common with the 


causes: 


hydride. Pred ating the validity of these observations, 


t Recent electronic transport properties measurements also lend 
support to this conclusion: P. W. Bickel and T. G. Berlincourt, 
Phys. Rev. 119, 1603 (1960), and P. W. Bickel and T. G. Berlin- 


court (private communication 
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Fic. 6. Comparison of deuteride harmonic oscillator contribution 
to C, as obtained from hydride and deuteride C, measurements 
(bars), and as predicted directly by model using inelastic neutron 
scattering results (smooth curve). 


a particular possibility readily suggests itself. Since 
there is a region in which data and model agree well! 
(30—-200°C), and since there is reason to believe that the 
presence of extra phases in modest amounts would not 
influence the average intrinsic specific heat greatly,‘ it 
seems likely that complications due to extra phases 
would be caused primarily by phase reapportionment 
at higher temperatures. For instance, the observed de- 
viations could be explained by the exothermic conver 
sion of y deuteride (assumed to be metastable) to 6 


deuteride. The reaction could not, however, proceed 


with a rate which depends only on temperature, in 
creasing with increasing temperature. Such effects would 
be quite noticeable in the sample heating curve (Fig. 4), 
and would be subsequently compensated for (to first 
order) by the heating curve analysis of Sec. IV. Instead, 
the process would have to proceed with a rate which 
depends strongly on the rate of temperature change. 
This suggests that the amount of metastable phase pres- 
ent would have to depend almost exclusively on thi 
temperature with 
rapidly in time. 


reapportionment occurring 
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The critical current at which pinching occurs in indium antimonide has been measured by three inde- 
pendent methods: (a) by noting the current at which the pinched current-voltage characteristic deviates 
from the unpinched characteristic that is obtained in the presence of a longitudinal magnetic field //, using 
crystals of sufficiently high resistance for the avalanche breakdown current to be considerable, before 
pinching sets in, as the electric field is increased; (b) by noting the current at which the magnetoresistance, 
as a function of H, shows a change in its behavior; and (c) from a study of the critical current as a function 
of H. The three methods lead to a value for the critical pinching current of 4-5 amp. This current is the 
same for both single-crystal and polycrystalline samples, and is insensitive to small changes in the donor 
concentration or cross-sectional area of the crystal. The value of the critical current leads to a mean carrier 
temperature of 0.04 ev in avalanche breakdown. An irregular form of noise is observed when the crystal is 
operated in the transition region between the pinched and unpinched conditions, and it is thought that 
this noise is caused by pinching-unpinching instabilities. 


INTRODUCTION 


T the International Semiconductor Conference 

held at Rochester, in 1958, Glicksman and Steele! 
presented some data on the effects of an external, 
longitudinal, magnetic field on the current-voltage 
characteristic of single crystals of indium antimonide 
at high electric fields. At the time, these effects were 
unexplained, but, subsequently, the same authors as- 
cribed them to self-pinching of the current in the crys- 
tal. The work described in this paper corroborates and 
extends the experimental results of Glicksman and 
Steele. Furthermore, it is found that the self-pinching 
hypothesis appears adequate to explain the effects ob- 
served when a variety of experimental parameters 
(crystal perfection, impurity concentration, cross- 
sectional area, magnetic field strength) are varied. In 
addition, instabilities have been observed in the current- 
voltage characteristics when the crystal is being oper- 
ated in the transition region between the pinched and 
unpinched conditions. From these various studies it has 
proved possible to derive an unambiguous value for the 
critical current for pinching in indium antimonide. In 
the next section, the necessary for self- 
pinching will be discussed. This will be followed by 
detailed descriptions of the experiments which estab- 
lished that self-pinching was occurring at currents 
greater than about + amp. 


conditions 


NECESSARY CONDITIONS FOR 
PINCHING TO OCCUR 


The customary criterion for the occurrence of self- 
pinching is that the energy density of the circumferen- 
tial magnetic field caused by the current flow through 
the crystal should be equal to that of the carrier 
energy density. That is, 


Be/8r=k(nT.+pT>), (1) 


'M. C. Steele and M. Glicksman, J. Phys. Chem. Solids 8, 
242 (1959). 

2M. Glicksman and M. C. Steele, Phys. Rev. Letters 2, 461 
(1959): 


where By is the circumferential magnetic field, & is 
Boltzmann’s constant, 7 and # are the electron and hole 
densities, respectively, while 7, and 7, are the average 
electron and hole temperatures, respectively. It is clear 
that, for pinching to occur, carriers of both sign are 
necessary ; if the crystal were strongly n-type, for ex- 
ample, the tendency of the electron flow to pinch to a 
narrow cross section would be counteracted by the effect 
of the space charge field set up by the ionized donors 
left behind. If the crystal is in avalanche breakdown, 
however, the electron and hole densities become equal 
and significantly greater than the donor or acceptor 
concentrations. Quenching of the pinch effect by space 
charge fields will not occur then, since both carriers 
are mobile. Thus, putting 7= p, expression (1) becomes 


Be/8r=nkT, (2) 
where T=T,+T>. 
Consider a current column of circular cross section, 
radius r. Let the current be 7. Then 
1/ ar? = ne(v,+2, ne?, (3) 


p 


(4) 


Hence, from Eqs. (2)—(4), there will be a critical current 
for pinching (7,9), given by 


ico= 2RT /ev. (5) 


Thus, the two prime conditions that must both be met 
for pinching to occur in an extrinsic semiconductor 
are: (i) The magnitude of the current must exceed 
the critical value given by Eq. (5); and (ii) the electric 
field E in the crystal must be at least equal to the field 
necessary for avalanche breakdown (£3). 

In these present experiments, as well as in those of 
Glicksman and Steele, a longitudinal magnetic field 
(B.) was used for diagnostic purposes. It is then neces- 
sary to consider the external magnetic field flux con- 
tained by the pinch. Suppose the current column is 
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circular, with a radius R at the outset of the pinching, 
and that the radius of the pinched column is s, as before. 
As the column pinches, the magnetic flux contained 
within it is compressed from an area rR? to an area 
mr’, provided there is no flux leakage. The condition 
at the critical current for pinching then becomes 


Be =S8ankT+B2[11+Le(R?—?’) |, 


(6) 


where the factor L is included to allow for the possi- 
bility of the diffusion of magnetic flux out of the pinch 
column. The diffusion constant D is given by 


D=c*/41o, 


where c is the velocity of light, and o@ is the plasma 
conductivity. As we shall see, the lowest current at 
which pinching occurred was 5 amp. The applied field 
strength was about 200 v cm™, and, at this field, the 
drift velocity'* is about 310° cm sec~'. The cross- 
sectional dimensions of the crystal were 0.06 cm by 
0.04 cm. Thus, at 5 amp, the carrier concentration was 
about 4X 10" cm 
107 cm? sec™'. Thus,.even in as short a period as 0.1 psec, 


’ and, hence, D was of the order of 


the magnetic field could diffuse about a cm, so that we 
are justified in putting L=0 in Eq. (6). We thus obtain, 
for the initiation of pinching, 


2kT /ev) + (B2/i,)(R/2)?. (7) 


From Eqs. (6) and (7) it can be seen that: (i) With 
B.=0, the critical current i, is independent of the cross- 
sectional area of the crystal; (ii) when B,+0, the in- 
creased pressure inside the pinch results in the final 
pinch radius r being greater than when B,=0; (iii) 
when B,#0, (di./dB.)\=R/2 when B, is sufficiently 
large. 

EXPERIMENTS 
A. Experimental Techniques 


The experimental techniques used in these studies 
were standard. The samples used in this work consisted 
of bars of square or rectangular cross section, provided 
with side-arms for the attachment of voltage leads. 
Because it was found that the experimental results did 
not differ significantly if the samples were polycrystal- 
line rather than single crystal, most of them were cut 
from two lots of n-type polycrystalline material with 
excess donor concentrations of 2X10" cm-*. Heavy 
current leads were attached at the ends of the bar, and 
lighter voltage leads on the side-arms, by means of a 
suitable solder. The samples were immersed in liquid 
nitrogen for all of the experiments. 

Constant current pulses were applied to the samples 
by discharging a charged 50-ohm coaxial line, using a 
mercury relay as the switch. The pulse length was 1.6 
usec, and the repetition rate generally about 20 cps. 
Care was taken to establish good matching of the sample 
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circuit to the coaxial line, under a// operating conditions. 
The current delivered to the crystal was deduced from 
an oscilloscope display of the voltage drop, across a 
small resistor in series with the crystal. Under all oper- 
ating conditions, it was established that this current 
remained constant for the duration of the pulse. The 
voltage drop across the sample, or the part thereof 
appropriate to the pair of side-arms, was also displayed 
on the oscilloscope. 


(B) Current-Voltage Characteristics 


The first experiments paralleled those of Glicksman 
and Steele in that the donor concentrations and dimen- 
sions of the specimens were very similar, and the current- 
voltage characteristics were obtained both with and 
without an external magnetic field H applied in a direc- 
tion parallel to the current flow. The only significant 
difference was that the data shown in Fig. 1 were ob- 
tained on a polycrystalline sample, whereas those of 
Glicksman and Steele were obtained on single crystal 
samples. Even so, the results, and particularly those 
produced by B., are essentially identical, thus demon- 
strating that crystal orientation and perfection are not 
of prime importance. This seems reasonable if the ob- 
served effects result from pinching. 

Glicksman and Steele deduce that self-pinching occurs 
from the effect that the external, longitudinal, magnetic 
field has on the current-voltage characteristics. Their 
argument, in summary, is as follows: When pinching 
occurs, the electron-hole concentration is considerably 
increased over that of the unpinched condition. The 
resulting enhancement of electron-hole scattering will 
cause the crystal to have a greater resistance than it 
would have when unpinched. The apparent resistance 
is still further increased by the transverse magneto- 
resistance, caused by the circumferential magnetic field, 
which will be much greater for the pinched than the 
unpinched state. 

As described in the previous section, when a longi- 
tudinal magnetic field is applied to the crystal, it will 
tend to “unpinch” the current flow until the latter 
becomes large enough for its self-magnetic field to over- 
come the effect of the applied field. Thus, while un- 
pinched by a magnetic field, the crystal will have a 
lower resistance, but when the current is sufficiently 
large, the resistance will revert to that appropriate to 
the pinched characteristics. 

This is the interpretation of the data in Fig. 1. With 
H=0, pinching begins at a current of about 6 amp, in 
good agreement with Glicksman and Steele who ob 
served this to occur at about 5 amp. With H = 325 gauss, 
the data follow the unpinched characteristic of lower 
resistance at currents greater than 6 amp, until the 
current is high enough for pinching to take place. 

A more comprehensive set of data in the current- 
voltage domain of interest is shown in Fig. 2. There are 
two basic characteristics, the one at H=0, labeled the 
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Fic. 1. Current-voltage characteristics of InSb crystal, with and 
without an applied longitudinal magnetic field, showing the 
deviation between the pinched and the unpinched characteristics. 


“pinched” curve, and the curve at the left-hand side, 
labeled the ‘“‘unpinched”’ curve. In the presence of a 
longitudinal magnetic field, the current as a function of 
field follows the unpinched curve until the current be- 
comes high enough for pinching to occur, whereupon 
the current-voltage curve shows a transition over to 
the pinched curve. It is clear from Fig. 2 that, as H is 
increased, the current has to reach higher values before 
pinching can occur, as is to be expected from Eq. (7). 

Also shown in Fig. 2 is the effect of a magnetic field 
applied in a direction perpendicular to the current flow. 
The effect is quite different from that of a longitudinal 
field, it being simply an increase in the resistance 
of the sample at all currents, due to transverse 
magnetoresistance. 

To establish further that the effects in the current- 
voltage characteristics did not have spurious origins, 
the following tests were made: (a) It was established 
that samples prepared without side-arms behaved in 
the same way as those with side-arms, thus showing 
that the side-arms had no noticeable effect on the cur- 
rent flow. (In the samples without side-arms, the volt- 
age leads were soldered to the ends of the bar, close to 
the current leads.) It was also found that the load im- 
pedances in the side-arm circuits were not critical. 
(b) Using samples of somewhat lower resistivity (by a 
factor of two) caused no noticeable change in the critical 
current, as measured from the current-voltage charac- 
teristics with, and without, a magnetic field. However, 
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Fic. 2. Current-voltage characteristics for various applied mag- 
netic fields, showing the pinched and unpinched characteristics 
and the transitions between them as a function of H. 


these characteristics were of inferior quality compared 
with those of the higher resistivity material, probably 
because of the difficulty of reaching Eg before a current 
of magnitude equal to i,9 occurred. (c) In another experi- 
ment, a high-resistivity sample with a well-defined 
pinch threshold was etched so as to reduce its cross- 
sectional area by a factor of two. The critical current 
remained unchanged, in keeping with Eq. (5). 


(C) Observation of Instabilities 


\s emphasized earlier, it was established that the 
current remained constant for the duration of the pulse 
under all operating conditions. This was not true of the 
voltage pulse, which, under certain operating condi- 
tions, exhibited instabilities. It was found that the 
voltage between the side-arms was constant for the 
length of the pulse when the crystal was operated below 
the critical pinching current, or on the pinched or un- 
pinched characteristics. However, when the crystal was 
operated in the transition region between the pinched 
and unpinched curves, the voltage pulses became 
“noisy”, as shown by the typical example in Fig. 3. 
No two oscilloscope traces appeared identical, and the 
noise was definitely not oscillatory in character. Rather, 
the appearance of the voltage pulse suggests more or 
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less violent changes occurring in the current flow, the 
most likely interpretation being that, in the transition 
region between the pinched and unpinched character- 
istics, the current column is relatively unstable as it is 
continually pinching and unpinching. This interpreta- 
tion receives support from measurements of the ampli- 
tude of the voltage surges. The lower curve in Fig. 4 
illustrates the lowering (AV) of the voltage across the 
sample, as the increasing magnetic field drives the cur- 
rent from the pinched to the unpinched condition. At 
higher fields, AV tends to increase again as the effect of 
the magnetoresistance increases. The upper curve repre- 
sents the peak-to-peak amplitude of the voltage surges 
in the transition region, as estimated visually from the 
oscilloscope displays. It is clear that the noise amplitude 
is, at most, about 30% of AV, showing that the instan- 
taneous operating point is careering about somewhere 
between the pinched and unpinched characteristics. The 
noise amplitude reaches a maximum for an operating 
point somewhere between the pinched and unpinched 
characteristics, a feature that aided in the determination 
of the critical current for pinching as described below. 
It should be noted that there is no indication (or expec- 
tation) of a negative resistance in the current-voltage 
characteristics, which could cause the noise. 

\s the noise occurred only in the transition region, 
pinching-unpinching insta- 
bilities. By analogy with pinches in gases, further in- 
stabilities, for example, kink instabilities, of a linear 
pinch might be expected, which would lead to wriggling 
of the pinched column within the crystal. An additional 
cause of wriggling is to be expected, namely, local heat- 
ing. Such wriggling of the current column need not 
necessarily give rise to voltage instabilities between 
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the side-arms, and, indeed, in the present work, no 
instabilities were observed when the current was in the 
fully pinched condition.‘ 


(D) Determination of the Critical 
Pinching Current 


The quantity of most interest in these investigations 
is the critical current for self-pinching 7,9, in the absence 
of an external magnetic field. Most of the 14 samples 
used in this work showed a divergence of the pinched 
and unpinched characteristics at a current lying between 
7 and 8 amp. However, this divergence current could 
not be located accurately from the current-voltage 
characteristics, in general, because of the complications 
arising from the magnetoresistance effects. The most 
satisfactory method of locating this divergence current 
was to plot the change in voltage across the side-arms 
as a function of H, for various currents through the 
sample. When magnetoresistance alone was present, the 
voltage increased steadily with H. When the magnetic 
field also served to unpinch the current, however, the 
voltage at first decreased, as H increased from zero, as 
in Fig. 4. In this way the divergence current could be 
quite accurately determined, and it usually lay between 
4 and 6 amp. However, in general, this divergence cur- 
rent will only be 7.0, if, at this current, the crystal is 
sufficiently far into avalanche breakdown. That this 
was the case was not always clear, thus raising the ques- 
tion whether pinching would be observed at lower cur- 
rents, if the avalanche breakdown could be established 
at still lower currents. 

According to various authors,’ 
down occurs in InSb at a field of about 


avalanche break- 
160 v cm”! 
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Fic. 4. Curves illustrating the amplitude of the noise and the 

effect of longitudinal magnetoresistance as a function of H. 

4 Since this paper was submitted for publication, M. Glicksman 
and R. A. Powlus [Phys. Rev. 121, 1659 (1961) ] have reported 
some generally similar observations of noise on the voltage pulses, 
though, apparently, these observations were not confined solely 
to the transition region. 

A. C. Prior, J. Electronics and Control 4, 165 (1958 





PINCH EFF 


This was confirmed in the present experiments; for the 
14 samples studied, as determined by inspection of the 
current-voltage characteristics, avalanche breakdown 
occurred at 180+25 v cm. Accordingly, a sample was 
prepared (by reducing its cross-sectional area) so that 
Ex was obtained at a lower total current. The current- 
voltage characteristics for this sample were then ob- 
tained in the usual way, with, and without, a longi- 
tudinal magnetic field. The results are shown in Fig. 5. 
Here it was found that the two curves could be fitted 
to each other very well, at low currents, by applying a 
scaling factor of 0.86 on the abscissa for the data taken 
with a magnetic field present. The excellence of the fit 
implies that the longitudinal magnetoresistance is, to 
sufficient approximation, a constant proportional effect, 
even in the avalanche breakdown region. From the 
curves in Fig. 5, it is clear that avalanche breakdown 
does occur at currents appreciably below i,9 as the 
pinched and unpinched characteristics do not separate 
immediately after the current-voltage curve has com- 
pleted its upward swing. By inspection, the critical 
current, unambiguously arrived at, is about 5 amp. 
Equation (7) indicated an alternative method for 
deriving i-9, namely, to plot 7, against H. The current 
i, can be taken to be roughly the current at which the 
noise amplitude reaches a maximum, and this is easily 
determined as a function of H. Thus, a plot of 7, against 
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Fic. 5. Current-voltage characteristics for a sample where the 
critical pinching current was appreciably higher than the current 
at the onset of avalanche breakdown. A scaling factor of 0.86 has 
been applied to the field axis of the data taken in the presence of a 
longitudinal magnetic field, so as to fit the two curves to each other 
in the prebreakdown region, thereby adjusting for the magneto 
resistance effect. 
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Fic. 6. Critical current as a function of H, as derived from 
observations of the occurrence of noise in the voltage pulses 


H, when extrapolated to H=0, would yield a value for 
io. The advantage of this method is that it does not 
require the crystal to be well into avalanche breakdown 
at i-o. A typical plot of 7, versus H is given in Fig. 6, 
where it will be seen that the relation between 7, and 
H can be satisfactorily represented as linear, even to 
very low values of H. It appears sufficiently accurate 
to make a linear extrapolation to H=0, which yields 
a value for i-o of 4.4 amp, in excellent agreement with 


the value derived from the curves of Fig. 5. 


DISCUSSION 


It is clear that the experimental results bear out, 
at least qualitatively, the expectations of the self- 
pinching hypothesis. Consequently, it is worth consider- 
ing some of the implications of these experiments in 


some detail. 


(A) Observation and Size of Critical Current 


It has been shown that a sufficiently advanced state 
of avalanche breakdown can be reached before pinching 
sets in, if the crystal resistance is sufficiently high, by 
using either high resistivity material or small cross- 
sectional areas. If these conditions were not met, no 
pinching effects were observed. Further, in accordance 
with the pinching model, the value of the critical 
current, in the absence of an external magnetic field, 
was found to be independent of the crystal cross- 
sectional area and resistivity, over the rather restricted 
ranges in which these parameters were varied, and the 
same for both single-crystal and polycrystalline samples. 

From the critical current of about 5 amp, we can esti- 
mate the mean carrier energy, kT, using Eq. (5). In 
InSb, the drift velocity! at 200 v cm™ carriers is about 
3X 107 cm sec~. If we suppose that T,=T,, we thus 
obtain a value for kT, of 0.04 ev. This value is regarded 
as reasonable (to within a factor of 2), it being about 
15% of the ionization energy when the latter is taken 
to be roughly equal to the energy gap.' 


® W. Shockley, Czech. J. Phys. 11, 81 (1961). 
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(B) Dependence of Critical Current on H 


From Fig. 6 it is apparent that 7, varies approximately 
linearly with H. This is consistent with Eq. (7) at 
large values of H where the second term on the right- 
hand side becomes more important than the first. The 
linear extrapolation of the experimental data to H=0 
thus yields a value for i. which is slightly low, and, in 
fact, there is a slight suggestion in the data that the 
curve is concave upwards at low magnetic fields. How- 
ever, this error cannot be very great in view of the 
agreement in the values of 7. derived from independent 
experimental techniques. 

From Eq. (7), the slope of the line in Fig. 6 should be 
R/2, and the value for the average crystal diameter so 
obtained is 0.05 cm, in excellent agreement with the 
actual dimensions, 0.04 cm 0.06 cm. 


C) Radial Electric Field and Carrier 
Concentration 


If all the carriers pinched inwards, they would leave 
a fixed positive space charge due to the donors. With a 
donor concentration of 2X10" cm~ and, for complete 
pinching to the center of the crystal, the relation 
divD=4p leads to a potential difference of about 
3000 volts between the center of the crystal and the 
surface. In view of this preposterous result, it must be 
concluded that the donors remain essentially compen- 
sated by an electron cloud. Thus, if any pinching is to 
occur, it will be done only by the extra carriers created 
by the avalanche conditions. That there are sufficient 
excess carriers can be checked using Eq. (3). We have 
noted earlier that at a current of 5 amp, Eq. (3) yields 
n=4 X10" cm~, which is appreciably in excess of the 
donor concentration, as required. 


(D) Increased Resistance of Pinch 


In the arguments presented earlier it was conjectured 
that the resistance of the pinched current would be 
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greater than that of the unpinched state at a given 
current because of the combined effects of the increased 
transverse magnetoresistance and electron-hole scat- 
tering.? However, from data such as that in Fig. 5, the 
increase in resistance is by a factor of 2 or more, which 
seems much larger than can be reasonably expected 
of a transverse magnetoresistance effect alone.’ On the 
other hand, the increased resistance is hard to account 
for on the basis of conventional electron-hole scattering 
mechanisms. For these to be responsible for the effect 
would require an electron mobility of the order of 
10° cm? v~', which is two orders of magnitude higher 
than the accepted value. It must be concluded, there- 
fore, that the increase of the resistance is not quantita- 
tively understood at present, though this may be be- 
cause of our lack of knowledge of scattering processes 
for hot carriers in a plasma. 


CONCLUSIONS 


It is apparent that the various phenomena investi- 
gated in these experiments are in good agreement with 
the self-pinching hypothesis, confirming the conclusion 
of Glicksman and Steele. Furthermore, it is very un- 
likely that the experimental results could have any other 
explanation. In particular, the pinching hypothesis 
accounts for the magnitude of the critical current and 
the shapes of the current-voltage characteristics, with 
and without applied magnetic fields, for crystals of 
various dimensions and impurity contents. The noise ob- 
servations in the transition region between the pinched 
and unpinched conditions suggest pinching-unpinching 
instabilities, though further work would be needed to 
establish the exact origin of this noise. 
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Hartree-Fock wave functions have been obtained for the 3p-row atoms, i.e., for neutral Al, Si, P, S, Cl, 
and Ar, and for Cl~. Solutions were determined in analytic form using a version of Nesbet’s symmetry and 
equivalence restrictions to simplify the calculations for atoms with both closed and unclosed shells of the 
same / value. These restrictions, the reason for their use, and their relation to other open-shell methods are 
discussed and the calculated one-electron wave functions and their eigenvalues are presented. 


I. INTRODUCTION 


NE of the most successful schemes for approxi- 
mating solutions of the many-electron Schrédinger 
equation is the one-electron approximation. Its applica- 
tions have been many and varied and have included 
properties of atoms, molecules, and solids. But basic to 
the scheme is the assumption that one has available 
one-electron wave functions, called orbitals, whose 
description depends only on the coordinates of a single 
particle. Well-defined and useful orbitals (and in many 
ways the most accurate) are those determined by a 
self-consistent field solution of the Hartree-Fock (H-F) 
equations for free atoms. In our own investigations we 
have found these functions to be conspicuously absent 


for the unfilled 3p-shell atoms' and this has led us to 


determine Hartree-Fock solutions for Cl- and the 
neutral atoms Al, Si, P, S, Cl, and Ar. These are con- 
ventional or restricted Hartree-Fock solutions in that 
one-electron functions of the same shell are constrained 
to have the same radial dependence.’ Analytic methods 
were used utilizing a version of Nesbet’s symmetry and 
equivalence restrictions’; details of the method are dis- 
cussed in the sections that follow. 

Aside from their own inherent interest as a descrip- 
tion of the electronic structure of free atoms, a major 
purpose of such calculations is to supply a starting 
point for further investigations. The results to be re- 
ported here have already been utilized in a number of 
investigations: Atomic scattering factors have been 
obtained* for these atoms and particularly for Al in 


* Guests of the Solid State and Molecular Theory Group, Massa 
chusetts Institute of Technology, Cambridge, Massachusetts. 

t Part of the work of this author was supported by the Ordnance 
Materials Research Office. 

1 Boys and Price [S. F. Boys and V. E. Price, Phil. Trans. Roy. 
Soc. A246, 451 (1954) ] have obtained analytic functions with 
exchange for S, S~, and C1] utilizing configuration interaction and 
simple atomic orbitals. 

2 See R. E. Watson and A. J. Freeman, Phys. Rev. 120, 1125 

1960), for a recent review discussion of the Hartree-Fock method 
and the restrictions usually associated with its application to 
many-electron systems. 

3 R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 

‘A. J. Freeman and R. FE. Watson, Acta Cryst. (to be 
published). 


an attempt to account for the discrepancy between the 
theoretical and the experimental x-ray form factor re- 
cently obtained® for the metal; an investigation®’ of 
the effect of self-consistent solutions for the Stern- 
heimer quadrupole polarizabilities® of ions has utilized 
the Cl- results; the Si results and basis set have been 
used in an effort to improve on the core and valence 
electron self-consistency in orthogonalized plane wave 
calculations? for silicon; Al wave functions were needed 
and employed in a theoretical study” of the observed 
negative Knight shifts in rare-earth aluminum inter- 
metallic compounds"; and finally, the P and Cl results 
have furnished a starting point for an investigation™ 
into the effects associated with the unrestricted Hartree- 
Fock formalism (i.e., no requirement on common radial 
behavior of orbitals). 

In what follows, we will first concentrate on the 
symmetry and equivalence restrictions,* why we use 
them, and their effect. Secondly, we will report the 
results, but will keep the discussion of these to a 
minimum. Their relation to experiment is similar to 
that already seen’ for the unfilled 3d-shell iron-series 
ions and we will not repeat the observations here. We 
have supplied enough results so that the interested 
reader can make similar comparisons if he so wishes. 


Il. SYMMETRY AND EQUIVALENCE RESTRICTIONS 
IN THE ANALYTIC HARTREE-FOCK METHOD 


There are certain difficulties associated with obtain- 
ing Hartree-Fock solutions for an atom with both 
closed and unclosed shells of the same / value. This can 


° B. W. Batterman, D. R. Chipman, and J. J. DeMarco, Phys. 
Rev. 122, 68 (1961). 
® A. J. Freeman and R. E 
166 (1961). 
‘RK. E, Watson and A. J. Freeman (to be published). 
R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 
IF. Quelle (to be published). 
'R. E. Watson and A. J. Freeman, Phys. Rev. Letters 6, 277, 
388(E) (1961). 
"1 V. Jaccarino, B. J. Mathias, M. Peter, H. Suhl, and J. H. 
Wernick, Phys. Rev. Letters 5, 251 (1960). 
"2 R, E. Watson and A. J. Freeman (to be published). 
R. E. Watson, Phys. Rev. 118, 1036 (1960), and ibid. 119, 
1934 (1960). 


Watson, Bull. Am. Phys. Soc. 6 
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best be illustrated by a specific example. Consider the 
1s?2s°2p%3s? 3p?,3P state of neutral Si where L=M,=1 
and S=Ms=1. The Hartree-Fock many-electron wave 
function can be written as a single Slater determinant“ 
(with the two 3p orbitals having @ spin and m; values of 
+1 and 0) provided that the various one-electron 
functions are orthonormal and that there is a single 
radial wave function per shell. This gives us the con- 
ventional or “restricted” Hartree-Fock wave function. 
The second requirement is, in fact, a restriction on the 
wave function'® and on the Hartree-Fock formalism. 
The Hartree-Fock equations are obtained by applying 
the variation principle to the total energy of the system. 
We will consider the case of an energy computed for a 
many-electron Hamiltonian consisting of kinetic energy, 
nuclear potential energy, and inter-electronic electro- 
static energy. Applying the variational principle in 
conjunction with the requirement of a single radial 
function per shell yields a single (“‘restricted”) Hartree- 
Fock equation per shell which is the average of those 
which could be derived for the different occupied orbi- 
tals of that shell. For Si, the restricted Hartree-Fock 
equation (in its integrated form) for the 29 shell is 


€2p)= Ko,+2F°(2p,1s)+2F°(2p,2s)+2F°(2p,3s) 
+6F°(2p,2p)+2F°(2p,3p) 
—G"(2p,1s) —G"(2p,2s) —G°(2p,3s) (1) 
—G°(2p,2p)— (2/5)G*(2p,2p) 
— (1/3)G"(2p,3p) — (2/15)G*(2p,3p). 

The 3p equation can be written 

€sp= K3,+2F"(3p,1s)+2F°(3p,2s)+ 
+6F(3p,2p)+2F°(3p,3p) 
—G"(3p,1s) —G"(3p,2s) —G"(3p,3s) 
—G"(3p,2p)— (2/5)G*(3p,2p) 
—G"(3p,3p) — (1/5)G*(3p,3p). 


The e,’s are the one-electron energies, the K,’s are 


2F°(3p,35) 


one-electron kinetic+ nuclear potential energy integrals 
and the F* 
change integrals.' 


’s and G*’s are the Slater Coulomb and ex- 
* The two equations are identical 
Li.e., Eq. (1) can be obtained by inserting 2p for 3p 
as the first parameter in each term in Eq. (2) } except 
for the coefficients multiplying the G*(i,3p) terms of 
the last lines. If these coefficients were the same, the 2p 
and 3p would be different eigenfunctions of the same 
equation and thus automatically orthogonal, but since 
these coefficients are different, a self-consistent solution 
of Eqs. (1) and (2) will yield nonorthogonal p-wave 
4 See D. R. Hartree, Te Calculation 
Wiley & Sons, Inc., New York, 1957). 

16 An atomic system with a net spin and/or angular momentum 
will provide an environment with which electrons of the same 
shell but differing m, and/or m; will interact differently. In other 
words, separate Hartree-Fock solutions for them would yield 
different radial orbitals. 

'§ For definitions see E. U. Condon and G. H. Shortley, The 
Theory of Atomic Spectra (Cambridge University Press, New York, 
1953), p. 177. 
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functions. Different coefficients exist because of our 
requirement of a single radial function per shell; p 
orbitals differing in m,; and/or m, interact differently 
with the unfilled shell (note that orbitals of the same /, 
m,, and m, but different have identical individual 
H-F equations). The average for the full shell is different 
than that for two orbitals in the 3p shell and thus the 
differing coefficients occur. The counterparts to Eqs. 
(1) and (2) for all the atoms of the 39 series are given 
in the Appendix. 

There are three ways one can obtain orthogonal 
analytic Hartree-Fock orbitals for cases like neutral Si: 


(i) One can add a Lagrange multiplier to ensure 
2p-3p orthogonality."* Roothaan"’ and Huzinaga!’ have 
shown how such Lagrange multipliers can be incor- 
porated into the analytic H-F method. The strength of 
this approach is that it straightforwardly applies the 
conventional method of adding restrictions to a set of 
equations while maintaining a single radial orbital per 
shell. This scheme utilizes a three-electron supermatrix 
as compared with the two-electron supermatrix of 
earlier’ analytic methods and makes applications much 
more cumbersome. 

(ii) The most obvious method of obtaining orthogo- 
nality is to relax the restriction which led to non- 
orthogonality. If we had gotten separate (averaged) 
Hartree-Fock solutions for (1) those 2 orbitals with 
m, and m, in common with the occupied 3 orbitals 
and (2) those not in common, we would have a set of 
orthonormal Hartree-Fock orbitals for Si. We would, 
of course, then have two distinct 2 radial functions. 
One could solve even restricted ‘“‘unrestricted”’ 
Hartree-Fock equations, retaining orthonormality and 
obtaining larger numbers of differing radial orbitals. 
Since this is the least restricted of the three approaches, 
it yields the wave function of lowest total energy and 
thus in principle is the best many-electron wave func- 
tion. The method involves the simultaneous solution of 
more Hartree-Fock equations than (i) [or (iii) below ] 
but avoids the three-electron supermatrix of (i). One 
disadvantage of this scheme is that the resulting many- 
electron function is not an exact eigenfunction of L 
and/or S. While this may not be serious for some uses,”° 
such a function can be a treacherous starting point for 
certain computations (e.g., configuration interaction or 
the use of perturbation theory). Properly symmetrized 
(thus many-determinantal) ‘unrestricted’ Hartree- 
Fock many-electron functions are difficult to solve for 
variationally. None, in fact, have been obtained to date. 
This matter is discussed elsewhere.?” 

(iii) A third approach is to use a version of Nesbet’s® 


less 


'7C, C. J. Roothaan, Revs. Modern Phys. 32, 179 

'®S. Huzinaga, Phys. Rev. 120, 866 (1960 

¥C.C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951 

*” W. Marshall (to be published) has given such an argument ; see 
also N. Bessis, H. Lefebvre-Brion, and © M. Moser (to be 
published). 

71 R. K. Nesbet and R. E. Watson, Ann. Phys. 9, 260 (1960). 
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TABLE I. Parameters (A; and Z;) which define the basis functions (Rj). 





R;’s used for the 
construction of 


Al 


14.5168 
11.3133 
10.8561 
6.8933 
4.68600 
4.1147 
2.0500 
1.3196 
0.8363 


Si 


15.6334 
12.1835 


s orbitals (l=0) 


5.2061 
4.6712 
2.3810 
1.5647 
0.9866 


SOU WN 


oo 


—_ 


10.8139 
6.8493 
4.2336 
3.3949 
1.7195 
1.1824 
0.5932 


9.8219 
6.1873 
3.8452 
3.1870 
1.4804 
0.9972 
0.5003 


p orbitals (J=1) 


be hee tet 
me wrhre 


_ 
wn 


symmetry and equivalence restrictions. For Si this 
would consist of solving Eq. (2) (or its counterpart for 
other ions) for both the 2p and 3p shells.”* The resulting 
computations represent a considerable economy in 
computer time over (i) and (ii). A small error, associ- 
ated with outer electron (3p) exchange, is introduced 
into an inner electron (2p) equation. This approxima- 
tion is reasonable because inner electrons are insensitive 
to both the exchange and the more important Coulomb 
effects of outer electrons. There are many situations” 
where this insensitivity has been utilized. The best 
test of (iii) is to compare the energy of the resulting 
total wave function with those of (i) and (ii), Un- 
restricted Hartree-Fock calculations" for neutral P 
and Cl indicate that an improvement of about 0.0015 ry 
out of total energies of —700 to —900 ry is associated 
with going from (iii) to (ii).2!** Calculations for?! Li 
suggest that roughly half of this energy improvement is 
obtained on going from (iii) to (i). This energy dif- 
ference, of about 0.0007 ry, is roughly one-tenth of one 
percent of the difference (often called the ‘‘correlation 
energy’) between the Hartree-Fock total energy and 
the exact eigenvalue of our many-electron Hamiltonian. 


In what follows, we are reporting calculations using 
method (iii). We believe that these are of sufficient 
accuracy for the restricted Hartree-Fock method and 
that if one requires better many-electron eigenvalues or 


2 No advantage (in total energy) was obtained by using a com 
promise between the G*(i,3p) coefficients of Eqs. (1) and (2). 
Chis contrasts with the Li case of reference 21. 

% Three such are: (1) The frequent use of core functions, ob- 
tained for one atomic state, in calculations for other atomic 
states, (differing in configuration and/or state of ionization), 
(2) the success of the Slater rules [J. C. Slater, Phys. Rev. 36, 57 
(1930) ] for providing simple atomic orbitals (these presume no 
outer orbital effect on inner orbitals) and (3) the use of free atom 
functions as core functions in energy band calculations. 

* A, J. Freeman, Revs. Modern Phys. 32, 273 (1960) has made 
similar observations in a molecular problem. 

2 P. O. Léwdin, Advances in Chemical Physics, edited by 
I. Prigogine (Interscience Publishers, Inc., New York), Vol. 2, 
207 (1959). 
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Z; for 

P S Cl Ar 
20.0999 
15.6644 
15.6838 
10.3041 
7.2867 
8971 
3.7052 
5450 
5878 


16.7500 
13.0537 
12.7871 
2577 
7262 
2277 
7121 
8098 
1.1369 


18.9832 
14.7941 
14.7181 
9.6220 
6.7665 
6.2190 
3.2450 
1679 
3550 


8666 
.9239 
7526 
9398 
2464 
7842 
0431 
0549 
2872 


18.9832 

14.7941 

14.7181 
9.6220 
6.7665 
6.3407 
3.3742 
2.2999 
1 


am fe fed 
COwwer 


me bo Uru OO 


ah > ee A 


11.8059 
7.5114 
4.6220 
3.6028 
1.9586 
1.3676 
0.6861 


Rem wur rh 


7980 


13 
1734 


14.7820 
9.4975 
0103 7870 
8107 f 4.2264 
1976 A 2.6757 
5528 1.9232 
7790 0.9649 


13.7900 
8.8355 
5.3987 

4.0186 

2.4367 

1.6382 

0.8219 
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eigenfunctions he should consider the “unrestricted” 
Hartree-Fock formalism, or better yet some description 
which goes beyond the “simple” one-electron approach. 


III. ANALYTIC HARTREE-FOCK METHOD 


The analytic H-F method uses matrix techniques to 
obtain orthonormal analytic Hartree-Fock radial orbi- 
tals, l’;(r), of the form: 


U(r) =)0; CijR,(r). (3) 


Their normalization condition is 


and the basis functions, R;, are of the form: 


R;(r) = Vir 1+-Aj+1 Zijr 


é (5) 


where / is the one-electron angular momentum quantum 
number appropriate for the one-electron orbital of 
which U’,(r) is the radial part. .V; is a normalization 
constant and is expressible in terms of the other 
parameters, i.e.: 


N = [(2Z,)*#4241+8/ (21-24 j+2) !]}. (6) 


U(r)’s of common 7 value are constructed from a 
common set of R;(r)’s. Given the basis sets, i.e., the 
R;(r)’s, the problem is reduced to solving the Hartree- 
Fock integro-differential equations for the eigenvectors 
(the C,,;’s) and their eigenvalues. This is done by 
straightforward matrix diagonalization and manipula- 
tion and avoids the problems of numerical accuracy 
inherent in the integrations of the numerical Hartree- 
Fock method. 

The problem of basis sets is, however, always associ- 
ated with the analytic Hartree-Fock method. First 
there is the question of the size of the set. A small set 
is desirable because of economy in computer time and 
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TABLE II. The eigenvectors (C;;) defining the Hartree-Fock radial functions (U;) in terms of the basis sets (R;). 


Al Si P S Cl Ar Cl 
ls ls ls ls ls ls ls 


0.47433873 0.46853182 
0.50753060 0.51760183 
0.04482154 0.03835872 
—0.04625191 0.04255196 
0.04290337 0.03874278 
—0.01647929 -0.01433782 
0.00343135 0.00293627 
—0.00200526 —0.00173223 
0.00050693 0.00045088 


0.47057770 
0.51463953 
0.04037388 
—0.04660228 
0.04419208 
—0.01712669 
0.00328116 
—0,.00185897 
0.00043970 


0.46843906 
0.51923323 
0.03783273 
-0.04961999 
0.04835368 
—0.01916713 
0.00360844 
0.00205635 
0.00047650 


0.47650550 
0.50252456 
0.04835136 
— 0.04470139 
0.04028467 
—0.01518227 
0.00332557 
—0.00196202 
0.00051826 


0.47820335 
0.49560163 
0.05508320 
-0.04176310 
0.03517378 
0.01275182 
0.00328381 
—(),00208467 
0.00064383 


0.47801597 
0.49824461 
0.05194539 
-0.04347004 
0.03799932 
-0.01408673 
0.00333849 
—0.00202937 
0.00057422 


2s 2s 2s 2s 2s 2s 2s 
—0.11613808 —0.12073746 0.11231714 
—0.16200474 —0.16070403 -0.17288020 
—0.14461845 —0.14728644 0.13795468 
0.13339409 0.12539405 0.09623364 
0.73862683 0.73667456 0.78296249 
0.28675089 —(.29569014 0.27540135 
0.01867834 0.02211865 0.01661696 
0.00603379 0.0068 1901 0.00477546 
0.00155631 0.00173871 0.00145554 


—(0.12448169 
0.16002612 
-0.14914618 
0.11830138 
0.73399316 
0.30424846 
0.02540739 
0.00751387 
0.00189119 


—0.11123490 
—(.16299528 
—0.14170556 
0.14287276 
0.73992204 
0.27692571 
0.01529906 
0.00522343 
0.00136969 


0.09989705 
0.16445991 
-0.13454941 
0.16844612 
0.73860189 
0.25492763 
0.00818443 
0.00322537 
0 OOOS89386 


0.10609487 
0.16348699 
—0.13861219 
0.15460438 
0.73990991 
0.26642326 
0.01164115 
0.00424561 
0.00114269 


35 3s 3s 3s 3s 3s 3s 


0.04601181 
0.03205335 
0.06034449 
0.07894860 
0.18009669 
0.21416129 
0.40045392 
0.59959016 
0.16294774 


0.03226696 
0.05472073 
0.04604961 
0.05545469 
—0).21001735 
—0.20191239 
0.29052539 
0.71291582 
0.14067898 


0.02781904 
0.066067 37 
0.04216877 
().04842645 
0).22121075 
0.21396688 
0).28422188 
0.71474538 
0.15173284 


0.03517716 
0.044867 13 
0.04914036 
0.06440589 
—0.19367097 
—(.19103485 
0.30031295 
0.70460221 
0.13342544 


0.03558677 
0.02959468 
0.04930876 
—0).07277665 
0.16248240 
0.15628299 
0.30330287 
069690759 
0.12075475 


0.03480513 
0.03854337 
0.04799508 
—(.06270257 
—(0.18849294 
0.16772952 
0.29654439 
0.70452779 
0.12683228 


0.03176749 
0.02535354 
0.04425760 
0.06690018 
-0.15116208 
0.12724852 
0.28726532 
0.70009039 
0.12098648 


ra > rs 2p dp Ip Lu 


é +} < 4, < «} 


0.03216818 
0.26455447 
0.72611248 
0.01737931 
0.00985020 
—(0).00504626 
0.00086477 


0.02815814 
0.26830322 
0.73772890 
— (0).00340506 
0.01842689 
0.00942535 
0.00147451 


0.02436348 
0.27269964 
0.74583141 
0.02253016 
0.02997370 
0.01484941 
0).00215452 


0.02815975 
0.26812371 
0.73732558 
0.00189991 
0.01551419 
0.007 13564 
0.00134824 


0.04491808 
0.26567769 
0.64446107 
0.11017090 
0.00536737 
0.00216351 
0.00042991 


0.03629017 
0.26221183 
0.70895994 
0.04113520 
0.00538798 
0.00236645 
0.00044655 


0.04082228 
0.26098350 
0.68489733 
0.07026888 
0.00265586 
0.00071710 
0.00014665 


> 


3p 3 p 3p 


3p 3p 3p 3p 
0.01158317 
0.03901622 
0.23911788 
0.10276812 
0.38612138 
0.49188592 
0.20319459 


0.01305630 
-0.03863229 
— 0.2406448 1 
0.08715074 
0.37949215 
0.57240453 
0.09455649 


—0.01294533 
—().03982780 
—().26254303 
0.12224880 
0.35931781 
0.56879140 
0.09941246 


0.01240628 
0.04249049 
0.27928565 
0.15616371 
0.33196037 
0.57422563 
(0.09797354 


—(Q.01080307 
—().03116521 
0.14269477 
0.01360895 
0).24267490 
0.69938117 
0.13470789 


0.01223249 
0.04151134 
0.20945233 
0.02649990 0.04626733 
0.34702725 0.39674585 
0.63306352 0.588397 57 
0.08747425 0.07358222 


—(0.01181046 
~().03787150 
0.17923597 


retains the advantages of wave functions of analytic 
form. These advantages come from the ease, accuracy, 
and convenience with which matrix elements can be 
obtained if the functions are in analytic form. Large 
basis sets allow greater accuracy of solution (provided 
that we do not have too many basis functions which 
are too much alike, for then one finds it difficult to 
obtain accurate matrix diagonalization).*® The current 
basis sets represent a compromise between those used in 
the highly accurate calculations of Roothaan and co- 
workers?’ for the two-, three-, and four-electron ions 


26 P.O. Léwdin, Ann. Rev. Phys. Chem. 11, 107 (1960). 


C. J. Roothaan, L. M. Sachs, and A. W. Weiss, Revs. 
Phys. 32, 186 (1960 


7, 
Modern 


and those obtained by one of us'’ for the iron-series ions. 
The relatively larger basis sets of the current calcula- 
tions as compared with those for the iron series make 
them less convenient to utilize in their analytic form 
(e.g., for multicenter integrals). On the other hand we 
have greater computational accuracy, accuracy which 
we believe is slightly superior to the few existing nu- 
merical Hartree-Fock calculations for ions of this size. 
We would like to compare total energies but accurate 
estimates of not for the other 
calculations.’ 


these available 


8 


are 


* Another good test is to study [H,°0U (7) /UG(r) as a fun 
tion of r. H(r) is a one-electron Hartree-Fock operator. Unfor 
tunately this test requires virtually the full machinery of the 
numerical Hartree-l’ockimethod and so is difficult to apply 





HARTREE-FOCK WAVE FUNCTIONS FOR 3p-SHELL ATOMS 


TABLE III. Hartree-Fock one-electron energies (¢€;), one-electron nuclear potential+kinetic energies (A;), total energies and some 
Slater two-electron integrals (G* and F*) for the 3p shell atoms. All energies are in atomic units (1 a.u.=2 ry). Also given are one- 


electron energies of Ar and Cl as obtained by Hartree and Hartree by numerical solution of the Hartree-Fock equations. 


Al(3p!2P) 


Si(3p23P) P(3p34S)  S(3pt3P) C13 p52P) ~~ Ar(3p%1S) Ar(3p51S)> Cl-(3p%'S) Cl (3818) 


— 58.4880 — 68.7954 — 79.9553 —91.9923 104.8766 118.606 118.6 —104.5092 —104.55 
— 4.9069 —6.1501 — 7.5062 — 8.9996 — 10.6040 12.319 12.3; — 10.2329 — 10.23; 
—0.3940 — 0.5389 —0.6955 —0.8785 — 1.0717 1.276 1.2775 0.7356 0.727 


L445 
3.2145 — 4.2500 — 5.3963 — 6.6780 — 8.0688 —9_568 9.57; 7.6993 — 7.095 
—0.1990 —0.2965 —0.3911 — 0.4363 —0.5051 —0.589 0.590; 0.1518 —0.1485, 


— 84.3958 —97.8912  —112.3867 —127.8825 —144.3785 161.875 144.3785 

19.6503 — 23.0011 — 26.6005 — 30.4499 — 34.5477 — 38.893 - 34.5459 

— 5.6520 —7.0571 — 8.5259 — 10.1057 — 11.7631 —13.515 11.5565 
— 18.8243 — 22.2069 — 25.8282 — 29.6952 — 33.8057 — 38.162 
— 4.3326 —5.7526 —7.1916 — 8.6012 — 10.1407 — 11.791 


F° (35,35) 0.34843 0.40989 0.46764 0.52541 0.58097 0.63541 
F°(35,3p) 0.29668 0.36369 0.42426 0.47805 0.53242 0.58674 
F°(3p,3p 0.26286 0.33039 0.39112 0.44114 0.49368 0.54707 
F?(3p,3p) 0.13223 0.16682 0.19754 0.22093 (0.24626 0.27234 
G'(3s,3p 0.18568 0.23502 0.27799 0.31302 0.34935 0.38578 
Total 

energy —241.8692 288.8536 —340.717 ~ 397.5031 459.4797 526.814 


LD). R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A156, 45 (1936). 
» D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A166, 450 (1938). Note that only the (3s), (3) wave functions were « 
the Hartree-Fock equations; the (1s), (2s), (2p) wave functions were obtained by interpolation between the values for Ca**, K* 


Having chosen the size of the basis sets there is the Eq. (1) and not Eq. (2). In order to conserve space the 
question of choosing the individual R,’s. For a given two-electron integrals which are listed were limited to 
finite number of such functions there is in principle no those involving the 3s and/or 3p orbitals. These inte- 
unique choice for the basis set. A series of Hartree-Fock — grals enter into the Slater-Racah parameterization” of 
calculations, in which the Z; parameters were varied, the multiplet spectra. If the reader fits the experimental 
was used to obtain a “best choice” for the R,’s. The  spectra,® he will discover systematic discrepancies 
parameters of the resulting basis sets appear in Table I. between computed integrals and the experimental 
We have reported (and used) screening constants (Z;’s) “‘integrals.’’ Such discrepancies were observed previ- 
with four digits after the decimal point. This does not ously for the iron-series ions'? and arise because correla- 
mean that the Z;’s were uniquely established to this tion effects (i.e., effects beyond the Hartree-Fock 
many digits. The investigations of varying Z,’s carried formalism) appreciably perturb the multiplet spectra. 
this many digits and since these were kept in the final Also included in ‘Table III are the e,’s obtained by 
calculation they are reported in this form. We would — the Hartrees in their pioneering numerical calculations 
estimate that improved, and/or enlarged basis sets for*! Cl- and® Ar. Except for the Cl- 3s, there is good 
would lower the total energies by less than 0.001 ry. agreement between the e,’s for the two sets of calcula- 
Since this is of the order of the change of energy in _ tions. ‘The agreement for Ar is remarkable since in the 
going from (i) to (iii), it does not seem worthwhile to numerical calculation the inner functions (1s, 2s, and 
further improve the energy by improving and/or en- 2) were obtained by extrapolation and only the outer 
larging the basis set. functions (3s, and 3p) were solved for by solution of 

Before presenting results, we should reiterate that the Hartree-Fock equations. 
we are solving the counterpart of Eq. (2) for both the 
2p and 3p shells. In the closed shell cases of Cl- and Ar 
this makes no difference since the counterparts of Eqs. 
(1) and (2) are identical in form. We are pleased to acknowledge our indebtedness to 
R. K. Nesbet for the important role he has played in 
the development of the method used in this paper, for 
The eigenvectors (C,) which define the U,(R)’s in help with the computer programs, and for stimulating 
terms of the R,(r)’s appear in Table II. Note that the ©MVersations, rhe computations were performed on 
Cj;’s are given for normalized R;(r)’s. The C;;’s have ee ad 

. é . a * See E. U. Condon and G. H. Shortley, reference 16, Chap. VII. 
not been uniquely established to the number of digits OC. E. Meas, Atedt iets dk Selle een 
quoted but with these digits they provide well-normal- — Standards, Circular No. 467 (U. §. Government Printing Office, 
ized, well-defined Hartree-Fock orbitals. The total Washington, D. C., 1949), Vol. 1. 
energies, one-electron energies (e,’s), K,’s, and selected ua aime” and W. Hartree, Proc. Roy. Soc. (London) 
F*(i,j7) and G*(i,j) integrals appear in Table III. The 2D. R. Hartree and W. 
€2»'s have been evaluated using the counterparts of A166, 450 (1938). 
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APPENDIX 
The counterparts to Eqs. (1) and (2) for the 3p 
series atoms can be written as: 

K ,+2F°(x,1s)+2F°(x,2s)+2F°(x,3s) 
+6F°(x,2p)—G°(x,1s) —G"(x,2s) —G°(x,3s) 
—G"(x,2p) —2/5G"(x,2p) 
+-gF"(x,3p) —rG (x,3p) —sG?(x,3p), 

where g, r, and s are coefficients which are different for 
Eqs. (1) and (2) and are determined by the number, 1, 
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Temperature Variation of Ionic Mobilities in Hydrogen 


Lorne M. CHANIN 
Honeywell Research Center, Hopkins, Minnesota 
(Received March 6, 1961) 


Measurements have been made of the temperature variation of the mobilities of positive ions in hydrogen 
over the range 77°-300°K. The zero-field mobility values are wo= 12.3 cm?/v sec (300°K), 13.3 (195°K), and 
13.0 (77°K). The present results at 300°K are in agreement with the data of Lauer, Bradbury, and Mitchell 


at low E/ po, 


the present stu 


was H;*. 


INTRODUCTION 
By SULTS of measurements of the mobilities of 


positive ions in hydrogen reported in the literature 
date back as early as 1932. Since then, the mobility 
of positive ions in hydrogen has been the subject of 
numerous experimental investigations. In spite of this, 
as a result of discrepancies between the various sets of 
experimental data, there has existed considerable un- 
certainty of the value of the ion mobility. In addition, 
the nature of the ion involved has been controversial, 
primarily as a result of the lack of suitable theoretical 
values with which to compare with experiment. The 
present studies were undertaken in an attempt to obtain 
reliable measurements of the ion mobilities in the major 
energy range of interest, i.e., at low values of the electric 
field to pressure ratio. In addition these studies were 
undertaken in order to obtain information concerning 
the temperature variation of the mobilities, and if pos- 
sible to shed some light on the ionic species involved. 


APPARATUS 


The mobility tube used in the present studies has 
been described in detail previously'; therefore, only a 
brief description will be given here. The tube, which is 


1M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954 


and at high E/p» agree with Rose’s measurements. Only a single ion species was observed in 
lies. Reasons are given which support the belief that the ion observed in 


+} ¢ 
hese measuremenis 


shown schematically in Fig. 1, consists of a shielded 
discharge region in which a short-duration pulse is 
generated, a grid which admits the ions to the drift 
region, and a collector electrode to which the ions drift 
under the influence of an applied electric field. The mo- 
tion of the ions in the drift region induces a current 
in a resistor in the external circuit. Following amplifica 
tion, the resulting voltage waveform is applied to a 
synchroscope with a calibrated time base. The ion 
transit times are determined from the breaks in the 
waveforms which occur when the ions reach the collector. 

As in previous studies? of the variation of the mobility 
with temperature, the mobility tube is immersed in a 
refrigerating bath either at 77°K (liquid nitrogen) or 
at 195°K (dry ice). The refrigerants are contained in a 
styrofoam chamber which surrounds the tube. In the 
low-temperature measurements several hours were per- 
mitted to elapse, before taking the measurements fol- 
lowing the introduction of the gas into the tube, in 
order to allow the tube and the gas to achieve thermal 
equilibrium at the refrigerant temperature. 

The gas samples used in these studies are introduced 
to the mobility tube by means of an ultra-high vacuum 
gas handling system.’ Following extended bakeout at 


2. 1957 


*D 


M. Chanin and M. A. Biondi, Phys. Rev. 106, 473 


Alpert, J. Appl. Phys. 24, 860 (1953 





TEMPERATURE VARIATION 
“10-8 
mm Hg with a rate of rise of contamination pressure 
<10°* mm Hg/min when isolated from the pumps. The 
gas samples employed in these studies were Airco 
reagent grade with impurities reported not to exceed 
0.0001 mole percent. 


350°C the system attains an ultimate vacuum 


MEASUREMENTS 


The measured values of mobility wo» versus the electric 
field, to pressure ratio are shown in Figs. 2-4. The mo- 
bility wo refers to a standard gas density of 2.69 10!" 
atoms, cc, in keeping with previous usage, while the pres- 
sures at various temperatures are reduced to their 
corresponding values for 0°C (po=273p/T). 

The experimental results obtained at 300°K are shown 
in Fig. 2. The data shown cover a pressure range from 
0.65 to 1.84 mm Hg and a range of py from 3 to 49. 
\n average of the experimental data obtained by 
Mitchell* and Rose® is indicated by the labelled lines 
in Fig. 2. Also shown are the data of Bradbury,® 
Bennet,’ and Lauer,* given for low values of F/ po, 
which we assumed to apply at // pp=0. In Bradbury’s 
measurements the predominant ion observed had a 
mobility of 7.6. In addition, the existence of an ion 
with a mobility of 12.3 was also reported. There is 
reason to believe that the low mobility ion reported 
by Bradbury and the value given by Bennett were af- 
fected by gaseous impurities. It will be noted that the 
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Schematic arrangement of the electrodes in the 
ion mobility tube 
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Fic. 2. Normalized mobility wo as a function of the ratio of 
drift field to reduced pressure at 300°K. 


present results at low // po are in agreement with the 
value reported by Lauer and the high mobility ion 
reported by Bradbury and are also in fair agreement 
with Mitchell’s low /, pp measurements. 

In addition to previous results of direct measurements 
of the mobility, in Fig. 2 we show the values deduced 
from several of the recent? microwave measurements of 
the ambipolar diffusion coefficient in hydrogen after- 
glows. These values may be deduced by noting that 
under conditions of thermal equilibrium 


Di~2D,, (1) 


where D, and D, are the ambipolar and ionic diffusion 
coefficients, respectively, and that 


dD, Ma kT, é kT é. 

where wu, is the ionic mobility, k is'Boltzmann’s constant, 
and ¢ is the ionic charge; T, and T are the ion and gas 
temperatures, respectively, and are assumed equal 
under thermal equilibrium conditions. From the meas- 
ured values of D,p the corresponding mobilities are 
obtained. It will be noted that the microwave values 
lie considerably above the more reliable of the directly 
determined values. Rose has pointed out that the pres- 
ence of higher diffusion modes in the discharge cavity, 
effect of gas heating during the discharge pulse, and its 
effect on the afterglow and the possibility that the dif- 
fusion may not be strictly ambipolar may account for 
the high mobility values deduced from the microwave 
measurements. The possibility exists, however, that the 
ion species in the microwave studies was not of the same 
type as observed in the direct measurements. 

Figures 3 and 4 show the experimental results ob- 
tained at 195° and 77°K, respectively. It is to be noted 
that the zero-field mobility which at 300°K is appronxi- 
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Bb. Persson and S. C. Brown, Phys 
Richardson and R. B. Holt, Phvs 


Rev. 100, 729 (1955); 
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Fic. 3. Normalized mobility uo as a function of the ratio of 
drift field to reduced pressure at 195°K 


mately 12.3 increases slowly with decreasing tempera- 
tures. The zero-field values at 195° and 77°K are, re- 
spectively, 13.3 and 13. 


DISCUSSION 


Some evidence of the internal consistency of the ex- 
perimental data may be observed with reference to 
Figs. 2-4. At low E, po in the thermal energy range the 
ion energy is controlled by the thermal motion of the 
gas molecules. With increasing E/ pp the ions gain more 
energy from the field until, at sufficiently high E/p, 
the ion energy distribution will be controlled by the 
applied electric field. Hence at sufficiently high E/ po 
one should expect the mobilities to be independent of 
the gas temperature. The data shown in Figs. 2-4 
roughly fulfill this condition, thus, at sufficiently high 
E/ po the plot of mobility versus E/ po at 77°K merge 
with those at 195° and 300°K. 

It is to be noted from comparison of Figs. 2-4 that 
the range of E/ po for which the mobility is a constant 
is considerably greater at 77°K than at 195°K and at 
300°K. Wannier" has shown that in the case of consant 
mean-free time between 
ui of the ions is simply 


i= Mv?+3kT. 


collisions the average energy 


(3) 


where M is the mass, v the drift velocity of the ions. 
By using this expression the drift velocity may be 
calculated under conditions for which the contribution 
to the ion energy from the applied field equals the ther- 
mal energy. From the experimental measurements of 
the drift velocity versus F/ po the corresponding E/ po 
may be determined. The observed range of E/p» for 
which the mobility is a constant and the calculated range 
of E/ po are found to be in quite good agreement. 


” G. Wannier, Phys. Rev. 83, 281 (1951 
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In the present studies only one ion species was ob- 
served. Bradbury reported the existence of two ions; 
however, in view of the fact that his 7.6 value refers to 
ions ~ 10~? sec old these ions may not be hydrogen, as 
has previously been pointed out.®* Rose reported the 
possible existence of a second ion species but only in 
the vicinity of E/py~100. In the present studies a 
second ion type could not have been detected if it had 
contributed only a few percent to the ion current or if 
it had the same mobility value within a few percent of 
that of the observed ion. No evidence was found in 
the present studies to indicate that the observed ion was 
changing its nature over the measured range of F/ po as 
has been reported by Varney"! for the case of nitrogen 
and carbon monoxide. 


ION IDENTITY 


The products of ionization of hydrogen by electrons 
of controlled energies have been systematically in- 
vestigated using mass spectrometric techniques."* From 
these studies it is known that the primary product of 
ionization in hydrogen is H,* which first appears at 
15.4 ev. For electron energies ~ 18 ev, low-energy H* 
ions are produced while energetic H* ions appear at 
~ 28 ev. At low gas pressures the H,* ion peak is domi- 
nant. For energies ~ 16 ev at high pressures, consider- 
able numbers of H;* ions are created by secondary 
processes, and if the ion has some kinetic energy H* 
also appears at high pressures. These products result 
from secondary processes described by 


H.++H,— HH; +H, 
H.++H.— H*+H+A:. 


(A) 
(B) 
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Fic. 4. Normalized mobility wo as a function of the ratio 
drift field to reduced pressure at 77°K 


"R. N. Varney, Phys. Rev. 89, 708 (1953 
2H. D. Smyth, Phys. Rev. 25, 452 (1925); W 
35, 1180 (1930); W. W. Lozier, ibid. 36, 1285, 1417 
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Tate, ibid. 59, 354 
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TEMPERATURE VARIATION 
Reaction (B) occurs only on collision between ions and 
molecules in which the relative kinetic energy of impact 
exceeds 2.6 ev. 

Mass spectrometric studies'”:* of the relative ion 
current components as a function of gas pressure clearly 
indicate that at low pressures ~10-? mm Hg roughly 
80% of the observed ions were H,+. With increasing 
gas pressure the relative concentration of H+ and H;* 
was observed to increase while that of H.+ decreased. 
For pressures ~0.5 mm Hg, recent mass analysis" of 
the ionization products of electrodeless discharges indi- 
cate that H;* ions constitute ~80% of the ions ob- 
served. Additional confirmation that H3;+ is the dom- 
inant ion at these pressures has been obtained by Barnes, 
Martin, and McDaniel.'® It thus seems clear that if we 
extrapolate the results of these studies to the conditions 
of the present experiment, the ion observed in the pres- 
ent work should be H3*. 

In 1936, Eyring, Hirschfelder, and Taylor'® using the 
theory of reaction rates investigated process (A) and 
derived a value of 2.07X10~* x cm*/molecule/sec for 
the rate constant, in addition the dependence of the 
constant on temperature and mass was predicted. Sub- 
sequent experimental studies of Gutbier'’ and Stevenson 
and Schissler'® have confirmed not only the predicted 
dependence but also the order of magnitude of the reac- 
tion rate. For low-energy ions this rate leads to a cross 
section ~ 10~" cm’, which is considerably in excess of 
normal kinetic theory cross sections. 

Recent energy calculations” of the linear H;* ion 
system yield values for the endothermicity of the reac- 
tion Hj;+=2H+H* of 158 kcal/mole. As Field and 
Franklin® have pointed out this corresponds to an 


8 T. R. Hogness and E. G. Lunn, Phys. Rev. 26, 44 (1925); 
G. P. Harwell, ibid. 29, 830 (1927); C. J. Brasefield, ibid. 31, 52 
(1928); O. Luhr, ibid. 44, 459 (1933). 

47, B. Ortenburger and M. Hertzberg, J. Chem. Phys. 33, 579 
(1960). 

16 W.S. Barnes, D. W. Martin, and E. W. McDaniel, Phys. Rev 
Letters 6, 110 (1961). 

16H. Eyring, J. O. Hirschfelder, and H. S. Taylor, J. Chem. 
Phys. 4, 479 (1936). 

17H. Gutbier, Z. Naturforsch. 129, 499 (1957). 

18 J), P. Stevenson and D. O. Schissler, J. Chem. Phys. 23, 1353 

1955). 

#R. S. Barker, J. C. 
Phys. 23, 344 (1955). 

2 F, H. Field and J. L. Franklin, /lectron Impact Phenomena 
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H.+—H bond dissociation energy ~4.18 ev. This value 
is to be compared with the binding energy of H,+ of 
4.48 ev. 

In a recent publication, Varney,”! with reference to 
Stevenson’s'* work, has drawn attention to the large 
value of the cross section for process (A) and the large 
probable value of the charge exchange cross section of 
H;* ions moving in hydrogen. Varney has suggested 
that in view of.the fact that the binding energy of H2* 
and H;* are very similar the charge-exchange mech- 
anism is probably a proton exchange rather than the 
more usual electron exchange; moreover, the magnitude 
of the exchange cross section would have a pronounced 
effect in lowering the mobility value of H;*. 

Mason and Vanderslice* have recently calculated 
the mobility of H+, H.*, and H;* in hydrogen. In these 
calculations the long-range ion-molecule force laws 
determined by the polarization and dispersion forces 
were calculated from theory. The more difficult short- 
range forces were estimated from analysis of scattering 
measurements of low-velocity ion beams in hydrogen 
obtained by Simons* and co-workers. Comparison of 
the present results and the results of previous investi- 
gations with the theoretical mobilities suggest that the 
ion observed was H,* (experimental values ~ 10% 
below theoretical results). 

From the preceding discussions, it is clear that in 
view of the neglect of the charge exchange interaction 
for H;*, such a comparison is quite misleading and that 
the ion observed in mobility studies is not H,* but rather 
H;* as Varney has previously pointed out. With such 
a large value for the cross section for process (A), it is 
understandable that the same ion was observed under 
the widely varying experiments! conditions; e.g., in 
Lauer’s experiments the gas pressures used were several 
hundred mm compared to pressures of approximately 
one mm in the present studies. 
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The atomic-beam separated, oscillatory-field resonance technique has been used to study the hyperfine 
frequency of cesium which is perturbed by collisions with storage box walls. With a wall coating of long 
straight-chain saturated hydrocarbons, resonances are observed after as many as 200 wall collisions. A theory 
of the effect of wall collisions on the hyperfine frequency which is in qualitative agreement with experimental 


results is described. The shape of the resonance curve is analyzed by a detailed consideration of the statistical 


nature of the wall collision. 


I. INTRODUCTION 


HE precision of an atomic beam resonance 

apparatus is ultimately limited by the transit 
time of the atoms through the region of interaction 
with the perturbing fields. For example, in an apparatus 
using the double oscillatory-field method, the frequency 
width Av of the resonance curve is 0.65% /] where / is 
the separation of the rf fields and @ is the mean velocity 
in the beam. In order to decrease the resonance width, 
it is nec essary to use slower atoms or to lengthen the 
distance /. 
method 


So far, significant improvements by the first 


have not been experimentally achieved. 


Although it is possible to increase /] by lengthening the 


apparatus, the 


| 
| 


point is soon reached where further 
increases of length become expensive and inconvenient. 
A proposal by Ramsey! suggested that the interaction 
distance might be increased by a large factor without 
the above difficulties if the atoms were trapped in a 
storage box between the two rf regions. In this case, the 
transit time is increased to the mean time an atom 
spends in the storage box. However, in order for the 
tec hnique to be successful, it is nec essary that collisions 
with the wall should not significantly perturb the atoms. 
Preliminary experimental results indicating the exist- 
ence of a few nondestructive wall collisions have been 
previously reported.? In the following sections, a brief 
and rather qualitative discussion of the storage-box 
technique is presented. This is followed by a description 
of an experimental apparatus constructed to investigate 
the technique, and a summary of the experimental 
findings. 


Il. GENERAL CONSIDERATIONS 


been 
formulated so far, due to lack of detailed knowledge 
of surface structure and to the difficulty of carrying out 


An exact theory of wall collisions has not 


the necessary calculations for even simple two-atom 
collisions. However, the important features of a wall 
collision can be understood qualitatively. Some of the 
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2D. Kleppner, N. F. Ramses ul P. Fjelstad, Phys 


Letters 1, 232 (1958). 


characteristics of wall collisions have been analyzed by 
Babb3 

As a first consideration, it is necessary to restrict the 
choice of atom to be stored to those which are in an S 
state. States with orbital angular momentum will be 
relaxed on the surface by Am, transitions. Because of 
this restriction, the following discussion is limited to 
hyperfine resonance in atoms with an alkali-like electron 
configuration. 

A second, and rather obvious, requirement is that the 
stored atom should not the 
surface. That is, the adsorption energies must be 
characteristic of 


chemically react with 


than 
chemical adsorption. Because of this restriction, we can 


physical adsorption rather 
neglect all transition processes which involve excited 


states of the atoms. 


III. INTERACTIONS DURING A WALL COLLISION 
A. Nonadiabatic Collisions 


The probability that the atom makes a transition to 
another level of the ground state during a collision is 


1 


where 3» is the interaction Hamiltonian, and f, is the 


mean adsorption time. Assuming that there are no 
unpaired electrons in the surface, we may take, for 

the interaction between 
dipole moment at a typical adsorption distance 


2 A. The requirement that P<1 leads to 


an electronic and a nuclear 


t.<hX (2 10-5)3/10-"& 2& 10 1 10 
The adsorption time is related to the adsorption energy 


I ds by 


ee 


la 7 


exp(/ /RT 


7) is the period of vibration of the adsorbed atom in the 
surface potential well. A reasonable value for ro, for a 
heavy atom, is 10~" sec. Substituting (3) in , we 
have 

Faas< RT In 


tx 10! 1ORT. 


This requires that the molar heat of adsorption, at room 


temperature, is less than 5.5 kcal/mole, which is not a 
David Babl 
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severe restriction for physical adsorption. The adsorbed 
atom actually migrates over the surface. Since the 
surface nuclei are randomly oriented, the field the atom 
experiences is not constant; and consequently, the 
allowed adsorption energy is even greater than the 
above estimate indicates. 


B. Adiabatic Wall Collisions 


The energy levels of the atom are slightly displaced 
during the collision, providing the collision is not too 
severe. Since the resonance occurs at the frequency 
corresponding to the average energy separation, the 
resonance frequency is correspondingly altered. If the 
atom undergoes a transition from state p to state gq, 
with energies /, and £,, respectively, then a con- 
venient parameter for describing the collision is the 
phase shift it introduces into the wave function 


tT (Eo— Epo) — (E,— Eo) 
Mea J dl. (4) 
T h 


Epo and Ey) are unperturbed values of the energies, and 
the time of integration extends over a single wall 
collision. If the adsorption time is large compared to 
the time the atom spends passing through the force field 
adjacent to the surface, Eq. (4) may be simplified to 

g= AF, /h=2rAvti, (5) 


where AE (Epa— Epo) — (Ega— Eqo)=Av/h, and ta is 
the mean adsorption time. Epa, ga are the average 
energy levels of the atom while it is adsorbed. The 
transition frequency of an atom while it is adsorbed is 

Va=wotAk sh: (6) 


vo, the free-space resonance frequency is given by 


vo= (Epo— Eqo)/h. 


(E,—E,)/h, 
where the average is over the time spent between the 
rf regions. The mean total time spent on the surface is 
rit,, where 7 is the mean number of collisions in the box, 
and the mean time spent in the storage box is itp, where 
ty is the mean time between collisions. Therefore, 


The observed resonance frequency is v, 


vp-=votAvta/to= vot vt) 2rty. (7) 


It is seen from Eq. (7) that the effect of the wall 
collisions is to shift the resonance frequency by an 
amount characteristic of the surface, and proportional 
to the collision rate, 1/fy. A discussion of the shape of 
the resonance line and the effect of relaxation of the 
wall is given below. 


C. Surface Interactions 


Upon approaching a surface, an atom is first attracted 
by induced electrostatic forces, the van der Waals 
forces. Repulsive forces dominate at separations so small 
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that the charge distributions tend to overlap. ‘These two 
interactions lead to frequency shifts of opposite sign. 
The van der Waals interaction lowers the hyperfine 
interaction by spreading the electron cloud and di- 
minishes the electron density at the nucleus, while the 
overlap repulsive forces (exchange forces) increase the 
hyperfine interaction by increasing the electron density 
at the nucleus. The effects are clearly distinguishable 
in optical pumping experiments*® and experiments with 
hydrogen atoms trapped in solid matrices.® In optical 
pumping experiments, if a heavy buffer gas is used, it 
is found that the average hyperfine interaction de- 
creases, the decrease becoming larger with increasing 
mass of the buffer gas as expected from the dependence 
of the van der Waals forces on the atomic polarizability. 
In a very light buffer gas the repulsive effect pre- 
dominates and the hyperfine frequency is increased. 
Because the van der Waals interactions are long range 
compared to the exchange forces, and because all of the 
surfaces to be considered are composed of relatively 
heavy molecules, the effect of the exchange forces is 
neglec ted in the following discussion. (A discussion in 
which both of these effects are considered for the case of 
an atom colliding with an ideal dielectric surface has 
been given by Purcell.” Adrian’ discusses both effects 
for hydrogen trapped in a solid.) 

We assume that the adsorption mechanism is due 
completely to nonpolar van der Waals forces, in which 
the interaction between two atoms is given by® 


(8) 


where the first term is due to dipole-dipole interaction, 
the dipole-quadrupole interaction, etc. 
Although all terms but the first are usually neglected, 
the second term is by no means negligible in the case of a 
heavy alkali. 

Since van der Waals forces are additive, the adsorp- 
tion energy of an atom on a nonpolar surface may be 
found by a simple integration. The result is, for the first 
term in Eq. (8),'° 


second to 


Eq= — (rn/6r,°*)C, (9) 


where 7 is the density of atoms in the solid, and rq is 
the adsorption distance. 


The constant C depends on the polarizability and 
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excitation energy of the interacting atoms. For the case 
of an alkali and a nonpolar surface, a convenient 
expression for C is" 


C= 3aa,AE I/(AE+1), (10) 


a and a, are the polarizability of the atom and surface, 
respectively, AE is the difference in energy between the 
S and P levels in the alkali, and J is the mean ionization 
energy of the surface. For present purposes, the adsorp- 
tion distance rz may be taken as the sum of the kinetic 
radii of the atom and surface. 

The effect of van der Waals forces on the hyperfine 
energy of an alkali colliding with a rare-gas atom has 
been considered in detail by Margenau, Fontana, and 
Klein,” and by Herman and Margenau.'* In the latter 
paper it is shown that, to a very good approximation, 
the shift in hyperfine energy is simply related to the 
interaction energy in the following fashion : 


1 2 
5E (hyperfine) = Ewxho(- ———-- -), (11) 
AE+I Fa 


hv is the hyperfine separation, J is the mean ionization 
potential of the rare gas and /, is the ionization poten- 
tial of the alkali atom. Adrian® shows that the argu- 
ments leading to (9) apply to an atom trapped in a 
solid, and they should also apply to the case of van der 
Waals adsorption, although the exact value of the 
ionization potential becomes somewhat ambiguous. 
From Eqs. (3), (9), and (10) and (11) and (5), we 


obtain 
ri 3 AEI 
E=—( )» an.( - ), 
6r,° 2 AE+] 
1 2 
v=. n=nXEal - - +), 
AE+I I, 


1 2 
y= | - _ )e. exp(E./kT). 
AE+I I, 


Equation (14) illustrates the critical dependence of ¢ 
on the adsorption parameters. For example, _ if 
E,=10kT, a 10% change in r, changes ¢ by a factor 
of 3.3. However, Eq. (14) is useful in that it illustrates 
the desirable features, namely, that the adsorbed atom 
and surface both have low polarizability. Equation (14) 
is also useful in comparing the relative merits of different 
atoms and surfaces, particularly if a value of ¢ is 
measured for one combination. 

For an order of magnitude estimate of g, we may use 
the following values which are appropriate for adsorp- 
tion of cesium on a hydrocarbon: r,=4.4X10- cm, 
n=4X10"/cm’, a,=2.3XK10-% cm’, a=60XK 10-4 cm’, 


(12) 


(14) 
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vo=9X10 cps, f= 10-" sec, AE=3.9 ev, 1=3.5 ev. 
The result is ¢=1.4X10™ rad/collision. 


IV. LINE BROADENING DUE TO 
SURFACE COLLISIONS 


It has been shown above that the resonance frequency 
is shifted by wall collisions. Because of the random 
nature of the adsorption process, different atoms are 
shifted by different amounts. This leads to broadening 
of the resonance line. 

The chief factor in line broadening is the dispersion 
in adsorption time.’ If E,>7T, then the adsorption 
time is described by an exponential distribution func- 
tion: P(t)= (1/ta) exp(—t/t,). This leads to a dispersion 
in ¢ given by 

51(¢) 


[(¢e*)av— 


After n collisions, the dispersion 6,(¢) in the accumu- 
lated phase shift of the wave function is 


(Lo 2 }2 A 


Y /av J Y. 


6,(¢)=n}61(¢) =n ¢. 
For coherence, 


or nge<l. (15) 


A more accurate calculation of the wall relaxation is 
given in Appendix B where it is shown that the line is 
broadened by a factor (1+ ¢”), and its amplitude is 
correspondingly decreased. 


V. LINE SHAPE 


The transition probability P is calculated by a 
straightforward but lengthy extension of the calculation 
used in the double oscillatory-field 
method.'* The result is summarized in Appendix A. 
It is shown there that, when the field intensity in each 
transition region is optimized, 


conventional 


P=0.5+-0.328(cosAT (16) 


where \=(E,—F,)/h and T is the time of transit 
between the two fields. The ( ),, denotes average over 
time. The averaging process is complicated by the fact 
that the energy is randomly perturbed by wall collisions 
so that A=A(¢). The shape of the resonance curve for 
the case of no wall perturbation is described in Sec. A, 
below. In Sec. B, the case of finite perturbation is 
discussed. 


A. Line Shape with no Wall Perturbations 


We assume that the time the atom spends passing 
between the rf fields but outside the storage box is 
negligible compared to the mean time in the storage 
box, which is usually the case. If the geometry of the 
box is reasonably simple, then the probability that the 
atom leaves the box instead of making a wall collision is 


*P. Fjelstad (private communicatior 
4 N. F. Ramsey, Molecular Beams (Oxford 
New York, 1956). 
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Fic, 1. Schematic diagram of the apparatus 


A./A., where A, is the total area of exit from the box 
and A; is the total wall area of the box. It follows that 
the mean number of collisions an atom makes before 
leaving the box is given by %=A,/A- and that the 
distribution function for time spent in the box is 

P(T)=y exp(—y7), (17) 
where y= 1/7fp=1/t. In this case, substituting Eq. (17) 
into Eq. (16), and carrying out the indicated integration 
we have 


P=0.5+0.328y2/(7?+2?). (18) 


The result is a Lorentzian curve centered about \=0, or 
(Epo— Eqo)v=h, with a full width at half-height given 
by Avnp=y/z. 


B. Line Shape with Finite Wall Perturbations 


The calculation of (cosAT),y with finite wall pertur- 
bations is outlined in Appendix B. The results are 
summarized here: 

(1) The condition for resonance is 


v=vot (tan 1p) 2rlo. 
(2) The width of the resonance curve is 


Av=Avo(1+37 ¢’) 


=a-y(14+49?/t). (20) 


(3) Asymmetries are introduced into the resonance 
curve if the perturbations are severe, Eq. (B.3). Since 
this curve cannot be plotted in a reduced form, the 
amount of asymmetry will not be discussed, except to 
point out that it is only significant when wall relaxation 
becomes appreciable, that is when 37¢’~ 1. 


VI. EXPERIMENTAL APPARATUS AND PROCEDURE 
A. Choice of Atom 


Hydrogen presents itself as a natural choice for 
storage due to its low polarizability. Early experiments 
demonstrating specular reflection of H confirm the 
hypothesis that its adsorption time can be extremely 


short.'® Unfortunately, hydrogen has the serious dis- 
advantage of being difficult to detect. This disadvantage 
becomes prohibitive in the present experiment because 
of the necessity of recollimating the beam after it 
leaves the storage box, with a consequent large loss of 
intensity. Primarily for this reason, it was decided to 
use Cs! as the working atom. Cesium does have large 
polarizability, but its experimental convenience made 
it seem a reasonable choice for a first experiment. The 
specific transition observed is the (F=4,m=0) — 
(F=3,m=0) hyperfine transition, occurring at 9192 
Mc/sec. 


B. Apparatus: General Considerations 


Because the beam must be recollimated after leaving 
the storage box there is a very large loss in intensity 
compared to a conventional apparatus. For this reason, 
the space-focusing hexapolar 
magnets.!® The detector, which is described below, has 
an unusually large ionizing area, and is designed for high 
collection efficiency. 


state selectors are 


Preliminary investigation gave irreproducible results 
which were attributed to surface contamination. For 
this reason, the present apparatus was designed to be 
baked out regularly, and a vacuum of about 3X 10~° 
mm Hg can be maintained. Although an adsorbant 
surface is contaminated in a short time at this pressure, 
the weakly adsorbing surfaces with which we are 
primarily concerned do not show any aging or contami- 
nation effects. 

A schematic diagram of the apparatus is shown in 
Fig. 1. Atoms effusing from the oven in the (F=4, m=0) 
state are focused by the ‘‘A”’ magnet and pass through 
the transition inducing field in the first of the two 
microwave cavities. The beam passes into the storage 
box which has a stop between its apertures so that an 
atom must undergo a number of wall collisions before 


‘6 F. Knauer and O. Stern, Z. Physik 53, 799 (1929); T. H. 
Johnson, J. Franklin Inst. 210, 145 (1930). 

16H. Friedburg and W. Paul, Naturwissenschaften 38, 159 
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effusing out. Those leaving by the second aperture in 
the correct direction pass through the second microwave 
cavity and the ““B” magnet, and go to the detector. 
The “B” magnet defocuses atoms in the (F=3, m=0) 
state, so that the occurrence of resonance causes a 
decrease in detector signal. 


C. Details of the Apparatus 
Source 


The oven, which is of conventional design, is fabri- 
cated from Monel and rests on three sharpened tungsten 
pins. The well, 1-in. deep by }-in. diam, is closed at the 
top by a threaded Monel pressure cap. The source 
aperture is a 0.030-in. hole and the oven is run at 
200-250°C. Cesium metal is doubly distilled and loaded 
into the well in a glass ampoule under a CO, atmosphere. 
The total flux of Cs atoms in the (4,0) state is about 
10" per sec. 


Magnets 


The “A”? magnet has a }-in. gap diam and is 4-in. 
long. The maximum field at the pole tip is 7000 gauss, 
which is achieved with a current of 300 ma flowing 
through 4250 turns around each pole. The ‘“B’”’ magnet 
has a 3-in. gap and is 12-in. long. Its maximum field 
is 6000 gauss, with a current of 400 ma flowing through 
3500 turns on each The magnets are mounted 
externally to the vacuum system, and can be dis- 
assembled to allow bakeout. The effective solid angle 


pole. 


for atoms in the desired state subtended by each magnet 
3x 10~ steradian. 


is about 


Detec lor 


The cesium is detected by surface ionization on a hot 
platinum filament. The filament is }-in.X?-in. by 
0.001-in., and is mounted at 45° to the beam axis. The 
large filament is necessary because the beam leaving the 
‘B” magnet is spread over the magnet-gap area. The 
ionized cesium is focused at the common center of 
curvature of a set of four spherical grids which are 
appropriately biased A small permanent magnet, with 
a gap strength ot about 2000 gauss, then separates the 
unwanted potassium background and deflects the beam 
onto the entrance dynode of a National Company 
14-state electron multiplier. The multiplier gain is about 
5X10* at a supply voltage of 2700 v. The over-all 
collection efficiency of the detector is about 85%. 

The current from the multiplier is amplified in an 
electrometer and passes to a phase sensitive detector. 
The output of the detector is displayed by a recorder. 


Vacuum System 


The vacuum system is fabricated of stainless steel 
and is pumped by mercury diffusion pumps. With the 


exception of the rf chamber, which houses the storage 
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box, all demountable joints are sealed with Teflon 
O-rings. The rf chamber is sealed with aluminum © 
rings. A standard bakeout of 200°C overnight results 
in pressures in the rf chamber which are consistently 
below 5X10-* mm Hg as measured by an untrapped 
Veeco ion gauge. Pressures in the non-bakeable detector 
chamber are below 2X10-7 mm Hg, while the source 
chamber is usually operated at about 5X 10-7 mm Hg. 


Microwave System 


The transition regions are tuned Y-band microwave 
cavities. The cavities are independent, and are coupled 
by a ferrite phase shifter which is used to modulate the 
resonance by reversing the relative phase in the cavities. 
The phase is monitored by directional couplers attached 
to each cavity which drive a common mixer. The 
separation between the cavities along the beam is 
3.5-in. corresponding to a resonance width for an 
unstored beam of 2 kc/sec. 

Frequency generation and stabilization. Because of the 
relatively narrow resonance line, and the high transition 
frequency, a stabilized klystron is, used as the frequency 
source. The stabilizing system is illustrated in Fig. 2. 

The rf chamber, storage box. The rf chamber houses the 
two microwave cavities and the storage box between 
them. The storage box is so mounted that it can be 
opened in the high vacuum of the rf chamber and can 
be manipulated in and out of the beam during an 
experimental run. Heaters on the 
heating the box to 150°C. 

Figure 3 shows a typical The 
entrance and exit aperture are ;';-in. diam. In the initial 
phases of these experiments, the glass boxes were baked 
on a small glass vacuum system at 400°C and then 
coated with the appropriate material by a triple 
vacuum distillation and finally sealed under vacuum. 

A distillation technique is inapplicable for many of the 
surfaces investigated, and in such cases other schemes 
are resorted to. Metallic boxes, and glass boxes with a 
single wall. of a different material have been used, and 
are described in the next section. 


box support allow 


glass storage box. 


D. Experimental Procedure 


After the box has been installed and a 


satisfactory vacuum achieved, the apparatus is tuned 


storage 
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Fic. 3. Typical collision box. 


with the storage box out of the beam in order to check 
the beam intensity and locate the unperturbed hyper- 
fine resonance. The storage box is then raised into the 
beam. This motion breaks the vacuum seal at the box 
apertures so that it can admit the beam. A resonance 
curve is then taken unless the beam has been adsorbed 
in the box. A typical current from the electron multiplier 
for the case of a completely nonadsorbing storage box 
is 1X10-* amp. Under favorable conditions, a signal-to- 
noise ratio of 40 is obtainable with a one-second inte- 
grating time. 

Since the apparatus is of the flop-out kind, atoms 
besides those in the (4,0) state are normally focused. 
The ratio of total detector current to the modulated 
component is, therefore, a rough measure of the degree 
of relaxation. If coherence is preserved, the phase shift 
per collision is determined from the location of the 
resonance position and the geometry of the box by 
means of Eq. (19). 


VII. RESULTS 


\ variety of surface materials were investigated, the 
majority of which gave complete adsorption or complete 
relaxation. Of all those tried, only the paraffins allowed 
a number of collisions large enough to yield quantita- 
tive information on the phase shift. The results for the 
paraffins are summarized below, and are followed by a 
brief summary of findings for other surfaces investigated. 


A. Paraffin 


The most reliable surface material investigated was 
“Paraflint”” (Moore and Munger, New York), which 
is the trade name for a mixture of long chain paraffins of 
the type CH;(CH:2),CH;, where m varies between 40 
and 60. The melting temperature is between 103° and 
108°C. Fractional distillation revealed that the lightest 
components melt at 77°-79°C, while the heaviest melt 
at 118°-120°C. 

Data were obtained using a number of different 
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storage boxes with % varying between 60 and 190. The 
mean phase shift per collision was determined to be 


¢=0.09+0.01 rad/collision. 


If we substitute this value in Eq. (14), and assume that 
I=6.4 ev, we obtain £,=0.8 ev=1.9 kcal/mole. 

The recorder trace of the resonance in a storage box 
with 7=60 is shown in Fig. 4+. The mean time between 
collisions to=6.7X10~* sec. The unperturbed linewidth 
for this would be Av=80 The resonance 
frequency is displaced —225 cps, and the measured 
linewidth is 150 cps. Using find that the 
predicted linewidth is 100 cps, which is in qualitative 


box cps. 


(20). we 


agreement with the observed linewidth. Linewidths as 
narrow as 80 cps in a box with %=200 have been 
recorded. However, this is in the region of very strong 
relaxation (7¢*/2=0.8) and the signal-to-noise ratio 
is ( onsequently poor. 

The best results were obtained with the box heated 
slightly above the melting point of the paraffin, so that 
the atoms were actually adsorbed on a liquid surface. 
No appre iable difference was observed with surfaces 
composed of distilled fractions of the ‘Paratlint.”’ 
Dotriacontane [CH;(CH»)30CH and tetracontane 
[CH3(CH»)40CH; ] were also tried, and yielded slightly 
larger phase shifts than ‘*Paraflint.” 


B. Other Surfaces 


Halogenated paraffin. “‘Halocarbon’” Wax (Halo- 
carbon Products Corporation). This is a fully halo- 
genated chlorofluorocarbon wax. It completely adsorbed 
the beam, most probably due to chemical reaction with 
the halogens. 

Teflon. Earliest results were obtained with a Teflon 
surface.2 However, attempts to store beams for more 
than a few collisions failed due to chemical adsorption 
of the beam. The beam intensity can be explained by 
assuming that there is a probability of 0.1 that an atom 
sticks to the surface on a given collision. Those atoms 
which did leave the box still displayed a resonance, and 
though it was impossible to obtain long enough storage 
times to measure ¢, it can be concluded from the lack 
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I'ic. 4. Resonance curve for “Paraflint.” 
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of relaxation that ¢<1, in spite of chemical adsorption 
taking place. 

Meltable polyethylene. A sample of ‘‘ Nieder-Moleculares 
Polyattylén” which has a melting point of about 100°C 
was studied in a box with i=65. The cesium beam was 
completely adsorbed. It is likely that this material 
contained catalytic impurities and cracked chains, both 
of which would react chemically with cesium. 

High-purity polyethylene A variety of polyethylenes 
with low dielectric were studied. These gave 
irreproducible results due to the difficulty of preparing 
a clean undamaged surface. However, the best results 
compared favorably with those of paraffin. 

Dichlorodimethylsilane (General Electric “‘Dri Film’’). 
Our interest in this substance was due to its use in 
inhibiting surface recombination of atomic hydrogen.” 
However, four separate runs indicated complete 
surface relaxation, although there was no appreciable 
adsorption. 

LiF. A freshly cleaved LiF surface was mounted on a 
}-in. diam hole bored in a 2-in. diam glass storage box 
which was covered with ‘‘Paratlint.”” The cleaved LiF 
surface completely adsorbed the beam. 

Sapphire. A setup similar to that used for LiF was 
used, and the result was complete adsorption. 

Glass. Glass was run as a testing measure to ensure 
that a known adsorbing surface actually behaved as 
such under typical experimental conditions. There was 
complete adsorption to 150°C. 


loss 


SiO». A fused quartz storage box was mounted in a 


special oven which could be heated to 750°C. The beam 
was completely adsorbed at room temperature, as 
expected. As the temperature was raised to about 500° 
the cesium beam began to reappear but no resonance 
was obtainable. At 750°, the adsorption time was still 
in the order of seconds, and the beam was completely 


relaxed. 

Vickel. Cesium should relax on collision by spin 
exchange even in the absence of chemical adsorption. 
It has been reported!’ that the condensation coefficient 
of cesium on nickel is 0. A 0,001-in. nickel coating was 
electrolytically applied to an aluminum box with 
’i=190. The beam was completely adsorbed at tempera- 
tures up to 150°C. 

Pyrolytic graphite. (‘‘Pyrographite,” supplied by 
Raytheon Company). Pyrolytic graphite is graphite ina 
highly oriented state which is composed of practically 
perfect planes. The planar surface has very weak 
adsorptive properties, and a preliminary test with a 
small sample covering an opening in a paraffin-covered 
bulb showed that it did not appreciably adsorb the 
beam or perturb the resonance. However, a storage 
box fabricated entirely from pyrolytic graphite showed 
complete adsorption. Unfortunately, the sample from 
which the box was fabricated had been machined, which 


iJ. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956 
*S. Wexler, Revs. Modern Phys. 30, 402 (1958). 
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may have destroyed the orientation of the surface. 
Since no other samples were available, the results are 
inconclusive. 

VIII. CONCLUSION 


The most favorable substance found for the storage 
box allowed observation of resonances with approxi- 
mately 200 wall collisions but perturbed the resonance 
too much to allow high precision spectroscopy. How- 
ever, the search has not been unfruitful, for the limited 
success with paraffin walls allows one to make pre- 
dictions about the use of the technique with other 
atoms. For instance, hydrogen has a much smaller 
polarizability than cesium (0.8 10-* cm* compared to 
about 6010-* cm* for cesium). 79, the period of 
vibration of an adsorbed atom in the surface potential 
well, varies with the square root of the mass, and is 
therefore smaller by a factor of about 12 for hydrogen. 
Therefore, from Eqs. (12) and (14) we see that the 
phase shift for hydrogen should be considerably smaller 
than for cesium. Since the maximum number of useful 
collisions varies inversely as the square of ¢, it is 
realistic to expect that hydrogen can be stored for 
much longer storage times with the number of wall 
collisions vastly greater than the 200 possible with 
cesium. With long enough storage times, maser action 
can be used to detect the resonance, rather than a 
conventional beam detector, thereby eliminating the 
initial objection to hydrogen. This has proven to be 
feasible. The successful use of the storage-box technique 
in an atomic-hydrogen maser has reported 
elsewhere.'® 


been 
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APPENDIX A 
Transition Probability for a Stored Atomic Beam 


The transition probability for an atomic beam reso- 
nance using the double oscillatory-field method has 
been worked out by Ramsey," will use his 
notation. 

The atom is initially in state p. It is desired to find 
the probability P that the atom has made a transition 
to state g after traversing two oscillatory fields in which 
transitions are induced by perturbations of the form 
V p.q=h exp(iwt). Let subscript 1 refer to quantities in 
the first field, and subscript 2 refer to quantities in the 
second field. The flight of the atom is interrupted by a 


and we 


9H. M. Goldenberg, D. Kleppner, and N. F. Ramsey, Phys 
Rev. Letters 5, 361 (1960). 





ATOMIC BEAM 
storage box placed midway between the fields. We use 
the following notation: ‘=time in rf field, 7=time 
spent in the storage box, wyo=resonant frequency, 
a=[(w—wo)*+ (2)? }', /=length of rf field, L=distance 
from either field to storage box, A=wo—w, x=2b/a, 
x*=(2b+dL)/a, a=most probable velocity of atom. 
The following function is of use, and is tabulated in 
reference 14, p. 425: 
ow 
I(x) +ik (2) = f exp[ — y’+i(«/y) ]dy. 


0 


The following expression is obtained for P for the case 


when |w—wo!<2b: 
P=4—21(x,)I (x2) 
} cosAT {LK (ait) +K (a1) LK (wot) + K (x07) J 
—[T (xt) —T (x17) JLT (vet) — 1 (x27) J 
—4} sind T{LK (x14) + K (x17) JL (27) — 1 (xo*) J 
+[7 (x )—T (x)? ) ILK (aot) +K (x2 ) }}. 
P is maximum when 
2b); /0) = 2bel2/a2= 0.6007. 
In this case, and when L/a<T, the above expression 
reduces, when averaged over time, to 
P=0.5+0.328(cos(AT)) av, 


which is the equation given in the text. 


APPENDIX B 
Shape of the Resonance Line 


It is desired to evaluate (cosAT)ay. We will make use 
of the following relations: »—1=number of collisions 
an atom makes before leaving, /)= mean time between 
collisions, r=total time an atom is adsorbed, T7=time 
an atom spends in the box=nfo. Using notation similar 
to that of Sec. III B, 


w—wy— Awr/ T= p— Awr/ T. 


A= (w—a,) 


The following distribution functions are involved: (1) 
Distribution in number of collisions made by an 
emerging atom 

p(n) =6(1—4)”, 
6= probability of leaving per collision. (2) Distribution 
in total time spent on surface after collisions; it is 
stated in the text that the distribution in adsorption 


RESON! 


ANCE EXPERIMENTS 


time is given by 


F (7) = (1/t.) exp(—1/ta), 


where ¢. is the mean adsorption time. From this it 
follows that the distribution in total time spent on the 
surface after 7 collisions is given by 


7” 1 
F,(r)= exp(—1/ta). 
(n—1)!t,” 


Neglecting for the moment the distribution in é, we 
have 


(cosdT ) ay 


(cos{ (Ao WaT 


T) T} hay (cos( oT WaT) ars 


xD 
x 


> 6(1-46)"" f F (7) cos(#Xolo— Wat )dr (B.1) 


n=l 


A cosé— B 
= : (B.2) 
n(A?+ B?—2AB cos6) 


A=(1+¢*)!}, B=1-—1/n, 0 


and r=1/6. The resonant 


where 


= AwTo, 


Aply tang, ¢ 
condition is now 


Aglo=tan—'¢, 


y=pvottan!¢/2rly. 


The width of the curve at half-height is approximately 


1 1 e 
Av= ( + ) Avo(1+37¢"). 
WN Nly 2Zlo 


Equation (B.2) is symmetric about the resonant fre- 
quency. However, if we alter Eq. (B.1) to include a 
distribution over fo, using the following normal distri- 
bution function: 


P(t) = (2/mo?)* exp[— (t—to)?/ 207], 
P(t=nto) = (2/nwo*)' exp[— (t—nto)?/2ne? ], 


we obtain 
AC cosé—B 
(cosAT av ’ (B.3) 
n( A*C+ B*— 2A B cos@) 


where C=exp(Ae’o). Typically, ¢~ fo. Equation (B.3) 
is no longer symmetric about the frequency of maximum 
transition probability. 
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Statistical electron density distributions and Thomas-Fermi-Dirac (TFD) screening functions have been 
obtained for the 104 elements corresponding to integral atomic numbers Z=2 to Z=105, for 117 values 
of radial distance from the atomic center in each case. These results were calculated, in part, by using 
Thomas’ solutions of the TFD equation in terms of the statistical electron distributions for nonintegral 
values of Z and Jensen’s boundary conditions. Values for argon and copper are given here. The complete 
set of tables for all 104 elements has been deposited with the American Documentation Institute Auxiliary 


Publications Project. 


I. INTRODUCTION 


HE usefulness of the statistical model of the atom 

derives chiefly from its far simpler conceptual and 
mathematical structure as compared to that of the more 
exact quantum-mechanical treatment. Thus, the sta- 
tistical model originally proposed by Thomas! and 
Fermi,? and later modified to account for electron 
exchange by Dirac,’ has been successfully applied to 
the approximate solution of a large variety of problems, 
ranging from the behavior of matter in stars and in 
the earth? to the study of radiation damage in solids® 
and of specific properties characteristic of molecular 
and atomic species.>? After suitable modification, 
the model has proved useful even in the study of the 
atomic nucleus.” 

The unmodified Thomas-Fermi (TF) model is based 
on one fundamental equation universal for all atoms, 
and has been solved by several investigators.° Whenever 
it is desired to use the exchange-corrected Thomas- 
Fermi-Dirac (TFD) model, however, the basic TFD 
equation must be solved anew for each atomic species. 
Solutions of the latter kind with Brillouin’s boundary 
conditions'® have been given for all 92 elements by 
Umeda,'® and with various boundary conditions for 
about one-quarter of the naturally occurring elements 


* Work supported by the U. S. Atomic Energy Commission. 
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by Metropolis and Reitz. The most complete solutions 
published to date, however, are those given by Thomas,!” 
using Jensen’s boundary conditions,'® essentially for 
elements of atomic number Z=2 to Z=105 and the 
corresponding positive ions with degree of ionization 
one to four. 

These solutions, along with extensive tabulations of 
related quantities of interest, are given for nonintegral 
values of Z. To obtain the corresponding values for 
actually occurring elements, i.e., for integral Z, it is, 
therefore, necessary to interpolate. More specifically, 
to obtain results as accurate as the tables, 
four- or five-point interpolation is re- 
quired.’ Clearly, such a procedure, even if it were to be 


original 
Lagrangian 


carried out for only one quantity of physical interest, 
say the electron density distribution p as a function of 
radial distance r from the atomic center, would involve 
a most formidable number of operations (about 105) 
for a human computer and is, therefore, a problem best 
suited for machine calculation. Furthermore, Thomas’ 
tables give the values of r'p rather than the physically 
more interesting quantity p, thus necessitating for each 
Z and each ¢ an additional dividing-out of the awkward 
factor r}. Lastly, the very useful solution in terms of the 
TFD screening function W is not given in 
work at all. 

In conjunction with recent work on interatomic 
repulsive potentials," a knowledge of the quantities 
p(Z,r) and ¥(Z,r) was desired and their calculation 
performed on a high-speed electronic computer. It is 


Thomas’ 


the purpose of the present paper to make these solutions 
for neutral atoms generally accessible for utilization in 
the many domains, indicated above, in which the TFD 
statistical model is applicable. 


II. BASIC THEORETICAL RELATIONS 
The basic TFD equation is? 
V2(V— Votre?) 


‘7 L. H. Thomas, J. Chem 22, 
‘SH. Jensen, Z. Physik 93, 1935 
% A. A. Abrahamson, R Hatcher, and G. H. Vineyard 

Bull. Am. Phys. Soc. 5, 231 (1960); Phys. Rev. 121, 159 (1961 
* For proof of the results presented in this see reference 


4 or 5. 
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Pane I. THD densities p for argon (Z=18). Outer boundary = 4.2818. First row gives radial distance; 
second gives density (atomic units). 0.21271 4-02 means 0.21271 X10 *; ete. 


0.42818 / O1 0.42741 E01 0.42664 i. 01 42588 I: O1 0.42511 F 0.42435 E O01 
02 0.21272 £-02 0.21277 E-02 .21285 /-02 0.21296 F 0.21313 E02 


2 01 0.42282 FE O1 0.42206 E01 { ‘ £01 0.42055 / 0.41979 FE O1 
t—-02 0.21348 £-02 0.21371 £-02 0.21. Q)2 0.21429 & 0.21463 E-02 


0.41904 2 O01 0.41828 E O1 0.41753 E O1 0. : O1 0.41603 /: 0.41454 & O01 
0.21498 £02 0.21531 £-02 0.21579 £-O2 0.21626 /:-02 0.21671 0.21776 1-02 


0.41305 & O1 0.41157 E O1 0.41009 & O01 0.40861 k O01 0.40715 EF 0.40568 # O01 
0.21889 £02 0.22020 E-02 0.22162 £-02 0.22314 k-02 0.22483 E 0.22655 £02 


0.40423 O01 0.40133 FE 01 0.39845 FE O01 0.39560 & 01 0.39276 F: 0.38994 FE O01 
0.22837 E-02 0.23241 E-02 0.23690 :-02 0.24167 &-02 0.24094 E 0.25264 02 


0.38715 E O1 0.38437 EF O1 0.38162 FE O1 0.37616 FE O1 0.37079 E 0.36549 E 01 
0.25864 1-02 0.26505 £02 0.27190 E02 0.28655 £-O2 0.30267 E 0.32039 E-02 


0.: , 01 0.35512 FE O1 0.35005 £ 01 0.34505 E 01 0.: D 0.33047 E O01 
0.33955 k-02 0.36028 /-02 0.38249 O02 0.40647 02 0.432 0.48894 /:-02 


0.32109 # O1 0.31198 O01 0.30313 O01 0.29453 E O01 0.28617 & 0.27805 E O01 
0.55376 L-02 0.62718 02 0.71048 £02 02 0.91045 / 0.10300 01 


0.27016 E O01 0.25505 / O01 0.24078 E O1 ATK > O1 0.21460 i: 0.20259 FE O01 


1/ 
0.11645 /-01 0.14848 /:-01 0.18876 £01 , 8 E-01 0.30207 7 0.38022 1-01 


0.19126 FE O1 0.18056 £ O01 0.17046 EF O1 .15192 E O1 0.13540 EF 0.12068 E 01 
47700 £01 0.59640 /:-01 0.74347 £01 .11430 £-00 0.17353 0.20014 -00 


A10755.E O1 0.95858 E00 0.85433 E 00 .76142 E 00 0.67862 F: 0.53905 E 00 
38519 k-O0 0.56350 /2 00 0.81472 /- 00 11645 E O1 0.16461 / 0.31858 E 01 


42818 /--00 0.34012 /--00 0.27016 /:-00 .21460 00 0.17046 } 0.13540 E-00 
59252 k O1 0.10624 i: 02 0.18428 / 02 31028 E02 0.50880 / 0.81520 E 02 


10755 £00 0.854353 /-01 0.67862 1-01 53905 E01 0.42818 i 0.34012 E-01 
12800 /2 03 0.19751 k 03 0.30026 /2 03 45068 / 0.66925 E 0.98489 E 03 


27016 01 0.21460 /--01 0.17046 £-01 » : 0.10755 J 0.85433 E-02 
14385 #04 0.20880 2 04 0.30151 E 04 43353 E O- 0.62119 E 0.88754 Ek 04 


0.67862 E-02 0.53905 / 0.428 
25 


18 £-02 e } 0.27016 E 0.21460 E-02 
0.12652 E05 0.18001 / 0: 0. 73 


5573 E O05 36285 E O05 0.51435 E 0.72854 £ 05 


0.17046 £-O02 0.13540 & 0.10755 E-02 85435 E 0.67862 E 0.53904 J 
0.10313 & 06 0.14591 F 0.20636 E 06 2 , 0.41241 FE 0.58287 } 


0.42818 £-03 0.34010 / 0.27018 E-03 0.21460 EF 0.17046 E 0.13539 J 
0.82361 E 06 0.11637 / 0.16438 E O07 0.23224 EF 0.32808 /: 0.46349 | 


0.10756 03 0.85422 / 0.67867 E04 0.53908 E 0.42818 FE 0.33997 F 
0.65457 Je 07 0.92482 i 0.13059 Je OS 0.18446 E 0.26057 J 0.36827 J 
0.27018 04 4: 0.17042 £04 0.13530 / 0.10747 E 0.85636 I 
0.51979 & O8 } ; 0.10375 & 09 0.14665 / 0.20715 7 0.29123 F 


0.68081 05 53 ‘ 0.42818 05 
0.41083 /. 09 5823: 0.82363 / 09 


where In view of (1) together with Poisson’s equation, 
{ | 


Vo=L(Z—N ero lt rete, Ke V°V =+4rep, (6) 


(4x," 15x,.e)!'=0.2251(e dy)}, ° . 
where p represents the number density of electrons, 
0.7386", (4a) and by recalling that Vo and ro are constants, we also 
(39?) te?ay= 2.87 1e? ao, (4p) have 


r 


10 


= (39)! (2/ ean)? = 0.09553 /(eao)', (5) 


. The boundary conditions for Eq. (1) are 
and ao, e, V, ro, and V, respectively, denote the first rhe bou y cond 4 


Bohr radius in hydrogen, the magnitude of the elec- lim r(V—V =z 
. “ , | _ + To é, 

tronic charge, the number of electrons per atom, the bi, 

radius of the TFD atom (assumed to be spherically 


symmetric), and the electric potential. (V—J 
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rasie II. TFD densities p for copper (Z = 29). Outer boundary = 4.45390. First row gives radial distance ; 
second gives density (atomic units). 


0.44539 E 
0.21264 E 


0.44061 E 
0.21330 


0.44459 EF O1 AA 2 O1 
0.21268 E02 \ s-O2 
0.43982 F O1 
0.21357 £-O2 


0.43903 E 01 
0.21382 £-02 
0.43588 / 
0.21513 E 


0.43510 FE 01 
0.21562 £-02 


0.43431 EF 01 
0.21609 /--02 


0.42965 E 
0.21946 I 


0.42811 FE O01 0.426057 FE O1 
0.22087 E-02 <—~02 


0.42048 EF 
0.22962 EF 


0.41746 E O1 © Ol 
0.23404 E-02 0.23882 E-02 


0.40271 E 0.39982 E 01 0.39695 E O01 
0.26236 E 0.26923 E-02 0.27651 E02 


0.37475 E 0.36939 FE O01 ¥. 2 01 
0.34961 EF 0.37208 £02 39633 E-O2 


33400 / 0.32452 E 01 31531 FE O01 
58365 / 0.66489 /-02 75733 E-O2 
28102 / 0.26530 E O01 .25046 & O1 
12685 / 0.16352 £-01 21010 £-01 


19895 F 0.18782 FE 01 0.17731 E O1 
55404 / 0.70014 E-01 0.88186 £01 


0.11188 E 0.99710 E 00 0.88867 FE 00 
0.49701 / 0.74213 EF 00 0.10948 FOL 


0.44539 | 0.35379 F-00 0.28102 /:-00 
0.88936 / 0.16464 & 02 0.29402 EF 02 


0.11188 / 0.88867 /-01 0.70590 £01 
0.22307 FE 0.34964 E 03 0.53874 FE 03 


0.28102 F 01 0.177: O01 
0.26777 F 39096 E 04 0. 

0.70589 | 
0.24111 7 


0.17731 E 
0.19803 & 


56071 E-02 
34371 E 05 


0.44539 E- 
0.48908 E 


.14085 E-02 0.11188 & 
28035 E 06 0.39670 E 


0.44539 } 
0.15853 / 


35377 E-O03 


22404 FE 07 


0.28104 F 
0.31653 E 


0.11188 
0.12609 | 


RR&R55 k-O4 
0.17816 E O8 


0.70594 F 
0.25160 F 


0.28104 E 
0.10016 F 


0.22314 E-04 
0.14157 E 09 


0.17727 F-04 
0.19993 E 09 
0.70817 
0.79171 / 


0.56119 F-05 
0.11223 E 10 


0.44539 F-05 
0.15872 FE 10 


and 
l—d(V—Votr7?)/Or j= (Z—N)e/ri?. (10) 
To simplify the fundamental equations (1) and (7), 
it is customary to introduce the dimensionless variables 
rip, la r/Ze)\(V—Votre), (11,12) 


where 


p= (drop) eZ = 14 (99? /2)§apZ-$=0.8853a.Z-? (13) 
and the constant 

Bo= to(u/Ze)'=0.21182-1. 
The basic TFD equation (1) then becomes 


dy /dx* al (yp v)}+By r, 


0.44299 FE O1 
0.21288 E02 


0.43824 E O01 
0.21405 E-02 


0.43353 E 01 
0.21655 £02 


0.44220 FE 01 
0.21294 £-02 


0.44140 E 
0.21317 E 


0.43745 E 01 
0.21443 02 


0.43666 E 
0.21477 FE: 


0.43120 E 
0.21820 k 


0.43275 E O01 
0.21702 02 


0.42504 FE O1 a 2 O1 
0.22402 E-02 0.2 2-02 


0.41150 E 01 
0.24408 E-02 


0.42199 ] 
0.22771 E 


0.40855 E 01 
0.24971 E-02 


0.40562 E 
0.25578 E 


0.39128 E 01 0.38569 E O1 0.38018 E 
0.29234 E-02 0.30977 E-02 32887 E 


0.35891 FE 01 0.35379 E 01 
0.42238 E-02 0.45038 E-02 


34375 EF 
51253 EF 
0.30637 O01 
0.86222 :-02 


0.29767 FE O1 
0.98124 02 


28923 } 
11160 / 


0.23645 FE 01 0.22322 F O1 
0.26909 /:-01 0.34347 -01 


21074 / 
0.43697 | 
0.15803 E 01 0.14084 E 01 0 
0.13851 E-00 0.21476 E-00 0.3 


0.79203 FE 00 0.70590 & 00 0 

0.15960 FE O1 0.23001 - O1 0.46191 / 
0.22322 £-00 
0.50818 & 02 


0.1773 00 0.14084 / 


1 / 
0.85303 - 02 0.13952 £ 


0.56071 /-0! 
0.81804 & 03 


0.14084 --01 
0.81912 & 04 


0.44539 --01 0.35379 } 
0.12268 & 04 0.18205 / 


0.11188 £-01 ~ 0.88867 E 
0.11777 E O5 0.16874 J 


0.35379 E-O02 0.28102 E02 0 
0.69487 E 05 0.98606 & 05 0 


0.88869 EF 0.70590 E-03 0.56070 
0.56110 F 0.79342 EF 06 0.11217 F 


0.17731 F-03 0.14083 / 
0.63189 J: 07 0.89277 | 


0.56075 F 0.44539 F-04 0.35364 
0.35539 EO! 0.50205 i O8 0.70959 } 


0.14074 £ 0.11179 &-04 0.89078 FE 
0.28260 FE 0.39919 F 09 0.56121 / 


with the correspondingly transformed 
ditions (8), (9), and (10) now reading 


Y(O)=1, W(x J<Bua0, 
—W' (xo) =[(Z—N/Z)—W(x0) 0. 


In terms of the screening function y, the electric po- 
tential and charge density, respectively, assume the 
form 


boundary con- 


(16,17) 


(18) 


(Ze/r)~+Vo-—r (19) 


and 


p= (Z/Amp*)[ (W/x)!+Bo P= (Z/4ary*)(W’"/x). (20) 


The physical reason for designating Y a screening 
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TABLE LIL. TFD screening functions y for argon 


DENSITY DISTRIBUTIONS 


(Z=18). Outer boundary = 4.28180. 


First row gives radial distance; second row gives ¥ (atomic units). 


4.2664 
0.00075021 


4.2206 
0.00075305 


4.2741 
0.00075090 
4.2282 
0.00075171 


4.2818 
0.00075220 
4.2358 
0.00075036 


4.1904 
0.00076243 


4.1828 
0.00076491 


4.1753 
0.00076917 


4.1009 
0.00082307 


4.1305 
0.00079696 


4.0423 
0.00089055 


4.1157 
0.00080934 


4.0133 
0.00093216 


3.9845 
0.00097934 
3.8715 


0.0012156 


3.8437 
0.001287 


3.8162 
0.0013644 


3.6027 
0.0021520 


3.5512 


0.002398 1 


3.5005 
0.0026624 


3.0313 
0.0064321 


3.2109 
0.0046765 


3.1198 
0.0055108 
2.5505 


0.013842 


2.7016 
0.011000 


2.4078 
0.017081 


1.9126 
0.034308 


1.8056 
0.039758 


1.7046 
0.045694 


0.85433 
0.15686 


0.95858 
0.13323 


1.0755 
0.11158 


0.42818 
0.33153 


0.34012 
0.39701 


0.27016 
0.46278 


0.10755 
0.69683 


0.085433 
0.74327 


0.067862 
0.78423 


0.027016 
0.89859 


0.021460 
0.91700 


0.017046 
0.93231 


0.0053905 
0.97651 


0.0042818 
0.98110 


0).0067862 
0.97086 


0.0017046 
0.99215 


0.0013540 
().99371 


0.0010755 
0.99496 


0.00034010 
0.99832 


0.00027018 
0.99865 


0.00042818 
0.99791 


0.00010756 
0.99941 


(0.00008542 
0.99952 


0.000067 86 
0.99960 


0.00001704 
0.99984 


0.00002702 
0.99980 


0.00002145 
0.99982 


§.00000539 
0.99990 


0.00000428 
0.99991 


0.00000680 
0.99989 


function can be appreciated by examining Eq. (19). 
In the immediate vicinity of the nucleus, (a) ~y(0) = 1, 
and thus V, the electric potential there, is essentially 
that due to the “bare’”’ nuclear charge, entirely w- 
screened by the atomic electron cloud. As points succes- 
sively more distant from the nucleus are considered, 
however, the positive nuclear charge becomes progres- 
sively more and more screened by the surrounding 
electron cloud. Analytically, this progressive screening 
is brought about by the monotonic decline in y, down 
to a minimal value (xo) at the atomic boundary, and 
such that the potential there assumes the appropriate 
value (Z—N )e/ro. 

A distinctive feature of the TFD model, in contra- 


4.2435 
0.00075039 


4.2588 
0.00074974 


4.2130 
0.00075416 


4.2511 
0.00074974 


4.2055 
0.00075707 


4.1979 
0.00075975 


4.1678 
0.00077 327 


4.1603 
0.00077704 


4.1454 
0.00078054 


4.0861 
0.00083791 


4.0715 
0.00085486 


4.0568 
0.00087 206 
3.9560 
0.0010301 


3.9276 
9.0010869 


3.8994 

0.0011493 
3.7079 

0.0017182 


3.7616 
0.0015316 


3.6549 
0.0019258 


3.4505 
0.0029480 


3.4012 
0.0032540 


3.3047 
0.0039232 
2.9453 
0.0074392 


2.8617 
0.0085331 


2.7805 
0.0097 204 
2.0259 
0.029329 


2.14600 
31 0.024808 
1.3540 
0.074476 


2.2731 
0.0207 


1.5192 
0.059058 


1.2068 
0.091980 


0.76142 
0.18236 


0.67862 
0.20957 


0.53905 
0.26838 


0.21460 
0.52701 


0.17046 
0.58812 


0.13540 
0.64499 


0.053905 
0.81987 


0.042818 
0.85051 


0.034012 
0.87659 


0.010755 
0.95538 


0.013540 
0.94497 


0.0085433 
0.96390 


0.0034012 
0.98481 


0.0027016 
0.98780 


0.0021460 
0.99021 


0.00085434 
0.99596 


0).00067862 
0.99676 


0.00053903 
0.99740 


0.00021460 
0.99891 


0.00017045 
0.99911 


0.00013538 
0.99928 


0.00005390 
0.99966 


0.0000428 1 
0.99972 


0.00003400 
0.99976 


0.00001353 
0.99986 


0.00001074 
().99987 


0.00000856 
0.99988 


distinction to the simple TF model, is that the former 
possesses a constant nonvanishing value of the electron 
density at the atomic boundary, i.e., at r=ro, given by 


(21) 


which is the same for all free TFD atoms or ions. For 
all values of r>ro, the density p=0. 


po=0.002127/a,", 


III. DISCUSSION OF THE RESULTS 
A. Electron Density Distributions 


Using as input Thomas’ data!’ for the ‘‘multiplied” 
electron densities rip corresponding to nonintegral Z at 
117 relative radial distances r/rp ranging from 10° to 
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Paste IV. TFD screening functions ¥ for copper (Z=29). Outer boundary = 4.45390. 
First row gives radial distance; second row gives y (atomic units). 


4.4539 
0.000485 10 


4.4459 
0.00048454 


4.44379 
0.00048397 


4.4061 
0.00048485 


4.3982 
0.00048599 


4.3903 
0.00048701 


4.3431 
0.00049885 


$.3510 
0.00049619 


$.3588 
0.00049340 


4.29065 
0.00051879 


4.2811 
0.00052765 


4.2657 
0.000537 29 


4.2048 
0.00058460 


4.1746 
0.00061449 


4.1447 
0.000647 37 
4.0271 
0.0008 1500 


3.9982 
0.00086522 


3.9695 

0.00091898 
3.7475 

0.0014709 


3.6939 
0.0016517 


3.60412 

0.0018408 
3.3400 

0.0032798 


3.2452 


0.00388 14 


3.1532 
0.0045462 
2.8102 
0.0078747 


2 6530 
0.0099703 


2.5046 
0.012374 
1.9895 
0.025429 


1.8782 
0.029639 


1.7731 
0.034261 


1.1188 
0.087686 


0.99710 
0.10595 


0.88867 
0.12621 


0.44539 
0.28490 


0.35379 


0.34785 


0.28102 
0.41275 
0.11188 
0.65612 


0.088867 
0.70663 


0.070590 
0.75177 
0.028102 
0.88092 


0.017731 


0.90217 0.91994 


O.0070589 
0.96515 


0.005607 1 
0.97185 


0.0044539 
0.97729 
0.0017731 
0.99047 


0.00140845 
0.99234 


0.0011188 
0.99384 


0.00044539 
0.99739 


0.00035377 
0.99788 


0.00028 104 
0.99827 


0.00011188 
0.99919 


0.0000R8885 
0.99932 


0.00007059 
0.99942 


0.000028 10 
0.99966 


0.00002231 
0.99969 


0.00001772 
0.99971 


0.00000708 
(),.99977 


0.00000561 
0.99978 


0.00000445 
0.99979 


1, a high-speed electronic computer was programmed, 
first, to perform the five-point Lagrangian interpolation 
(over Z) required to yield the corresponding multiplied 
density distributions rip, as accurate as those in the 
input, for integral values of Z, ranging from Z=2 to 
Z=105. In order to obtain from these the electron 
densities p proper (rather than the quantities r'p), the 
computer further instructed to divide out the 
“multiplier” 73. Lastly, to allow the final results to be 
put into still more readily useful form, the 117 actual 
radial distances r (rather than the mere ratios r/r») for 
each of the 104 different species of atoms were com- 
puted. 

The results thus obtained for the statistical electron 


Was 


4.4299 
0.00048431 


4.4220 
0.00048389 


4.4140 
0.00048476 


4.3824 
0.00048787 


4.3745 
0.00048986 


4.30066 
0.00049157 


2222 


4.3353 


0.00050139 


4.3275 
0.00050408 


4.3120 
0.00051115 


4.2504 
0.00054771 


4.2199 
0.00057 193 


4.1150 
0.00068404 


4.0562 
0.00072381 0.000767 24 
3.9128 
0.0010375 


3.8569 
0.0011698 


3.8018 
0.0013164 
3.5891 
0.0020439 


3.5379 


0.0022616 


3.4375 


0.0027408 


3.0637 
0.0052753 


2.3045 
0.015105 


2.9767 


0.00607 20 


2.8923 
0,.0069379 
2.1074 
0.021614 


1.5803 
0.044800 


1.4084 1.2553 
71437 


0.057161 0.0 


0.79203 
0.14843 


0.70590 
0.17254 


0.56071 
0.22587 
0.17731 
0.54074 


0.14084 
0.60060 


0.056071 
0.79152 


0.044539 
0.82605 


0.035379 
0.85571 


0.014084 
0.93471 


0.011188 
0.94691 


0.0088867 
0.95694 


0.0035379 
0.98171 


0.0028102 
0.98527 


0.0022323 
0.98816 


0,00088868 
0.99504 


0.00070590 
0.99600 


0.000560070 
0.99677 


0.00022323 
0.99858 


0.00017731 
0.99884 


0.00014083 
0.99904 


0.00005607 
0.99950 


0,00004453 
0.99957 


0.00003536 
0.99961 


0.00001407 
0.99973 


0.00001118 
0.99975 


0.00000890 
0.99976 


density distributions as functions of integral atomik 
number Z and radial distance r, along with the corre- 
sponding values of ro (all in atomic units), are given in 
Table I for a representative noble gas, argon (Z= 18), 
and in Table II for a typical metal, copper (Z= 29). 
For reasons pertaining to the internal operation of the 

21 Space limitations do not allow inclusior 
results for the remaining 102 elements here 
tables of density distributions as 
all 104 elements has 
with ADI Auxiliary 


of the corresponding 
The complete set ot 
vell as of screening tunctions for 
been deposited as Document No. 6689 
Publications Project Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the document number and by remitting 
$52.50 for photoprints or $11.00 for 35 mm microfilm Advance 
payment is required. Make checks or money orders payable 
to: Chief, Photoduplication Service, Library 


ot Congress. 
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high-speed computer, the values for both r and p had 
to be printed out in “floating point” form, with the 
symbols /+ab or /—ab signifying that the decimal 
fraction immediately preceding is to be multiplied by 
10° or 10°, as 

The accuracy 
ways. The first 


the case may be. 

of these results was checked in two 
of these consisted in comparing the 
value of p(ro) in each case with the standard value*® 
of 0.002127 / a, of Eq. (21) above. This showed complete 
agreement to three significant figures in practically all 
cases, with the largest error in the third significant 
figure not exceeding unity, or an error of less than 
~0.5% in the density p(r)). A similar estimate of the 
magnitude of the error was obtained by means of the 
other method which consisted in actually interpolating 
“by hand” (at randomly selected points) and comparing 
the results so obtained with those provided by the 
machine. 


B. TFD Screening Functions 


Solving Eq. (20) for Y and expressing the results in 


atomic units, gives 


W(x) = 4.78498 (r/Z) (pi —0.10290)?, (22) 
with 


x= 1.12956rZ}. (23) 


Using these relations and the values of the electron 
densities p just found, the high-speed computer was 


programmed to calculate the values of the TFD 
screening function y at the same 117 radial distances r 


DENSTTY DISTRIBUTIONS 543 
that were used above in conjunction with the tabulation 
of p(Z,r) and also for the 104 elements corresponding 
to Z=2 to Z=104. The results for argon and copper 
are recorded, likewise in atomic units, in Tables II 
and IV, respectively.”! 

The accuracy of these results was tested, firstly, by 
checking how closely they satisfied the boundary 
conditions (16) and (17) above; and secondly, by 
“hand calculating” randomly chosen values of y and 
comparing these values with those calculated by the 
machine. It is evident by inspection of these tables that 
the condition (16) is satisfied accurately to at least 
four significant figures, thus making the error in wy less 
than 0.1% for all Z. This may be fortuitously small, 
with the other checks giving a value nearer ~1%, as 
might indeed have been expected on the basis of the 
corresponding error estimate for the electron densities 
given above. 


ACKNOWLEDGMENTS 


The author is indebted to Dr. G. J. Dienes and Dr. 
G. H. Vineyard of Brookhaven National Laboratory 
for assistance in arranging for computer time; to 
Professor L. H. Thomas of the Physics Department, 
Columbia University, for his solutions on punched 
cards; and to M. Milgram for substantial assistance in 
programming. 

Especial tribute is due to the late Dr. John B. Gibson 
of Brookhaven National Laboratory for helpful dis- 
cussions and advice. 





PHYSICAL REVIEW VOLUME 


123, 


NUMBER 2 
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Optical transition probabilities are presented between the several magnetic sublevels of the Cs'* ground 
state via the first excited state, given separately for the two fine-structure components. Graphs of the 
populations of representative states are presented as a function of the time the atoms are illuminated, and 
a table is given of the populations of atoms absorbing integral numbers of photons from both D lines simul 


taneously, both polarized and unpolarized. 


N order to compare the results of optical pumping!” 

experiments with theory, it is necessary to have 
available detailed transition probabilities between the 
various magnetic sublevels of the ground state. Such 
probabilities have been published for sodium,’ and the 
purpose of the present paper is to exhibit those for 
cesium-133 together with the state of an ensemble of Cs 
atoms subjected to any of several possible experiments. 
Although both circularly polarized and unpolarized light 
have been used for optical pumping,’® it is only neces- 
sary to exhibit transition probabilities for the former, 
since unpolarized light may be regarded as a random 
mixture of the two senses of circular polarization. Con- 
sidering only the case of circularly polarized incident 
light, then, one may briefly describe optical pumping by 
saying that a group of atoms is made to absorb photons 
from a directional beam of circularly polarized light and 
then radiates unpolarized light in all directions. Since 
the absorbed light carries angular momentum and the 
radiated light does not, the average angular momentum 
of the atoms changes; and the atoms, assumed to have 
zero angular momentum in the beginning, become 
polarized. The direction of the incident light defines the 


TABLE | 


axis to which the angular momentum quantum num- 
bers, F and my, of the atoms are referred; and other 
asymmetries in the experimental situation, such as 
magnetic fields, must either be absent or define the 
same axis. Since it is not worth the effort to entirely 
eliminate magnetic fields, the usual experiment includes 
an imposed magnetic field parallel to the desired axis; 
this has led to the misconception held by some that the 
magnetic field is necessary to define the axis. 


TRANSITION PROBABILITIES 


The quantum numbers of the Cs ground state are 65), 
and the first excited state is a doublet with the quantum 
numbers 6P; and 6/P,;. The spin quantum number of the 
nucleus is }; and therefore the /=} states have total 
angular momentum quantum numbers F of 3 and 4, 
while those of the J = § state are 2, 3, 4, and 5. Because 
of the hyperfine interaction, m; and my, are not good 
quantum numbers; and F and my must be used. The 
matrix elements of the electron transition in the m;, my 
scheme were calculated from standard formulas® and 
transformed into the F, my scheme using the matrices 
given on page 76 of reference 6. From these matrix 


lransition probabilities, multiplied by sixteen for convenience in calculation, between ground-state sublevels in cesium 


excited by circularly polarized cesium Pj resonance radiation (A= 8943 A). The index j of the initial state is given down the side and that 


of the final state, i, across the top. 


0 0 0 0 
0.0833 0.6208 0 0 
0.0729 0.0911 0.0651 0 

0 0.1640 0.0938 0.1172 

0 0 0.2344 0.1302 

0 0 0 0.2605 

0 0 0 0 

0 0 0 0 0.3646 

0 0 0 0 0.0729 

0.1458 0 0 0 
0.2735 0.1953 0 0 
0.2735 0.1562 0.1953 0 
0 0.2344 0.1302 0.1771 0 
0 0 0.1563 0.1250 0.1563 0 
0 0 0 0.0781 0.1016 0.1328 
0 0 0 0 0.0234 0.0521 


0.3985 
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0.6381 0 0 0 0 0 0.2735 
0.3021 


) 
0.0911 0 0 0 0 0 


14 


0 6 0 0 0 0 
0 0.1458 0 0 0 0 0 
0 0.0755 0.1953 0 0 0 0 
0 0.0234 0.1563 0.1953 oO 0 0 
0 0 0.0781 0.2031 1771 0 0 
0 0 0 0.1563 1083 0.1563 0 
0 0 0 0 2344 «0.1953 ) 0 

5 O.011 

1.0417 0 0 0 0 0 0.3646 
0 1.0208 0 0 0 0 0 
0 0.2266 0.5858 0 0 0 0 
0 0.0391 0.2605 0.3256 0 . 0 0 
0 0 0.0781 0.2031 0.1771 0 0 
0 0 0 0.0938 0.1250 0.0938 0 
0 0 0 0 0.0781 0.0651 0.0443 0 

0.0391 0.0312 0.0130 
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Tas e II. Transition probabilities, multiplied by sixteen for convenience in calculation, between ground-state sublevels in cesium 
excited by circularly polarized cesium Py resonance radiation (A=8521 A). The index 7 of the initial state is given down the side and 
that of the final state, i, across the top. 


~ 


1.5000 0 0 
0.3217 0.0729 0 0 
0.0585 ; -6432 0.0377 0.0977 0 
0.4307 0.0117 0.0781 0.0976 
0.2859 0.2968 0.0391 
0.2089 = 0.1967 . 
0.1880 WAS 0.1463 7 7 0.0664 
0.1006 0.1011 ‘ 7 0.1094 
0.0585 0.0720 0.0779 0.1094 
0.0729 0.2604 0 
0.1367 ) 0.2070 0.1992 0 
0.1367 0.0781 0.0976 ) 0.1438 0.1940 0 
0 0.1172 0.0651 0 0.2877 0.1667 .2747 0 
0 0 0.0781 0.0781 0 0 0.3453 2155 0.345: 0 
0 0 0 0.0391 0.0508 0.0664 0 0 0 .287 0. X 0.4896 
0 0 0 0 0.0117 0.0260 0.0455 0 0 0 0.1440 0.3294 
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elements, the transition probabilities may be determined where p; is the probability of finding an atom in the 
by use of the following equation*®: state numbered i, B,; is the probability of a transition 
from the state 7 to the state i, 8) is the average light 
4p.” HinnH nH mn'*H n0* ‘ I : b: i ili » — . it ti ig 1 
# is ais (1) absorption probability per atom per unit time, anc 


| Bmo x ) 2= 


’ 


rh n,n’ : see 10 nn’ p= 1 ( 1678»), 


where | b,.0(%)|? is the transition probability from state 
0 to state m, p. is the density of radiation oscillators at 
the resonance frequency, 1, TI is the lifetime of the initial 
state, 1/y that of the intermediate state, wan represents 
the energy difference between two intermediate states 
nand n’, and Hinn, Ano, Hmn*, and H qo* are the matrix 
elements between the initial and intermediate states and 
between the intermediate and final states. The result is 
averaged over the frequency distribution of the emitted 
and absorbed photons for a continuous spectrum inci- 
dent. In the case of cesium, the interference terms re- 
sulting when n¥n’ are unimportant, for the hyperfine 
splittings are large compared to the natural linewidth of 
27 Mc/sec,’ in both the ground state* and the excited 
states.’ The smallest hyperfine separation is 152 Mc/sec, 
between the F=2 and the F=3 levels of the 6P, state. 
The resulting transition probabilities are tabulated in 
Table I for transitions occurring via the intermediate 
levels of the P; state (A= 8943 A), and in Table IT for 
transitions via the levels of the P; state (A=8521 A). 


where T is the ground-state relaxation time. Except in 
certain special cases, these equations must be solved by 
numerical or analog computation ; the solutions in Figs. 
1 to 4 were obtained by the use of a differential analyzer. 

Figure 1 shows the occupation probabilities of the 
several levels of the ground state as a function of time 


Pi2 Pe 


OCCUPATION PROBABILITIES 


Experiments may be performed using either of the Pais Pia Pie 
two fine structure lines for excitation*” or by using an 
unfiltered light source, which provides both lines. 
Knowing the transition probabilities, one may calculate 
the state of an ensemble of atoms as a function of time 
for a given light source intensity by using the following 
equations’: 


OCCUPATION PROBABILITIES 





Pi=Bo(d; Bispjt+p), (2) PoasPr "6 S78. lO#, IS/B, 208, 254, 


Saye ‘ TIME 

7W. Schiitz, Z. Physik 64, 682 (1930). 

* H. H. Stroke, V. Jaccarino, D. S. Eubank, and R. Weiss, Phys. Fic. 1. Occupation probabilities p; of the ground-state sublevels 
Rev. 105, 590 (1957). of cesium atoms illuminated by circularly polarized cesium Pj 

*P. Buck, I. I. Rabi, and B. Senitzky, Phys. Rev. 104, 553 resonance radiation (A=8943 A), as a function of time measured in 
(1956). units related to the incident light intensity 89. The subscripts ¢ 

”H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). have the same meaning as in Table I. 
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Fic. 2. Occupation probabilities p,; of the ground-state sublevels 
of cesium atoms illuminated by circularly polarized cesium P} 
resonance radiation (A=8521 A), as a function of time measure¢ 
in units related to the incident light intensity 89. The subscripts ¢ 
have the same meaning as in Table I. 


for pure P; (8943 A) radiation incident, and Fig. 2 shows 
them for pure P; radiation. Figure 3 shows the difference 
between the ocx upation probabilities of the two mp=O0 
levels for P; radiation incident, the F=3 level having 
the greater population; these two levels have the same 
population at all times when P, radiation is incident. 
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lic. 3. Difference between the occupation probabilities of the 
two cesium ground-state sublevels having me=0, illuminated by 
circularly polarized cesium P; resonance radiation (A=8521 A) 
Phe level with F =3 has larger probability than the one with F =4. 
The units of the time ax proportional to the incident 
light intensity, 8 


is are inversely 
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Figure 4 shows the light absorption probability per 
atom, which increases for /); light and decreases to zero 
for P; light. This results from the fact that the 4, 4 level 
has a higher than average absorption probability for 
transitions to the P; level and zero probability to the 
other. 

Onelof the special cases for which the occupation 
probabilities may be found exactly is the case of mixed 
illumination with equal intensities of both fine structure 
components; this case is simple because the absorption 
probabilities of all the levels of the ground state are the 
same, and the transition probability table obtained by 
combining Tables I and II may be treated as a matrix 
operator acting upon an occupation vector whose com- 
ponents are the occupation probabilities of the various 
levels of the ground state. Because of the double sta- 
tistical weight of the P; level compared to the other, 4 
times Table I must be added to 2 times Table II, a 
procedure which also gives the proper normalization of 
the result. The occupation vectors given in Table III are 
obtained by applying the operator » times to an initial 
occupation vector whose components are all equal to 4’g, 
and gives the occupation probabilities of an atom which 
has scattered exactly m photons. The quantities for a 
real ensemble of atoms exposed to a known amount of 
light may be found by computing the probabilities of 
scattering each integral number of photons and summing 
the occupation vectors with these probabilities as 
weights. 
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Fic. 4. Absorption probability of circularly polarized cesium P, 
or P; resonance radiation by cesium atoms relative to the initial 
absorption probability, as a function of the length of time the 
atoms have been illuminated measured in units inversely pro 
portional to the incident light intensity 8 





-s TRANSITION 

The effect of unpolarized light upon an atom may be 
calculated by applying an operator deduced from the 
operator for circularly polarized light by changing the 
sign of each mp and adding half the result to half the 
original operator. Table IV gives the result for equal 
intensities of the two fine structure components, and the 
effect is to favor the occupation of states with high 
absolute values of mr, as well as to change the occupa- 
tion probabilities of the two mp=O0 states with respect 
to each other. 

Since the time required to place a large fraction of 
atoms in one state with available light intensities is 
longer than the transit time of gas atoms across a 
reasonably sized vacuum chamber, it is common prac- 
tice to use an inert buffer gas to increase the time that 
optically pumped atoms are illuminated." Although 
inert, the buffer gas is capable of causing transitions 
between the various sublevels ; and while this contributes 


TaBLeE IIL. Occupation probabilities of the ground-state sub 
levels of cesium atoms which have scattered exactly m photons of 
circularly polarized mixed Py and P; cesium resonance radiation 
with equal intensities in the two lines. 


0.11500 
0.09814 
0.08286 
0.06822 
0.05715 
0.04670 
0.03784 
0.03059 
0.02495 
0.06246 
0.06553 
0.06677 
0.06615 
0.06373 
0.05946 


0.17784 
0.13018 
0.09427 
0.06758 
0.04797 
0.03365 
0.02318 
0.01552 
0.00996 
0.06815 
0.07132 
0.06735 
0.05993 
0.05168 
0.04401 
0.03726 


0.25221 
0.15630 
0.09691 
0.06023 
0.03747 
0.02320 
0.01409 
0.00459 
0.00397 
0.07604 
0.07282 
0.06050 
0.04764 
0.03716 
0.02935 
0.02385 
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. Bender, thesis, Princeton University (unpublished). 
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TABLE IV. Occupation probabilities of the ground-state sub 
levels of cesium atoms which have scattered exactly » photons of 
unpolarized mixed Py and P; cesium radiation with 
equal intensities in the two lines 


resonance 


0.06998 
0.06436 
0.06036 
0.05796 
0.05716 
0.05791 
0.06250 
0.06525 
0.06616 


0.07448 
0.06504 
0.05922 
0.05609 
0.05510 
0.05659 
0.06274 
0.06531 
0.06597 


0.07744 
0.06530 
0.05855 
0.05505 
0.05396 
0.05647 
0.06276 
0.06480 
0.06530 


0.08551 
0.06558 
0.05608 
0.05219 
0.05089 
0.05867 
0.06243 
0.06233 
0.06237 


to the relaxation time in the ground state, by far the 
fastest relaxation occurs in the excited state." If the 
buffer gas pressure is increased to the point where com- 
plete relaxation occurs in the excited state during the 
time that an atom is excited but relaxation in the ground 
state is still small, the optical pumping is considerably 
hindered unless one sublevel of the ground state has zero 
absorption probability, which is the case for the F=4, 
mp=4 level when only /; light is used. In this case the 
result of pumping will still be to place a large fraction 
of the atoms in that state. 

Although the kind of pumping light used can strongly 
alfect the results, one also sees that two or more pumping 
schemes may give very similar results for some types of 
experiments; for example, the use of polarized or 
unpolarized light makes little difference to the popula- 
tion difference between the two mpr=0 states, compared 
to their population difference in the absence of optical 
pumping. 
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A variational procedure is adopted to determine the energies of the levels of the highest space symmetry 


type in Li® and Li 


The trial wave functions employed take into consideration the existence of cluster 


structures in those nuclei. With a simple two-body force, it is shown that the. computed energies of the 
various states are in reasonable agreement with experiment. The */ level in Li’, as yet undetermined 
experimentally, is found to have an excitation energy of about 5.6 Mev and a rather large level width. The 
calculation also indicates that to explain the splitting of levels in those nuclei, a constant two-body spin-orbit 


force of the pure neutral form is inadequate 


I. INTRODUCTION 


N two previous papers'” (hereafter referred to as I 
and II), we have examined the behavior of the low- 

lying levels in Be’, Li’, and He® within the framework 
of the cluster model.’ The results obtained were gener- 
ally quite encouraging. In addition to producing a 
satisfactory fit to the energies of the various levels, the 
model also presented a qualitative picture of the level 
widths as well as a unique means of labeling these levels, 
i.e., parity, angular momentum, etc. In this paper, we 
continue the study by investigating the nucleus Li’, 
with the hope that with the same two-body force as 
previously employed, we can obtain good agreement 
with the experimental binding energies. 

In addition, we have re-examined the nuclei Li’ and 
Be’ with a three-parameter variational wave function. 
Inasmuch as we desire to determine the energies of all 
levels of the space symmetry type [3 ], a spin-orbit term 
of the type introduced in II is also incorporated in our 
two-body force. The reasons for refining the calculation 
in I in the manner described are twofold. First, it is of 
major interest to determine whether the additional 
variational parameter drastically affects our results and, 
second, it would be interesting to understand why the 

$—) level of the °F doublet has so far escaped detec- 
tion, if indeed it exists at all.‘ It is quite certain now that 
the (3—) level at® 7.47 Mev in Li’ is of the term *P, 


and hence, is not a member of the *F doublet.* Meshkov 


* Partially supported by the Air Force Office of Scientific Re 
search and the Office of Naval Research. 
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and Ufford’ inferred from the spectra of Li® that this 
latter level (?F;) should lie somewhere around 6.5 Mev, 
whereas Marion*® speculated that the difficulty in de- 
tecting this level experimentally can probably be at- 
tributed to a large level width. Since our calculation 
presents a rough estimate of level widths, we are thus 
encouraged to re-examine these nuclei in greater detail. 

The level structure of Li’ and Li’ and all other p-shell 
nuclei has been extensively studied by Inglis® and 
Kurath”® in the intermediate-coupling picture. By 
varying essentially only two parameters, the exchange 
energy integral and the intermediate-coupling parame- 
ter, these authors showed that the level schemes of the 
p-shell nuclei can be fairly well reproduced. From a 
fundamental point of view, however, it seems more de- 
sirable to calculate both the binding energies and the 
level spacings from the two-body interaction directly. 
To date, several authors" have attempted such a calcu- 
lation; however, their method was restricted in the 
sense that they incorporated only the lowest shell model 
configurations, i.e., (1s)*(1p)". More realistically, the 
wave function should not be limited to those configura- 
tions in which all nucleons outside of the closed shells 
are in the energetically lowest, incomplete shell. Rather 
one must employ fairly accurate wave functions, and 
this certainly implies mixing of many excited configura- 
tions. This latter view is indeed supported by the work 
of Feingold” and Lyons" on the level scheme of Li® and 
by our work on He? and Li*” 

Our basic aim is, therefore, to calculate the energies 
of the various low-lying levels in Li® and Li’ by using 


information about the nucleon-nucleon interaction as 
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deduced from data on the two-body system directly. We 
shall employ a variational method, with the wave func- 
tions prescribed by the cluster model recently pro- 
posed.*4 As the basic ideas of this model have already 
been discussed elsewhere,’ we shall not describe it here. 
It suffices only to mention that experimental evidence 
for the presence of cluster structures in light- and 
medium-weight nuclei seems to be rather abundant.'® 
This model is especially suited for calculation in light 
nuclei, since it is formulated in such a manner as to 
present an obvious correspondence between certain ex- 
perimental facts and a particular eigenfunction of a 
complete cluster wave-function system. Namely, con- 
sider a state of a nucleus which decays primarily into 
two composite particles, a prudent description of this 
system would be the proper two-clusters configuration, 
with the actual details being determined by the relative 
motion engaged in by the two clusters. Of course, the 
suitable choice of cluster wave-function system can 
change from level to level.'®!” For instance, for He? it 
is found in IT that for the ground and first excited states, 
an alpha cluster plus a neutron representation is most 
suitable for their description, while for the state at 16.69 
Mev excitation, a triton cluster plus a deuteron cluster 
representation would be more convenient, since in their 


appropriate representations, the states can be described 
essentially by a single antisymmetrized cluster wave 
function. As to the question of how to choose the most 
appropriate cluster function system for a particular 


level—one must normally employ a trial-and-error pro- 
cedure, although, in many cases, insight can be gained 
by studying experimental information about the level, 
such as its reduced width for a particular decay channel, 
its Coulomb energy behavior,'® and so on. 

Also of interest is the question as to what is the exact 
form of the two-body spin-orbit force. Specifically, can a 
neutral spin-orbit force adequately explain the level 
splittings in all light nuclei or is it necessary to include 
a symmetric component?'® By an analysis of single- 
particle and single-hole splittings in He® and N?,”? 
Elliott and Lane have shown that the neutral form is 
presumably the more appropriate one. On the other 


4 The ideas of the cluster model are basically similar to those of 
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hand, Abraham*! concluded from the ?P splitting in Li’ 
that the symmetric term must also play an important 
role. These contradictory conclusions, however, were 
based on a simple shell model calculation with a con- 
figuration (1s)*(1p)". Since our He®(Li*) calculation 
indicated that the effect of mixing in higher configura- 
tions is quite significant, the conclusions of the above 
authors may be considerably modified by this latter 
complication. Thus, there remains the definite need to 
determine whether a constant two-body neutral spin- 
orbit force can successfully account for all the spin-orbit 
splittings in He’®, Li®, and Li’. 

In the next section, a brief description of the two-body 
force and of the method of calculation will be presented. 
Sections III and IV are devoted to the explicit calcula- 
tions of Li® and Li’, respectively. In this investigation, 
we have only considered levels of the highest space 
symmetry type, i.e., [A ]=[3] for Li? and [\]=[2] for 
Li®. Finally, in Sec. V, we summarize and discuss the 
results of the present investigation, together with results 
taken from I and II on He’ and Be*. Also, in this section, 
a rough indication of how to extend our method of 
calculation to heavier nuclei is presented. 


II. METHOD OF CALCULATION 


The procedure for evaluating the energy of a level has 
been discussed in I and IT; hence, we shall present only 
a brief review here. We compute the energy by the usual 
Ritz variational method; that is, we minimize the 


expression 
E= f venvar / [vvar, (1) 


with respect to all parameters in the variational wave 
function ¥. In Eq. (1), H is the Hamiltonian operator 
and has the form 


H=(-#/2M) X VW2+T (2) 


all particles all pairs 


with V,; being the two-body potential. 

For the computation of £, one should certainly use a 
realistic two-body force with hard core. However, to 
compute with such a force would be a nearly prohibitive 
procedure; therefore, we shall in this investigation use 
an approximation method which simplifies calculations 
greatly. Essentially, what we do is to separate the total 
energy into two parts, one part pertaining to the in- 
ternal energies of the clusters and the other part relating 
to the interaction energy between the clusters. To 
compute the interaction energy, we make the assump- 
tion that since the clusters in a light nucleus would 
normally be quite far apart, we can compute it by 
employing a simple two-body force of nonsaturating 
character, but one which is in accord with all low-energy 
two-nucleon phenomena.” As for the internal energies, 

21G. Abraham, Nuclear Phys. 1, 415 (1956). 


2 Since we include only central forces, the static moments of the 
deuteron, of course, cannot be properly reproduced. 
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it is assumed that the same simple force will suffice for 
the deuteron cluster case, while for the cases of the alpha 
and triton clusters, a more realistic force with hard core 
should really be used. In this work, instead of actually 
computing the internal energies of the latter clusters, 
we use experimental information about the three- and 
four-body bound systems and infer the compressibilities 
of the clusters from a calculation of Mang and Wild.* 
The explicit expressions for the internal energies of the 
alpha and triton clusters as a function of their cluster 
sizes will be given in the next section. 

Since the present investigation is of an exploratory 
nature, we shall use a very simple Serber force which fits 
the two-nucleon data to about 40 Mev to compute the 
interaction energy. It has the following form**: 


+P i" — PF’ 5")} 
r,—r;)X(pi— p;) 


o,t+o,)hk/2+e,;/r;;, 


V,=—-V 
—Visexp(—Ar 


exp(—a«r,7){w1+P 


with € 
3), V 
and P 


isobar 


=1 if i, 7 are protons and 0 otherwise. In Eq. 
= 68.6 Mev, x=4.16X 10 cm, w= 0.41, b= 0.09, 
r Fr represent the space, spin, and 
spin exchange operators, respectively. The 
range A and depth V 
tential will be discussed when the results of our calcula- 


s of the neutral spin-orbit po- 


tions are presented. 


Ill. ENERGY LEVELS OF Li® 
A. Qualitative Description 


For the discussion of the spectrum of Li°, it is proper 
choose an alpha cluster plus a deuteron cluster 
representation. The wave functions of this representa- 


to 


tion have the symbolic form 
A{; a Pp, d xX R.—R. 7. }) 


and ,(d) refer to wave functions which 
describe an alpha-cluster in its jth state and a deuteron 
cluster in its kth state, respectively, and x(R.—R.z 
pertains to the relative motion between the alpha and 
the deuteron clusters. The operator A signifies the com- 
plete antisymmetrization of the wave function with re- 


V - 


where ®;(a 


spect to the exchange of all pairs of particles. 

We begin by describing the triplet states of Li‘ 
T=0, S=1) with excitation energies less than 6 Mev. 
For those levels, a description with unexcited alpha 
cluster and triplet deuteron cluster should be adequate. 
Since single-particle shell model picture, two 
nucleons are in the 1p shell, the relative oscillation func- 
tion x(R,—R,) must be of second order with L- 
in accordance with the Pauli exclusion principle. The 
L=0 configuration should give rise to the lowest state, 


in the 


0 or 2 


since in this configuration, the clusters are, on the aver- 
age, closer to each other. Thus, the ground state of Li‘ 


aH. J 


aise 


Mang and W 


nnohcabilit 
applicability 


Wild, Z. Physik 


of their 


154, 182 (1959). For a 


ussion of the results to our calculations, 


IT. 
24 x. Lederer 


See 


Diplomarbeit, Munchen, 1957 (unpublished). 
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has the assignment (1*) in agreement with experimental 
finding. On the other hand, since there is a spin-orbit 
potential, the degenerate = 2 states are split into three 
states with J/=3, 2, 1, with the /=3 state having the 
lowest energy. This is again the observed level sequence. 
We like to mention here that the description of these 
T=0 states by the assumed configurations finds strong 
support from the experimentally determined values of 
reduced level widths. It was found that for all those 
L=2 levels, the reduced widths leading to the decay 
into a deuteron and an alpha particle are in the neigh- 
borhood of the Wigner limit, suggesting a high degree of 
a—d configuration in the wave functions.” 

Now we consider the singlet states of Li® (S=0, T= 1) 
with excitation energies less than 6 Mev. Here x(R,—R, 
must again describe motion of the alpha cluster relative 
to the singlet deuteron cluster with orbital angular mo- 
mentum 0 and 2. But in the singlet case, since the 
deuteron cluster has zero spin angular momentum, there 
is only one state for each value of 1. Therefore, the only 
low-energy singlet levels of Li® with excitation energies 
less than about 6 Mev are the /=0 and J 
which is again in complete agreement with experiment. 


2 levels, 


In the above discussion and the ensuing quantitative 


treatment, we have assumed that all the levels can be 


he cluster wave- 


function system; in other words, we have adopted, in 


described by a pure configuration in 1 


first approximation, the L—S coupling scheme by as- 
suming that both / and S are good quantum numbers. 
With the inclusion of a spin-orbit term in our two-body 
force, it is of course well-known that neither S nor L is 
good. Thus, our assumption of a pure configuration can 
only be approximately valid. For instance, for the 
ground state of Li®, the spin-orbit term mixes the state 
8§, with the states “D, and 'P,. However, it has been 
shown that for nuclei in which a new shell has just been 
started, the L—S coupling scheme should represent a 
fairly good approximation.” For Li®, further support in 
favor of the L—S model can also be found in the com 
parison between the theoretically calculated and ex 
perimentally observed values of the 
and quadrupole moment." 


magnetic moment 
Thus, our simplifying as 
sumption of a pure configuration in our trial wave 
function should introduce a relatively small error into 
our calculation. 

We would spec ulate that the group of levels al 6.63, 
7.40, 8.37, and 9.3 Mev® arise from the motion of an 
alpha cluster relative to a two-nucleon system in an 
internal p state. Then in our picture, x(R,—Rz) would 
be of first order with L=1, and those four levels can be 


identified with the assignment *Ps, "P,, *P,, and ®Py. 


From the fact that two nucleons interact very weakly in 
a relative p state if a two-body force of the form (3) is 
assumed, we can easily estimate in a rough manner the 


approximate location of these levels on the energy scale 


by considering the experimental binding energies of He® 
2A 


1955). 


Galonsky and M. T. McEllistrer Ph Rev. 98, 590 
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and Li® relative to that of an alpha particle plus a free 
nucleon. Such a rough estimate yields the value 6.6 Mev, 
indicating that our assumed configuration for this group 
of levels is probably correct. 

Irom our calculations in I and I, we can also predict 
that the alpha-deuteron configuration in relative 3p and 
3f states cannot properly describe resonant states. 
Thus, the levels recently reported to lie around 12.5 
Mev*® should be described by a configuration in which 
the alpha cluster is broken up. 


B. Quantitative Treatment 


As mentioned in the Introduction, we shall calculate 
only the energies of those levels with the highest space 
symmetry, i.e., the first six levels of Li®. The group of 
levels at about 7 and 12.5 Mev will not be quantitatively 
treated in this investigation. 

For the trial wave function, we choose 


W= A{y(1234; 56)&(1234; 56)} 


a 4 Qa 6 
A | exp —--> v?) exp —--> »*) 
) | = 7=5 


KR"V pp u(R/R) exp( — 28R")&(1234; 56) ; (3) 


where £(1234; 56) function, and 
¥ (1234; 56) denotes the space part of the wave function 
written in the notation of Edwards.*’ This notation 
simply means that W describes particles 1, 2, 3, 4 in the 
alpha cluster and 5, 6 in the deuteron cluster. Also in 
Eq. (5), 


is a charge-spin 


o,=r —R.,, o;= rj—Ra, (0) 
and 


R=R,—R,u, 


with 
4 6 
R.=i 2 nr, Ra=}D ry. 


Our particular choice of the wave function is dictated by 
our desire that when a= &@=8, it reduces to the usual 
shell model function describing the lowest configuration 

1s)*(1p)? in an oscillator potential well of 
parameter a. 


width 


The particular choice of n and L in the trial wave 
function has been explained in detail in Sec. IT A; that 
is, w=2, L=O for states with terms *S,, \So, and n=2, 
LL=2 for states with terms *Ds, *Do, *Dy, 'Do. 

The method of computing the expectation value of the 
Hamiltonian operator has been discussed in I and IT; 
hence, we shall present here only the general form of the 
results, while listing the various potential integrals in 
the Appendix. The normalization factor .V°, kinetic 

® I, Ajzenberg-Selove and T. Lauritsen, ‘Energy levels of light 


nuclei (A =5 to 20),” Tech. Rept. (1960) 


S. F. Edwards, Proc. Cambridge Phil. Soc. 48, 652 (1952). 
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energy (7) and potential energy (J 
to have the following forms 


can be easily shown 


i+») *Podr, 


in which 


with the subscripts 0, 1, 2 denoting no-exchange, one- 


eX¢ hange, and two-ex hange, respec lively. 


J (2090) 
1.33N? 


fie 2Yitye)* 


4 6 
LD pr +a 2D p+ 
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(h?/2M)(2n8+384+9a+3a 


h 
—! 


n(nu+1)—L(L+1) 


1 h? 1 
X—Ydr—-6! 
R 2M N? 


X (ae + & 42°R®)Wodr, (11) 


(Vo) FCF a0 
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16 2 1Fy. + 2F o9) 
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+ fv m4 1G15)Wodr | 9 


-Vo exp(—xr 


and 

Gj;= —Visexp(— yr.) [hk (r,—1;) X (pi— p;) J, 

with the subscript s denoting the s component of the 
expression within the bracket. Also, in Eq. (12), «1 is 
equal to 1 for triplet states and —1 for singlet states, 
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Fic. 1. T=0 states of Li® with y and z at their optimizing values: 
A) 35,, (B) 3D;, (C) *Ds, (D) *D,. 


and ¢€, has the value 1, —3, —3 for the states *D3;, *Do, 
‘Dy, respectively, and zero for all other states considered 
in this investigation. Coulomb energy has not been in- 
cluded in Eq. (12); it will be computed in an approxi- 
mate manner and discussed in a later paragraph. 

The internal energy of the deuteron cluster is calcu- 
lated with the Serber force given by Eq. (3), while for 
the energy of the alpha cluster, we adopt the expression 


Ea= —28.3+33.4(1—0.96/y)? Mev, (15) 


where for computational purposes, we have redefined 
the variational parameters as 


x=B/a, y=K/a, 2=G/a. (16) 


The constants in Eq. (15) are so chosen that the alpha 
particle binding energy and rms radius are given cor- 
rectly. Also, the compressibility implied by Eq. (15) is 
consistent with the nuclear compressibility determined 
from analyses of the isotope shifts.” 


Since the Coulomb interaction is a long-range opera- 
tor, we shall calculate the interaction Coulomb energy 
between two clusters with an unantisymmetrized wave 
function, i.e., 


Ecout= 22 f yr Ryodr /| fvorvar] (17) 


A check with an exact calculation for one particular set 
of parameters indicates that Eq. (17) overestimates the 
interaction Coulomb energy by about 10%. 

With Eqs. (9), (11), and (12), we are led to an ex- 
pression for the expectation value of the Hamiltonian in 
terms of the variational parameters x, y, and z. To 
obtain the interaction energy between the clusters, we 
must further subtract off from the aforementioned ex- 
pression the internal energies calculated with the Serber 
force and add to it the interaction Coulomb energy. 
Finally, by adding the deuteron cluster internal energy 


*D. L. Hill, Encyclopedia of Physics, edited by S. 
(Springer-Verlag, Berlin, 1957), Vol. 39, p. 203. 
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TABLE I. Calculated energies for the first six levels in Li®. 


Calculated 
energies 


(Mev) 
— 30.0 


Terms X Y 


38) 0.76 
3p 0.86 
Do 0.71 
3D, 0.52 


0.96 
0.96 
0.96 
0.96 


1S 0.75 
1D» 0.68 


0.96 
0.96 





Eq and the alpha cluster internal energy Z,, we obtain 
the energy of the state in question, which must now be 
minimized with respect to all the variational parameters. 

The complete numerical analysis was performed on an 
IBM 650 computer. The interaction energy of each 
state as a function of the parameter x with y and < at 
their optimizing values is plotted in Figs. 1 and 2 (Fig. 1 
for T=O states and Fig. 2 for T7=1 states). For the 
range parameter A of the spin-orbit potential, we have 
chosen the value 2.657 10?> cm~*? used by Hochberg 
et al.” in their analysis on the scattering of nucleons by 
alpha particles. The depth V;5 is then adjusted to yield 
the correct *D;—*D, splitting. With this procedure, V;s 
is found to be equal to 1.90 Mev, comparing to the value 
of 4.5 Mev attained by Hochberg ef al. Shorter ranges 
with A equal to 4.16105 cm™ and 5.663 105 cm~ 
have also been tried, the corresponding depths then turn 
out to be 3.91 and 7.08 Mev, respectively. 

The results for the total energies of the various states 
and the optimizing values for the variational parameters 
are listed in Table I. In this table, the values listed are 
obtained with the parameters A and V_; 5 of the spin- 
orbit potential having the values 2.657 X 10° cm~? and 
1.90 Mev, respectively. For other choices of the latter 
parameters, the results are slightly different ; the differ- 
ence is, however, so small that it is not worthy of listing. 
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Underhill, Proc. Phys. Soc. (London) A68, 746 (1955). 
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lic. 3. Interaction energy as a function of the separation 
parameter for the alpha-deuteron configuration with n=3, 


Using the cluster wave function (5) and the values of 
the variational parameters in Table I, we have also 
computed the rms radius of Li® in the ground state from 
the expression 


6! 
— i 


6 
XL6(L oP +$R*) ode , 


i=] 


(18) 


and obtained 2.02 fermi as compared with the 2.70 
fermi found by the electron scattering experiment.” 

To corroborate our contention that the configuration of 
an alpha cluster in relative 3p-state motion (n= 3, L=1) 
with an s-state deuteron cluster cannot properly describe 
a resonant state, we have performed the desired calcula- 
tion including the two-body central potential only and 
determined the interaction energy as a function of the 
separation parameter x, which is plotted in Fig. 3. We 
note that these curves possess absolutely no trace of a 
relative minimum, indicating the absence of resonant 
states with such configurations. 


IV. ENERGY LEVELS OF Li’ AND Be’ 
A. Qualitative Description 


To describe the states with the highest space sym- 
metry in Li’, it is most convenient to use an alpha 


R Hofstadter, Revs. Modern Phys 28, 214 (1956); G. R 
Burleson and R. Hofstadter, Phys. Rev. 112, 1282 (1958); N 
Mever-Berkhout, K. W. Ford, and A, E. S, Green, Ann, Phys. 
(N. Y.) 8, 119 (1959), 


ENERGY LEVELS OF Li 


ISOTOPES 553 
cluster plus a triton cluster representation. In the first 
approximation, these states can then be described by a 
pure cluster configuration in which neither the alpha 
cluster nor the triton cluster is excited. Since, in the 
single-particle shell model picture, three nucleons are in 
the 1 p-shell, the relative motion between the clusters 
must be an oscillation of third order with L=1 or 3 to 
comply with the Pauli exclusion principle. The L=1 
configuration gives rise to the ?P doublets, while the 
L=3 configuration yields the °F states. This predicted 
structure is in agreement with the experimentally de- 
termined level scheme. 

Again, the adoption of the L—S coupling scheme finds 
support from the results of the intermediate-coupling 
calculation.” For Li’, the rather small value of the 
intermediate coupling parameter indicates that the 
coupling is near the L—S limit. 

From a study of the excitation energies of the mirror 
levels in Li’ and Be’,'® we can conclude that the (}—) 
level at 7.47 Mev in Li’ (7.18 Mev in Be’) must es- 
sentially have a different structure from that of the ?P 
and ?F doublets." Thus, for its description, it is more 
convenient to choose a Li® cluster plus a neutron 
representation,” since, in this representation, this state 
can be described in first approximation by a pure 
configuration, i.e., an unexcited Li® cluster and a 
neutron in relative 1p-state (v=1, L=1) motion. With 
such a description, this state is then a member of the 4P 
multiplet, in agreement with the predictions of many 
other authors.® 

The existence of a broad positive-parity level around 
6.6 Mev in Li’ *-* is rather difficult to explain in our 
picture. In the Li® cluster-plus-neutron representation, 
this state would mainly be described by a relative 
2s (n=2,L=0) motion between the clusters; thus, 
energetically, it is expected to lie above the (}—) level 
at 7.47 Mev. In fact, from our experience of cluster 
model calculations, we would even suspect whether this 
configuration could properly describe a resonant state. 
Recent failure in finding this level experimentally by the 
(d,p) reaction on Li® *° also seems to indicate that the 
presence of this level may be seriously in question. 
Theoretical computations are now being undertaken to 
prove or disprove its existence. 


B. Quantitative Treatment 


As we shall only calculate the energies of the *? and 
*F doublets, we choose the trial wave function in the 


31 This conclusion can also be reached by studying the various 
reduced partial widths of this level. 

® This is equivalent to an alpha cluster plus deuteron cluster 
plus nucleon representation. 

3 C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 

% This corrects a mistaken statement in | wherein we asserted 
that this state lies lower than the (}—) level at 7.47 Mev. 

35 E. W. Hamburger and J. R. Cameron, Phys. Rev, 117, 781 
(1900), 
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usual shell model wave 
function describing the lowest configuration (1s)*(1p)* in 
an oscillator well of width parameter a, if 8 and & are set 
equal toa. Alsoin Eq. (19), all quantities have analogous 
meanings to the corresponding ones in Sec. III B; hence, 
they will not be further explained. 


(19) 


which again reduces to the 


The quantity » will assume the value 3 as explained in 
Sec. IV A, while the orbital angular momentum 
quantum number L will take on the values 1 and 3 for 
the *P doublet and the *F doublet, respectively. 

With the wave function (19) and the two-body force 

3), the normalization factor .V?, kinetic energy (7) and 
potential energy (V 


| can again be easily calculated. 


the following forms 
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Phey nave 


¥ (5034; 
= (5674; 123), 
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with the subscripts 0, 1, 2, 3 denoting no-exchange, one- 


exchange, two-exchange, and three-exchange, respec- 


tively. 
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in which Fj; and G,; are defined by Eqs. (13) and 
Also, €: is equal to 1, —2, land — 4 for the *P;,?P,, 
and "Fs States, respec tively. 

The internal energy of the alpha 
Eq. (15 


by the expression 


cluster is given by 


, While that of the triton cluster is represented 


Ey=—8.5+8.6(1—1.41 Mev, 24 


where, again, the constants are so chosen that the triton 


binding energy and rms radius are given correctly.” 
The complete numerical analyses can now be per- 
formed with exactly the same procedure 


Sec. III B. The interaction energy 


as outlined in 
of each of the four 
states as a function of the parameter x with y and ¢ at 
$+. With the 
range parameter A of the spin-orbit potential set equal 
to 2.657 XK 10° cm~?, it is found that a depth Vz 5 of 1.66 
Mev will produce the proper ?P splitting. This value of 
Vis is somewhat 


their optimizing values is plotted in Fig 


smaller than that needed to account 
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lic. 5. Spin-orbit interaction energy in Li’ as a function of the 
separation parameter with y and z at their optimizing values 
a) ?Py, (b) 77 


for the splittings in Li® Other ranges at A equal to 
$1.16 10°° cm and 5.663 10®° cm™~ have also been 
tried, the ¢ orresponding depths are then calculated to be 
3.78 and 7.03 Mev, respectively, again smaller than the 
corresponding values in Li°. 

The behavior of the interaction spin-orbit energy as a 
function of x for the state Ps and the state 7/;)5 is 
plotted in the graphs of Fig. 5. For these curves, A and 
Vis as 2.657X10°° cm? and 1.66 Mev, re- 
spectively. 

The results for the total energies of the various states 
in Li? 
parameters are listed in Table II. In Table II, we list 
the excitation energies of the ??;, ?F'z/. and F's levels in 
both Li? and Be’. We note that the calculated (3—) 
level occurs at an excitation of 5.96 Mev in Li’ and 5.85 
Mev in Be’. Taking into account the fact that our 
variational wave function overestimates the excitation 
of the *F'3/2 level by about 0.3 Mev, we venture to say 
that the actual locations of the (}—) levels are at about 
5.6 Mev in Li’ and 5.5 Mev in Be’. 

To discuss the property of the *F’s level, we note that 
in Fig. 4, curve (d), which exhibits the behavior of the 


are set 


and the optimizing values for the variational 


interaction energy of this level, has a very shallow 


relative minimum, which is a consequence of the fact 
that in this state, the spin-orbit interaction is relatively 
strong and repulsive. By studying the correlation be- 
tween the depths of the relative minima and the known 
level widths of many other levels considered in our 
cluster model calculations, we can conclude, although 


Pane Il 


Energy levels of Li?.* 


Calculated 
energies 


Terms 4 z Mey) 


OL80 
0.79 
0.74 
0.70 


2p 0.96 
2p 0.96 
0.97 
0.98 


s =1.660 Mev 
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rasBce ILI. Excitation energies of levels in Li? and Be?.* 
Excitation energies 
in Be? (Mev) 
Calcu Experi 
lated mental 


Excitation energies 
in Li? (Mev 
Experi 
mental 


Calcu 
Terms lated 
2p 0 0 0 0 
2p 0.48 0.478 0.44 0.431 
22 f 4.94 4.63 4.89 4.54 


22] 5.96 5.85 


puted with A =2.657 X10 1.66 Mev. 

only in a qualitative manner, that the level width of 
this (}—) state must be quite large, perhaps in the 
neighborhood of 1 Mev or so. This large level width, 
together with the fact that there are other levels of 
similar widths around, makes the experimental de- 
termination of this level rather difficult.**** The most 
promising Way to explore this level experimentally 
seems to be by H*(He*) — He? scattering; this is so, since 
this level is energetically incapable of decaying into Li® 
plus a nucleon, and reactions such as (d,p) on Li® are 
not suitable for the study of °F levels. 

Finally, we have also computed the rms radius of the 
ground state of Li’ from an expression similar to Eq. 
(18). We obtain a value 2.28 fermi as compared to 2.71 
fermi found by the electron scattering experiment.” 


V. SUMMARY AND DISCUSSION 
In this section we present an analysis of all our cluster 
model calculations performed to date. The complete 
final results along with the appropriate experimental 
values are tabulated in Table IV. 


ras_e LV. Summary of results.* 


Nucleus 
He® 


ental values are taken f 
38 See also remarks by Marion, reference 8 
% Morinaga (reference 4, p. 418) recently reported that he has 
broad L=3 resonance from He*+-Het scattering in the 
range from 13 to 19 Mey. Since the energy range in his 
experiment corresponds to an excitation energy in Be? of about 9 
to 12 Mev, we do not believe that the /=3 state which he found 


is the level we are concerned with 


seen a 


energy 
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Of primary importance is the question of convergence ; 
that is to say, are our results markedly changed by the 
inclusion of additional variational parameters? The 
present Li’ calculation, which is performed with an 
additional variational parameter, produces only a minor 
change in the energies of the ?P and *F doublets, namely, 
0.4 and 0.7 Mev, respectively. We are thus encouraged 
to believe that our method does converge fairly rapidly. 
It should be remarked at this point that for reasonable 
results there must be a minimum number of variational 
parameters in the trial wave function; the exact number 
is determined from the cluster structure of the level, as 
described in Secs. III and IV. 

In actuality, those wave functions which consist in 
part of a deuteron substructure do not contain an ade- 
quate number of parameters. This can best be seen by 
examining the internal energy and rms radius of the 
deuteron. The simple Gaussian function which describes 
this cluster cannot possibly produce the appropriate 
properties of a free deuteron. In fact, it is found that the 
binding energy so calculated is 0.27 Mev and the rms 
radius is only 1.25 fermi. However, a wave function 
which is comprised of the sum of two Gaussians allows 
for values which are considerably better. This latter 
shortcoming leads to discrepancies in the energies of the 
levels of Li® and the ($+) state of He®. This is especially 
apparent for the 7=1 states of Li® wherein the energies 
are overestimated by as much as 4 Mev; this discrepancy 
can be easily understood by noting that for the T=1 
states, the deuteron itself is in an unbound singlet state 
which implies that a single Gaussian wave function is 
even less appropriate. 

A probable source of error in our calculation arises 
from the relatively simple choice for the two-body po- 
tential. However, since our intention is to survey the 


energies of the lower-lying levels of the light nuclei, any 
minor change in our final results is uninteresting. In 
fact, it is found that reasonable modifications of the 


two-body potential produces changes in the final results 
which, in the spirit of the above remark, are of little 
concern. 

One question which still remains to be answered is 
concerned with the actual form of the two-body spin- 
orbit force. Unfortunately, there is at present no such 
potential which can be inferred from low-energy nucleon- 
nucleon phenomena. Hence, we must resort to a less 
palatable method of obtaining the spin-orbit fore - 
namely, an analysis of the structure of the light nuclei. 


TABLE V. De pth ol spin orbit potential. 


X Vis (Mev) 
10-5 cm?) He5 Li® 

2.657 4.58 

4.16 


5.663 


1.90 
96 3.91 


17.88 7.08 


ym Hochberg et al 


* Taken fr 
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The results of a computation using a simple neutral 
form for the nuclei He®, Li®, and Li’ are tabulated in 
Table V. For each choice of range \, we have found the 
depth Vzs which produces the experimental splittings. 
We note immediately that the He’® results are totally 
inconsistent with the other values. Moreover, the agree- 
ment between the Li® and Li’ values is considered to be 
coincidental since the tabulated depths for Li® would be 
increased by about 25% had we used a better trial 
function for the deuteron cluster. It is thus our con- 
tention that the spin-orbit potential is not of the neutral 
form alone, but includes an isotopic spin dependent 
component. The confirmation of this latter assertion 
awaits a more detailed calculation; one in which the 
deuteron cluster is treated as previously proposed. 

Upon concluding this phase of our investigation of the 
behavior of light nuclei with A=5, 6, 7, 8, we would 
like to briefly discuss the possibility of extending our 
method of calculation to heavier nuclei. For reasons of 
simplicity, we have always assumed a pure configuration 
for the cluster wave functions. As has been discussed in 
Secs. III and IV, this is probably a good approximation 
for the above-mentioned nuclei. On the other hand, 
there is strong evidence that already for B", the spin- 
orbit interaction that the L—S 
coupling scheme ceases to hold.'® Thus, to extend our 
calculation to heavier nuclei, we must relinquish the 
assumption of pure configurations and describe all 
nuclear states by a mixture of different cluster wave 
functions. 

In addition, as has been mentioned in I and II, one 
must devise a way to include the hard-core part of the 
nuclear force more consistently. The approximations 
involved in our method of calculation as described in 
Sec. II are necessitated by the fact that with a Serber 
force of the form (3), the binding energies and rms radii 
of a free alpha particle and of a triton cannot be 
reproduced. One obvious method of improvement is to 
use a simple two-body force with a repulsive core (not 
infinitely hard) which can account for the bound state 
data of two-, three- and four-body systems and at the 
same time, explain the scattering data of p-p and n-p 
systems up to about 50 Mev. Further, one must intro- 
duce in the trial wave function a short-range correlation 
factor of the form 


II [1-—exp(—yr;7)] 


all pairs 


becomes so strong 


to reduce the probability that two nucleons get within 
the range of the repulsive core. This particular correla- 
tion factor is preferred since it does not disturb the 
geometrical properties of the simpler cluster functions, 
namely, Z and S are still good quantum numbers and 
further, spurious states due to improper treatment of 
Initial effort 
with such a procedure is now being undertaken to 


the center-of-mass motion do not arise. 


calculate the energies of the levels of Be*. Satisfactory 
results will not only encourage us to investigate heavier 
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nuclei, but also will strengthen our present belief that 
results so far obtained with the simpler method are 


likely reliable. 
APPENDIX 
Potential Integrals of Li® 


The method of evaluating the expectation values of 
the various operators has been discussed in I and in the 
Appendix of IT; hence, only the results will be presented 
here. 

The normalization factor is given by the expression 
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for the various terms of the potential energy, we have 


[see Eq. (12) ]: 
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it is then understood that the arguments are identical with 
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Measurements of the total cross section of Pu! have been analyzed with the use of a multilevel formula, 
under the assumption that the observed resonance asymmetries are due to interference in a small number of 
fission channels. As was the case for U*, the analysis is interpreted as evidence that there are differences in 
the average fission widths of resonances belonging to the two possible spin states of the compound nucleus 


I. INTRODUCTION 


HE total neutron cross section of Pu" has been 

measured! from 0.02 ev to 2 kev with the Ma- 
terials Testing Reactor (MTR) fast chopper. In the 
energy region from 0.02 to 12 ev, the resonance struc- 
ture is sufficiently well resolved to permit shape analysis 
of the data. The cross section of Pu*! shows a strong 
fission component,® and is thus expected to exhibit 
much the same resonance characteristics as the other 
fissionable nuclei, U2**, U*8°, and Pu”. For these nuclei, 
strong asymmetries have been observed in the reso- 
nance shapes, which are attributed to interference in 
6 Pronounced asymmetries are observed in 
several of the Pu* which cannot be 
described by the single level Breit-Wigner formula. It is 
reasonable to assume that these asymmetries are evi- 
dence for interference in fission. A multilevel formula 
which adequately describes such interference has been 
developed by Reich and Moore,’ and has been used in 
the analysis* of the slow neutron cross sections of U*, 


fission.* 
resonances of 


In the present analysis, the same assumption was made 
which had been found to obtain for U**: that fission 
proceeds through either one or two channels. This 
assumption is supported by the observed large fluctua- 
tion in the sizes of the fission widths, which according 
to Porter and Thomas,* implies that the number of 
channels available to the process is small. 


8 


Il. EXPERIMENTAL DATA 


The total neutron cross section data shown in Fig. 1 
were calculated from measurements on 
enriched PuQ, samples.* Instrumental resolutions of 


transmission 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'O. D. Simpson and R. P. Schuman (to be published). 

2R. G. Fluharty, F. B. Simpson, and O. D. Simpson, Phys. 
Rev. 103, 1778 (1956). 

3B. R. Leonard, Jr., Conference on the Physics of Breeding, 
[Argonne National Laboratory Report ANL-6122, 1959 (un 
published), p. 227]; and private communication. 

4M. S. Moore and C. W. Reich, Phys. Rev. 118, 718 (1960). 

6k. J. Shore and V. L. Sailor, Phys. Rev. 112, 191 (1958). 

§L. M. Bollinger, R. E. Coté, and G. E. Thomas, Proceedings 
of the Second United Nations International Conference on the Peace 
ful Uses of Atomic Energy (United Nations, Geneva, 1958), Vol. 
3. p. we 

7C. W. Reich and M. S. Moore, Phys. Rev. 111, 929 (1958). 

5. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

*The isotopic analysis of the plutonium in the sample on 
October 14, 1959, expressed in atom percent, was as follows: 


0.05 to 2.4 wsec/meter were used. The experimental 
arrangement has been discussed in detail.’ Because 
of the wide variation in cross section as a function of 
neutron energy, two different nominal sample thick- 
nesses were used, 527 barns/atom and 1042 barns/atom. 
The thinner sample was used particularly over the 0.264 
ev resonance where the transmission was too close to 
zero for the thick sample. Since Pu*" beta decays to 
Am*' with a half-life of 13 years, the buildup of Am*# 
into the sample had to be taken into consideration. The 
effects of the Pu™, Pu, Pu’, Am" 
taminants were removed from the raw data in order to 
obtain the Pu*' total cross section. The data were 
corrected for the contaminant cross sections except in 
the regions where resonances appeared in the con- 
taminant data. Above 1 ev, resonance structure due to 
contaminants was not removed because of differences 
in the instrumental resolution and sample thickness 
Pua 
ments reported for the contaminants." All cross section 


and oxygen con- 


between these measurements and the measure- 


effects due to the contaminant resonances have been 
removed below 0.5 ev. In the region of 0.5 ev to 1.5 ev 
the effects of the 1.06-ev resonance of Pu” 
strong that the Pu**! cross section could not be measured. 
The effects of possible nonuniformities of the sample 
have been considered, and it has been concluded that 
a maximum uncertainty of 5% in the cross section may 
exist as a result of nonuniformity. This maximum un- 
certainty occurs at the peak of the 0.264-ev resonance. 


were so 


Ill. ANALYSIS 


The fit to the Pu* total cross section data is shown 
as the solid line in Fig. 1. In the application of the 
multilevel formula’ to these data, the assumptions were 
made that in each of the two possible spin states formed 
by the addition of an s-wave neutron to Pu*"', there 
exists one neutron channel, two fission channels, and 
an essentially infinite number of radiative capture 
channels. Since only total cross section data were 


Pu, 7.74+0.06; Pu, 10.42+0.10; Pu, 81.31+0.08; Pu*?, 
0.53+0.05. The above errors, quoted at a 95% confidence level, 
were supplied by the Isotope Division of the Oak Ridge National 
Laboratory. 

1 Q. D. Simpson, M. S. Moore, and F. B. Simpson, Nuclear 
Sci. and Eng. 7, 187 (1960) 

J). J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintendent 
of Documents, U. S. Government Printing Office, Washington, 
5 & . 1958), 2nd ed. 
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Fic. 1. The total cross section of Pu*', multiplied by the square root of the neutron energy, as a function of neutron energy below 12 
ev. The solid line shows the multilevel fit to the data. Doppler and resolution broadening corrections have been applied to the fit. The 
dashed line below zero neutron energy shows the negative energy level which was postulated in order to give a fit to the data below 0.5 ev 


Resonances which are due to known contaminants are indicated. The strong resonance in Pu at 1.06 ev precluded the measurement of 


the Pu*" cross section in this region. 


available for analysis, it was not possible to detect 
variations from resonance to resonance in the radiative 
capture widths. It was thus assumed that the radiative 
capture widths are constant, and equal to 0.040 ev 
The parameters obtained from the multilevel analysis 
are shown in Table I. 

The following procedure was used in obtaining the 
fit to the data: 


(1) Trial parameters of Fa, Tan®, Pax, Pan, and Parse 
were selected, where /a is the characteristic energy of 
the resonance A (not necessarily the energy at the 
maximum cross section), Pan?=Tané— is the reduced 
neutron width, Tay is the radiative capture width 
(assumed to be 0.040 ev), and Tay, and [ase are the 


fission widths in the two possible fission channels. 


(2) A trial curve of or as a function of energy was 
computed with the use of the multilevel formula. 
(3) This theoretical curve or(£) 


was converted to 
velocity space, and Doppler broadening corrections 


TABLE I. Multilevel parameters for the resonances in Pu*!. These parameters correspond to the fit to the data shown by 
in the last column refers to either I's, or Tas 
g was assumed to be $ for all resonances. Although a two-fission-channel, one-spin-state 
carried out, the results hold equally well for two spin states with a single fission channel in each. In this case, IP) 
widths in the first and second spin states, respectively, as discussed in the text. The relative signs of (CAnI’) 


curve in Fig. 1. The quantity ys 
have the value 40X 10™ ev, and 


were made by the numerical convolution technique 
described in Appendix A. 

(4) The multilevel Doppler-corrected cross section 
curve was then converted to transmission as a function 
of time of flight, and instrumental resolution broaden- 
ing corrections were made by a similar numerical 
convolution. 

(5) The curve then converted to 
function of energy, and compared to t 
data shown in Fig. 1. 


was ork? as a 


1 


ne experimental 


(6) The initial trial parameters were modified and 
the above steps were repeated as necessary until the 
solid curve shown in Fig. 1 was obtained 


The following features of the fit should be emphasized : 


(i) The 0.264-ev resonance requires interference 
which is constructive below and destructive above the 
resonance energy. The energy variation of the inter- 
ference required shows that it cannot be due to any 


the solid 


as is appropriate. In the analysis, !,, is assumed to 
analysis was 
and Pf are the fission 


4 are those whic h correctly 


describe the interference in a single-fission-channel multilevel analysis, as described by Moore and Reich.‘ 


Level BE) 
ev 


22T an® 
(1073 ev 
—0.160 
0.264 
4.28 0.255 
4.56 0.194 
5.91 1.020 
6.94 0.218 
8.60 0.268 
956 0.035 
10.20 0.400 
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lic. 2. The multilevel fit to the 
total cross section of Pu™!. Curve 
\ shows those resonances which 
have been ascribed to one of the 
two possible spin states; curve B 
shows those which have _ been 
ascribed to the other. No Doppler 
or resolution-broadening  correc- 
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tions have been applied to these 
curves. 





positive energy resonance. The parameters of a negative 
energy resonance, shown in Fig. 1 as the dashed line, 
were selected to give the proper amount of interference 
and to give a value of 1020 barns for the fission cross 
section at 2200 m/sec. 

(2) Although no experimental data were obtained 
between 0.5 and 1.5 ev, the calculated fit agrees well 
with the data below 0.5 and above 1.5 ev. It is therefore 


1 


thought 


unlikely that any large resonance in Pu*! 
exists In this region. 

(3) In the region of 4.8 ev, strong destructive inter- 
ference is required, which has the effect of tilting the 
wide resonance near 6 ev. Complete interference is re- 
quired between the 4.56 and the 5.91-ev resonance to 
describe these data. 

(4) In the region of 8 ev, strong constructive inter- 
ference is required, and only the wide resonances at 
5.91 and 10.20 ev are of sufficient strength to provide 
this amount of interference. 

(5) It is not possible to allow any of the narrow 
resonances between 6 and 10 ev to interfere to any 
large extent with the wide ones; any attempt to do so 
leads to the prediction of wild distortions which are 
not observed. 


A further restriction was possible as a result of the 
above considerations. The parameters shown in Table I 
are those of a two-fission-channel analysis. However, 
the fit was achieved without mixing the channels, i.e., 
each resonance has a fission width which lies completely 
in one of the two possible channels. For no resonance is 
it required that the fission width have an amplitude in 
both channels. The above analysis has assumed for 
simplicity that all resonances belong to the same spin 
state and that two possible fission channels exist in this 
spin state. A more reasonable explanation is that the 
resonances belong to two spin states, each with but a 
single fission channel.” It may be pointed out, however, 


> Although formally the two cases discussed are not the same 
a comparison has been made of the multilevel calculations for the 
two cases which shows that they are experimentally indistinguish 
ible for Pu™. 


i 
its, ae 
6.0 10.0 12.0 


that the success in fitting the data with the assumption 
of a single fission channel does not necessarily limit the 
number to one, especially when so few levels are involved. 


IV. DISCUSSION 


The fit to the Pu! cross section data in Fig. 1 is 
extremely good, but it is certainly not unique. Although 
the fission data? which have been obtained for Pu? 
are not in disagreement with the above analysis, they 
do not permit detailed fitting over this energy region. 
Since only total cross section data were used in the 
present analysis, it is not surprising that a fit was 
achieved without requiring any variation in the radia- 
tive capture widths. Indeed, Pattenden and Harvey” 
have demonstrated that a reasonable fit to the total 
cross section of U? can be obtained without varying 
I',, from level to level. But Moore and Reich* have 
found that if the fit is required to describe both the 
total and fission data for U**, the radiative capture 
widths must be allowed to vary by more than a factor 
of two. For U***, multilevel analyses of both total and 
fission data by Vogt" and by Shore and Sailor® also 
indicate a surprisingly large variation in the radiative 
capture widths. Even for Pu*', where adequate fission 
data are available only over the 0.264-ev resonance,? a 
multilevel analysis of both the total and fission cross 
sections indicates that the radiative capture width is 
of the order of 0.032 ev and the fission width is 0.080 ev 
instead of 0.040 and 0.072 ev, respectively, as given in 
Table I. 
into the fit to the total cross section data by this change 
in parameters. 

A certain lack of uniqueness is also expected from the 
lack of knowledge of the spin states to which the reso- 
nances belong. The approach which was taken in the 
present analysis was guided somewhat by previous work 


on Us" 


However, negligible changes are introduced 


where the analysis also indicated that wide 


83N. J. Pattenden and J. A. Harvey, Proceedings of the Inter 
national Conference on Nuclear Structure, Kingston, Canada (Uni 
versity of Toronto Press, Toronto, Canada, 1960), p. 882 

‘E. Vogt, Phys. Rev. 112, 203 (1958); Phys. Rev. 118, 724 
1900). 
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and narrow levels may belong to different spin states. 
The lack of uniqueness precludes the assignment of any 
error limits to the parameters. 

In Fig. 2, the results of the analysis are displayed 
with the contributions from the two assumed spin 
states separated for clarity. No Doppler or resolution 
corrections have been applied to these curves. The 
lower curve shows the wide resonances, presumably of 
one spin state; the upper curve shows the narrow reso- 
nances of the other spin state. The wide resonances 
near 6 and 10 ev must interfere strongly and must of 
necessity be in the same spin state, in order to account 
for the large cross section at 8 ev. The narrow resonances 
between 6 and 10 ev cannot interfere strongly with the 
wide ones, so it seems reasonable to assume that they 
are of the other spin state. One of the two resonances 
of the doublet near 4.5 ev must interfere with the wide 
resonances. The present analysis assumes that it is the 
wider of the two, at 4.56 ev. The two resonances near 
zero neutron energy pose a somewhat different problem. 
They can be put in either spin state without affecting 
the fit. They must of course be in the same spin state, 
since they interfere with one another. It may be noted 
that fission fragment mass ratio studies on Pu™ by 
Regier ef al/.’° are in agreement with this conclusion. 
It may also be of interest to note that the parameters of 
the negative energy resonance required to fit these 
data are in no sense anomalous, unlike those required 
for U* and Pu." 

There are similarities in the cross sections of U™ 
and Pu*', in that both exhibit wide and narrow reso- 
nances which appear to belong to different spin states. 
Both isotopes have spin } and presumably positive 
parities, and the even-even compound nuclei U™ and 
Pu** should thus have similar properties. According to 
the Bohr model of fission,'* a compound nucleus which 
is undergoing fission is highly deformed. Much of its 
energy is potential energy of deformation, and the 
nucleus is “cold,” i.e., not highly excited. The potential 
surfaces corresponding to low-lying states in the com- 
pound nucleus are expected to be preserved in the 
crossing of the fission barrier, and some information on 
the possible modes of oscillation of the highly deformed 
nucleus can be obtained from the energy levels observed 
near the ground state. 

The spin states in the compound nuclei U™ and 
Pu, formed by the addition of an s-wave neutron to 
U* or Pu™!, are 2* and 3°. Since all the Pu*” resonances 
in this energy region exhibit a fission component,’ it 
may be concluded that the fission threshold for both 
spin states in Pu” is below the excitation afforded by 
(Pu'+n). Highly deformed even-even nuclei in this 


region of the periodic table have a very similar energy 


146 R. B. Regier, W. H. Burgus, R. L 
Phys. Rev. 119, 2017 (1960) 

'® A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy (United Nations, New York, 
1956), Vol. 2, p. 151. 
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level structure near the ground state, and for purposes 
of this discussion, the energy levels of the better- 
known nucleus Pu** are expected to be similar to U™** 
and Pu*”.'? In Pu**, three low-lying 2* states have been 
observed: at 44 kev, corresponding to the first rota- 
tional level of the ground state (K=O) configuration; 
at 985 kev, corresponding to the first rotational state 
of a 8-vibrational (K=0) band; and at 1029 kev, cor- 
responding to the first level of a y-vibrational (K = 2) 
band. A 3* level is observed at 1071 kev, and is identified 
as the second level of the y-vibrational band. Neither 
the ground state nor the 8-vibrational bands have a 
3* level associated with them. 

If, as the Bohr model suggests, the possible modes of 
oscillation do indeed correspond to the dispersion for- 
malism concept of a fission channel, and if the excitation 
at the point of fission is such that only quadrupole 
vibration is significant, then the 2* spin state should 
fission through three channels and the 3* through one 
channel. In this case, following Wheeler,'® the average 
fission width for the 2+ spin state should be a factor of 
three larger than for the 3* spin state. In regions of 
large deformation, the ground state configuration might 
be expected to have a much lower fission threshold than 
the quadrupole vibrational bands, with a consequently 
much larger average fission width for the 2* state. In 
this case, a difference of a factor of considerably more 
than three would be expected in the average size of the 
fission widths belonging to the two spin states. The 
present analysis of Pu* shows a factor of ten: for one 
spin state (I'y) is 0.847 ev; for the other spin state, 
(Py) is 0.074 ev. 

Since so few levels are represented in these averages, 
the size of the difference may not be significant. It is, 
however, significant that in Pu**! as well as in U8, two 
types of resonances are observed, one type having large 
fission widths, the other having narrow widths, and that 
there is no appreciable interference between the two 
types. 


APPENDIX A 


It is very important that detailed Doppler and reso- 
lution broadening corrections be made to the calculated 
curve. For example, the corrected peak cross section of 
the 8.6-ev resonance was only 3 of the uncorrected 
value. At any neutron velocity v, the Doppler-corrected 
cross section, i.e., that which would be measured with 
perfect instrumental resolution, is related to the true 
cross section o7(v) by the expression 


L 


or(v,)=(m ark) f o7\Vp—?) 


x 


Xexp(—mvr?/2kT)dv, (1) 


17 R. K. Sheline, Revs. Modern Phys. 32, 1 
18 J. A. Wheeler, Physica 22, 1103 (1956 
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lic. 3. Comparison of the fast 
chopper resolution function with a 
Gaussian distribution. The solid 
curve shows the idealized fast 
chopper resolution as a function of 
time. The dashed curve shows the 
Gaussian distribution which was 
used to represent the resolution 
function in making the necessary 
instrument resolution broadening 
corrections. The idealized chopper 
resolution function was obtained 
by the convolution of a symmetric 
triangle of appropriate width to 
represent the neutron burst, block 
functions to represent the channel 
widths and the counter thickness, 
and a Gaussian distribution to 
represent the uncertainty of de 
tector pulse collection time. Both 
functions shown in this figure are 
normalized to unit area. 


INTENSITY 


RELATIVE 


where m is the reduced mass of the neutron, & is the 
Boltzmann constant, and 7 is the effective temperature 
of the sample (see below). 

In performing this convolution numerically, the in- 
tegral was replaced by the summation 

o7r(Vp) > ».or(v,—?,)P(2,), 

where /(v,) is a step-function approximation to the 
normalized Gaussian function. For Doppler-broadening 
corrections, this function P(v,) is a constant (i.e., does 
not depend on v,). It is thus convenient to perform the 
convolution in velocity space. This was done in effect 
by performing a four-point Lagrange interpolation of 
the calculated curve o7(/:) at energies /, given by the 
expression 


(Eyi+nk), 


where /:y is the initial energy under consideration, and 
k is a constant which is determined by the spacing of 
the points /, and the width of the function P(z,). 

Plutonium oxide has a Debye temperature of 403 
+8°K" at room temperature. Correcting the ambient 
temperature 7 by the Debye temperature,” one calcu- 
lates the effective temperature of the sample to be 

375°K 

The correction of the calculated curve for instru- 
mental resolution broadening was done by first con- 


verting the cross section to the transmission XY by the 
expression 


X(E,)=e7- Nor (En (4) 


where .V is the number of atoms cm? for the sample 


B. Roof, Jr., J. Nuclear Materials 2, 39 (1960). 
E. Lamb, Jr., Phys. Rev. 55, 190 (1939). 


0+ 
TIME (sec) 


which was used in the experimental measurement. A 
change of variable from energy to time of flight is 
convenient, since the measured transmission X(f,) at 
any flight time /, is related to that which would be 
observed with perfect instrumental resolution by the 
expression 


X (tp) =Dow X (tp— lw) R(t), (5) 
where R(/,-) is the observed instrumental resolution 
function, normalized to unit area. The function R(t,,) 
is a convolution in time space of functions representing 
the channel width, fast chopper burst width, time jitter 
of the gating pulse, and collection time uncertainties 
in the detector system. The computed resolution func- 
tion R(/,") for the operating conditions under which the 
data above 4 ev were collected is shown as the dashed 
curve in Fig. 3. The solid curve in Fig. 3 is a Gaussian 
function. Since the two curves agree very closely and 
since the idealized resolution function should include an 
additional small wing correction at these energies, a 
Gaussian representation was used as the function R(¢,,) 
in making the correction described. 

The conversion of the calculated curve Y(/2,,) given 
in Eq. 4 to time space is convenient since the function 
R(t,-) is then approximately a constant. This was done 
by interpolating the curve X(/,,) at energies /,, given 
by Ey = (Ey t—n’'k’)*, where again £o is the initial 
energy and k’ is a constant determined by the spacing 
of the points and the width of the curve R((,,). 
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Directional Correlation Measurements in Hf!’* 


U. BERTELSEN, J. BORGGREEN, AND O. NATHAN 
Institute for Theoretical Physics, University of Cepenhagen, Copenhagen, Denmark 
(Received March 10, 1961) 


Measurements of the directional correlations of the 1335-93 kev, 1345-93 kev, and 1390-93 kev 
cascades in Hf'** have been made, using a liquid source of 21-day W'"8 in equilibrium with 9.3-min Ta!” It is 
shown that the data support the tentative spin assignments of Gallagher e¢ al. The 1390-kev y ray is found 
to be almost pure quadrupole radiation. If the spin and parity of the 1430-kev level is 1+, as suggested by 
Gallagher et al., the multipolarity of the 1335-kev 7 ray is determined by our measurements to be mainly 
M1. Using these results, the amount of 20 radiation in the 1309-kev transition has been estimated. It is 
found that approximately 70% of the 1390-kev A-conversion electrons are due to monopole transitions 


HE decay of the 9.3-min Ta'’* isomer has recently _ results indicate that about 95°% of the decays proceed 

been investigated by Gallagher, Nielsen, and by direct transitions to the ground state and to the 

Nielsen! (in the following referred to as GNN). Their _ first-excited state of Hf'"*, the remaining decays popu- 

lating high-lying levels of this nucleus in the energy 

cseteenins “4 region 1200-1500 kev. Analyzing their internal conver- 

Tt sion data, GNN were able to show rather unambiguously 

L APTURE that two of these high-lying levels have spin and parity 

0+, but their conclusions regarding the properties of 

the other levels in this group were less precise, mainly 

due to insufficient y-ray resolution. The level scheme 

proposed by GNN is shown in Fig. 1, and in the follow- 

ing we shall assume that this correctly represents the 
main features of the decay. 





5 
! 
1500 -— 











The purpose of this investigation is to obtain addi- 
tional evidence on the spins of some of the high-lying 
levels of Hf'7* by means of y-y directional correlation 


techniques and at the same time to collect as much in- 
formation as possible about the multipolarities of the 
corresponding decay radiations. It is apparent from 
Fig. 1 that a number of y-y cascades are available in 
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Hf'’*, all proceeding through: either the first or the 
second rotational state. In this experiment we have, 
however, confined ourselves only to the cascades in- 
volving the 93-kev photon and the y rays in the region 
1335-1390 kev, since it was found that the other 
cascades were either too weak to give a measurable 
| correlation or too much affected by background radia- 
CS tions to yield valuable information. 
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The source consisted of about 4 uC of 21-day W 178 in 
equilibrium with 9.3-min Ta'’*, produced in the same 
way as described in GNN. In order to minimize extra- 


nang to GRIN nuclear attenuation effects, the tungsten was dissolved 
'(. J. Gallagher, H. L. Nielsen, and O. B. Nielsen, Phys. Rev. '" hydrofluoric acid, thus forming WE,~~ tons. rhe 


122, 1590 (1961) measurements were carried out using 1}X1} in. Nal 
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crystals, a fast-slow coincidence circuit with a resolving 
time of 3X 10~-° sec, and a 256-channel analyzer. The 
output pulses from one of the slow linear amplifiers were 
fed into the analyzer which was gated by the coinci- 
dence signals. The multichannel analyzer was included 
in the circuit for the following reason. The y-ray spec- 
trum in coincidence with the 93-kev photon contains a 
broad peak with an average energy of about 1360 kev 
and it is known from GNN that this peak is associated 
with three transitions of energies 1335, 1345, and 1390 
kev (see Fig. 1). The two lowest transitions appear 
totally unresolved in the Nal detector, but the 1390-kev 
photon is sufficiently separated from the other two to 
allow an approximate determination of its correlation 
function by an analysis of the upper part of the com- 
posite peak. Therefore, the multichannel analyzer was 
used to record pulses corresponding to high energy 
events above 600 kev in one counter, whereas the other 
counter was coupled to a single-channel analyzer set to 
accept events between 80 and 100 kev. 

The data were recorded at the 90°, 135°, and 180° 
positions of the movable counter, and a total of about 
5000 coincidences was recorded at each angle. The real 
coincidence rate was normalized to correct for electronic 
drift in the low energy counter, and the data were fitted 
to the function W (6) = 1+A2Ps(cos@)+ A 4P4(cos@). The 
resulting A» and A, coefficients were then corrected for 
the geometry of the detectors according to the method 
of Rose.” 

For the total “1360-kev”’ peak the corrected correla- 
tion function was found to be 


Wey (0@) = 1+ (0.11+0.03) P2(cosd) 


+ (0.44+0.03) Py(cosd). (1) 


The linewidth of the coincident peak was then 
measured and compared to a standard single line. The 
standard used was the 1409-kev y transition in Sm!®, 
Knowing the energies of the three y rays of which the 
1360-kev” peak is mainly composed, we concluded 
from the linewidth data that 20+10% of the counts in 
the total peak were due to the 1390-kev transition. 

Using this estimate, we divided the peak into three 
parts, a lower part A, a middle part, and an upper part 
B. The correlation functions for the parts A and B were 
determined separately, whereas the region in the middle 
was omitted in the calculation. Part A corresponded to 
the sum of the 1335- and 1345-kev transitions and in- 
cluded about 60% of all counts used for the calculation 
of W7(@). Part B consisted only of the upper tail of the 
composite peak, containing about 6% of the total 
counts, in order to select the 1390-kev y ray free of the 
two other transitions. The resulting correlations, cor- 
rected for geometry, were 


W 4 (0) =1+4+ (0.15+0.03) P2(cosé) 
+ (0.52+0.05)P4(cos@), (2) 


2M. E. Rose, Phys. Rev. 91, 610 (1953). 
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lic. 2. Parametric plot of 1. and A, for the cascades 0(2)2(2)0, 
1(1,2)2(2)0, 2(1,2)2(2)0, and 3(1,2)2(2)0. The parameter used is 
6, the ratio of quadrupole to dipole reduced matrix elements. This 
type of representation was first suggested by C. F. Coleman 


[ Nuclear Phys. 5, 495 (1958) ], and P. S. Jastram, G. T. Wood, and 
J. P. Hurley [Bull. Am. Phys. Soc. 3,65 (1958) ]. The parameter 
values 0, +0.1, +0.2, +0.5, +1, +2, +5, +10, and = are indi- 
cated by marks on the ellipses. The crosses represent the measured 
A», Ay values and the surrounding rectangles indicate the magni- 
tudes of the experimental uncertainties. The rectangle T shows 
the correlation for the total ‘‘1360"’-kev peak, and the rectangles 
A and B show the correlations for the lower and upper parts of 
the peak, respectively. Rectangle A’ represents the possible A», A. 
values for the correlation A with assumed attenuation coefficients 
G.=G6,=0.8 


W p(8)=1— (0.05+0.08) Ps(cosé) 


+ (0.34+0.13)P4(cos8). (3) 


The figures for correlation A include a small correction 
for counts due to the 1390-kev photon. 

A graphical representation of the situation is shown in 
Fig. 2 in which the theoretical correlation coefficients 
A» and A, are plotted for various cascades having the 
spin sequence J —2—0, where J =0, 1, 2, 3. According to 
GNN, these are the only possible spin sequences for the 
three cascades in question. The experimental limits on 
A» and A, are indicated by rectangles which surround 
the experimental points. 

Considering the position of the rectangle 7, represent- 
ing the experimental result for the total correlation, it 
is seen that at least one of the three high-lying states in 
question must have spin 0. This is consistent with the 
0+ assignment to the 1440-kev state which was pro- 
posed by GNN on the basis of internal conversion data. 
In the following we shall, therefore, assume the 1345-93 
kev cascade to be of the 0-2-0 type and fix our attention 
on the two other cases. 
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Let us first consider the 1390-93 kev cascade whose 
properties are determined by the rectangle B (Fig. 2). 
In order to draw detailed conclusions from the position 
of this rectangle we must know to what extent extra- 
nuclear attenuation effects have influenced the correla- 
tions. With the source material at our disposal, no 
experiment seemed feasible which would yield this in- 
formation directly. In particular, we note that the 
214-93 kev 4-2-0 rotational cascade is too weak in the 
9.3-min Ta'’$ decay to allow a y-y directional correlation 
measurement. We can, however, estimate the attenua- 
tion by the following argument. Requiring the experi- 
mental result for the 1390-93 kev cascade to be con- 
sistent with at of the theoretical correlation 
coefficients represented on Fig. 2, we are left only with 
the possibilities 0 or 2 for the spin of the 1483-kev state. 
In order to explain the large discrepancy which exists 
in the spin 0 case between theoretical and experimental 
correlation coefficients we must assume the attenuation 
to be extremely large. In terms of attenuation coefti- 
we find G.<0.1 and G,y<0.3, which appears 
rather improbable in view of the lifetime of the 93-kev 
state and the chemical environment of the Ta!’® nuclei. 
A more likely interpretation of the data is that the 
1483-kev state has spin 2, in agreement with the tenta- 
tive 2+ assignment proposed by GNN. With this inter- 
pretation it is not necessary to introduce any attenua- 
ation to explain the experimental results, and the lower 
limit which can be put on the attenuation factor G, is 
about 0.65. 

Adopting the spin 2 assignment, we see from Fig. 2 
that the 1390 kev radiation is mainly quadrupole, the 
amount of dipole radiation being limited by the in- 
equalities 627 or 6S —13, where 6 denotes the ratio of 
quadrupole to dipole reduced matrix elements. This 
estimate is based on the assumption that G.=0, but it 
appears from the diagram that the possible presence of a 
small attenuation will not affect the result significantly. 

We next turn to the 1335-93 kev cascade. The in- 
formation about the corresponding y-y angular correla- 
tion function must be extracted from the function W 4 (@) 
(the rectangle A on Fig. 2) which represents the inco- 
herent sum of the 1335-93 and 1345-93 kev correlations. 
The analysis is facilitated by the fact that, according to 
our previous statement, the latter correlation can be 
represented by the single point 0 in the diagram which 
corresponds to a 0-2-0) spin sequence. In order to obtain 
the 1335-93 kev correlation function we must also know 
the intensity ratio of the 1335- and 1345-kev y rays; 
unfortunately, this quantity is not given by experiment. 
Instead, we base the analysis on the internal conversion 
data reported by GNN and on their conclusions regard- 
ing the spin and parity of the 1430-kev state, which may 
be summarized as follows. The spin and parity may be 
either 1+, in which case the 1335-kev photon is an un- 
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’ See, e.g., H. Frauenfelder, in 
oscopy, edited by K. Siegbahn 
‘ompany, Amsterdam, 1955), p. 581 
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TABLE I. Summary of analysis of 1335-93 kev correlation 


Relative content 
of quadrupole 
radiation 


Assumed 
multipole 
mixture* 


Quadrupole to 
dipole mixing 
ratio 6 


Spin 
sequence 

2-0 W1i+ 2 +0.04<5< 0 0.200 S$ E2S8% 

2-0 E1i+M2 0.6 <6<—0 4% SM2S827% 
2-0 hi+M2 No acceptable part on the ellipse. 


t 


n GNN 


known M1+£2 mixture, or it may be 2— or 3-, in 
which cases the decay radiation is an unknown £1+ M2 
mixture. The data of GNN are also consistent with a 
0+ assignment, but this is ruled out by our results, 
providing the attenuation is small. Thus, according to 
GNN, the angular correlation of the 1335- and 93-kev 
photons can be represented by an unspecified point on 
one of the three ellipses in Fig. 2. Only points on certain 
parts of the ellipses are, however, compatible with our 
angular correlation data. These parts may be found by 
the following geometrical procedure. Let us consider an 
arbitrary point P, say, on the 2-2-0 ellipse. From the 
mixing ratio 6 associated with the position of P, we 
calculate the M2/£F1 intensity ratio in the 1335-kev 
radiation, and the corresponding internal conversion 
coefficient may then be obtained by means of the theo- 
retical El and M2 internal conversion 
Knowing the intensity of the 1335-kev A-conversion 
line from the measurements of GNN, we can in turn 
calculate 
sponding to our choice of P. The 1345-kev y ray, on the 
other hand, is a pure £2 radiation and, using the theo- 
retical £2 internal conversion coefficient and the meas- 
ured K-conversion intensity,! we can independently 
establish its y-ray intensity. We are now in the position 
to construct the point Q in the diagram, which corre- 
sponds to the incoherent sum of the two correlations 
represented by the points O and P. As is readily seen, 
Q is situated on the line OP, dividing it in the ratio 
O2: PO=1,, 1335: 1, 
A, the particular choice of 6 for the 2-2-0 spin sequence 
is compatible with our angular correlation results. If 
O falls outside of A, 
rejected. 

In this analysis we have hitherto assumed the rec- 
tangle A to represent the true correlation. If some at- 


coefficients. 


the 1335-kev y-ray intensity ' 1335 COrre- 


i345. If O falls inside the rectangle 


the corresponding value of 6 is 


tenuation is present, the true correlation is represented 
by another rectangle A’, displaced correspondingly 
towards the upper right in the diagram. We have allowed 
for the possible presence of a reasonably large attenua- 
tion by accepting all points Q falling inside rectangles 
A’, corresponding to the limits O.8<GsS1 and 
0.85G,<1. Also, we have taken account the 
quoted! 20% error on the internal conversion electron 


into 


intensities, when establishing the y-ray intensities. 

The result of the analysis is summarized in Table I, 
and the acceptable parts of the ellipses are indicated in 
heavy print on Fig. 2. 





DIRECTIONAL CORRELAT 

The 3— assignment to the 1430-kev state is ruled out 
by our results, but an unambiguous choice between the 
other two possibilities cannot be made on the basis of 
the present experimental material. It was pointed out 
by GNN, however, that the low log ft value for the 
beta branch populating this state indicates that most 
likely the spin and parity is 1+. This assignment is 
certainly consistent with the angular correlation data 
and it is interesting to note that in this case the de- 
excitation to the 2+ rotational state takes place by an 
almost pure M1 transition. The 2— possibility is also 
consistent with our data, but it implies the presence of 
a relatively large amount of M2 radiation in the 
1335-kev transition corresponding to a rather strong 
retardation of the £1 part. 

Reviewing the information which has been obtained 
from the directional correlation data, we observe that 
these support the more tentative spin assignments which 
were given by GNN for the 1430- and 1483-kev states. 
Furthermore, the correlation data have determined the 
multipolarities of the y rays which proceed from these 
states to the 2+ rotational state. This increased amount 
of information permits us to consider the properties of 
the 1390-kev transition in more detail than was possible 
for GNN. We are here dealing with a transition which 
takes place between two states, both having spin and 


parity 2+ and, therefore, the transition may proceed by 
a mixture of £0 and higher order multipole radiations. 


In this connection it is interesting to note that the 
transition from the 1277-kev, 2+ level in Hf!’* to the 
2+ rotational state according to GNN contains an 
appreciable £0 admixture. 


In order to estimate the amount of £0 radiation in the 


ION 
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1390-kev radiation from the present data we assume 
that the spin and parity of the 1430-kev state is 1+ and, 
for simplicity, that the 1335-kev and 1390-kev y rays 
are pure M1 and pure £2, respectively. Using the line- 
width data, we estimate the intensity of the 1390-kev 
y ray to be about 29% of the total intensity of the 
1335- and 1345-kev y rays. The number of monopole 
K electrons in the 1390-kev transition divided by the 
total number of 1390-kev A-conversion electrons is then 
given approximately by 


=1—0.29 =().7. (4) 


Here, a» and 8; are theoretical A-conversion coefficients 
and J,. 1335, Je. 1345, and J,. 139) denote measured K 
electron intensities taken from the work of GNN. 

Due to the large uncertainty involved in the analysis 
of the broad ‘1360-kev” peak, the above calculation 
represents only a rough estimation, but it clearly shows 
that a considerable amount of the 1390-kev A electrons 
is due to electric monopole transitions. Thus, it seems 
that at least two of the 2+ to 2+ transitions in Hf!75 
have AO components. 
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Determination of M1—E2 Mixing Amplitudes in Mg”’, Al’’, Si*’, and P*! 
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A method of analyzing gamma-ray angular distribution and direction-polarization data to yield values for 
the relative amplitudes of mixed multipole gamma-ray transitions is described. The analysis of the data does 
not demand a knowledge of the mechanism of formation of the gamma-emitting level. Measurements are 
reported on some mixed 41-2 de-excitation gamma rays from low-lying levels in Mg*5, Al?’, Si, and P®*'; 
these levels were excited by inelastic proton scattering. The following results were obtained: 


Initial state 
Energy Spin and 
(Mev) parity 

0.98 ; 
0.98 ; 
AP? 1.01 ; 
Si® 1.28 
1.27 


Nucleus 


Mg? 


1. INTRODUCTION 
DETERMINATION of the linear polarization 
of gamma radiation can yield information on the 

multipole mixing ratio and the parity change between 
the initial and final states involved in the transition. 
Although a knowledge of the multipole mixing ratio can 
often provide a useful test of a nuclear model, to date 
few polarization measurements have been reported on 
the de-excitation radiation of excited states of nuclei 
formed in nuclear reactions. 

Until recently the methods commonly used in nuclear 
reaction studies to determine multipole mixing ratios of 
gamma rays demanded a knowledge of the reaction 
mechanism. Where these methods can be applied they 
have the great advantage that one simple measurement 
(e.g., a direct angular correlation) usually suffices to 
determine the mixing ratio. In the case of de-excitation 
gamma rays from levels of spins 1 or 3, the direct angu- 
lar correlation must be supplemented by some other 
measurement, such as a direction-polarization determi- 
nation,'* or a triple angular correlation,’ to obtain a 
value for the mixing ratio. More recently Litherland and 
Ferguson‘ have developed techniques for analyzing the 
results of triple angular correlation experiments; these 
methods enable level spins and multipole mixing ratios 
to be obtained without a knowledge of the reaction 
mechanism. 

The present paper follows in the spirit of the work of 
Litherland and Ferguson, and in Sec. 2 we show that 
simultaneous direct angular correlation and _ linear 
polarization measurements yield a numerical expression 
for the mixing ratio independently of the reaction mech- 
anism. In general, this expression gives two possible 
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Energy 


~ ground state 


ground state 
ground state 
ground state 


Final state E2 amplitude 

Spin and 

(Mev) parity 1 amplitude 
0.30-+0.15 
0.15+0.05 
-0.32+0.14 
0.21+0.03 


~0.25+40.15 


0.58 


ie ke 


+ 


Boh Rol ie BO OI 


+ 


values for the multipole mixing ratio of the radiation 
concerned. 

In Secs. 3 and 4 the experimental procedures used in 
determining the direction polarization correlations in 
the present measurements are described, and in Sec. 5 
the results are presented. 

The following mixed M1-—£:2 transitions were studied 

in the present experiments: (i) 0.980-Mev 3+ - 
transition to ground state and the 0.400-Mev 3+ — 
transition to the first excited state in Mg*®; 
Mev 3+ — 3+ transition to ground state in Al?’; (iii) 
1.28-Mev 3+ — $+ transition to ground state in Si*; 
and (iv) 1.27-Mev $+ — 3+ transition to ground state 
in P*', Measurements were made on these nuclei because 
the cross section for excitation by inelastic proton scat- 
tering is high and some direct angular correlation meas- 
urements were already available. In addition, since the 
unified model had already been applied with some 
success to the description of these nuclei,®~* the results 
of the present measurements could provide further tests 
of the model. 

Although in the experiments reported here inelastic 
proton scattering was used to excite the levels of inter- 
est, the method applies generally to all types of reac- 
tions, providing the gamma ray under investigation is 
emitted by one state of definite spin and parity, and no 
previous radiation (particle or gamma ray) is observed. 
The method cannot be applied to mixed de-excitation 


gamma rays from levels of spin }. 


2. THEORY 


The determination of only £2/M1 amplitude mixing 
ratios is considered in this paper, although the analysis 
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M1-E2 MIXING 
applies equally well to M2//:1 mixtures and with some 
extension to higher multipole mixtures. Furthermore, it 
is assumed that the gamma-ray transitions under dis- 
cussion proceed from one state of definite spin and 
parity to another state of definite spin and parity. In 
this case, both the angular correlation and direction- 
polarization correlation of the gamma ray with respect 
to the incident-beam direction can be expanded in terms 
of Legendre and associated Legendre polynomials of 
even order if we confine our discussion to linear polariza- 
tion measurements. Following the suggestion of Rose’ 
we will define a mixing ratio 6 in terms of the reduced 
matrix elements so that the intermediate state always 
appears on the left in the reduced matrix elements; that 
Is, 


§= (| L' D/L \D), 


where J is the spin of the intermediate level, 7 the spin 
of the final level, and L and L’ (L’>L) are the multi- 
polarities of the gamma rays under investigation. 

The angular distribution W(@) of gamma rays of 
mixed multipolarity LL’ emitted following de-excitation 
of a nuclear level of spin J to a state of spin J is given by 
the relation!" 


W(0)~W yr (O)+26W 7 (A) +8 W 1 7 (8), (1) 


where 


Wr (0)=>d e(—) oF po Z (LILI ,TR)P.(cosd). (2) 


—(- y Tpo0{ Z,(1J 1S ,72)+ 


d»y/ ay= 
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P,.(cos@) is a Legendre polynomial of order k; @ is 
measured relative to the incident-beam direction. pxo, 
the statistical tensor'’ describing the orientation of the 
gamma-emitting level, may be expressed in terms of the 
population P(m) of the magnetic substates m of the 
level of spin J, by the relation 


Pro= >. m(—)7-"P(m) (J Im—m|k0), (3) 


where (J /m—m_|kO) denotes the Clebsch-Gordan vector 
addition coefficient, and the Z; coefficient!! is defined as 
A\(LIL' J’ Tk) 


= Rib Et) (2L4+1)(2L’+1)(2J +1)(2)’+1) }} 
x (LL’—11| kO)W(LIL’J’ Tk), 


where R denotes “‘real part of,” and z is zero for electric 
radiation and unity for magnetic radiation. The Racah 
W coefficients'’" are nonzero only if the triads (LL’k) 
and (JJ’k) form the sides of a triangle. For transitions 
of the type under consideration, only terms up to 
P,(cosé) will therefore appear in the Legendre poly- 
nomial expansion of the observed angular correlation, 
which may therefore be expressed as 


W (6) = ap Po(cos@)+ a2P2(cos8)+a4Ps(cos8). (4) 


The expressions assume point detectors, and appro- 
priate corrections” for finite detector size must, of 
course, be made in practical applications. From Eqs. 
(1), (2), and (4) we therefore obtain" for the case of 
M1-—F2 mixtures 


262, (1 2J ,J2) +82 ,(2/2J ,12)} 
: (5a) 


poo(1+6?) (27 +1)! 


(—)!-4 pq8?2Z (2 2,74) 


a4/ao= (5b) 


poo(1+82)(2-+1)! 


since Z,(LJLJ,I0)=(—)7-7(2J+1)! for all L 
Z\(LIL'J,10)=0 for L¥L’. 

The linear polarization intensity distribution for a 
gamma ray of multipolarity LL’ can be expressed!" as 
W 1 (0,7) 

D(— ott poi (LILI, Tk) 

XK {P.(cos@)+ (+) 1K .( LL’) cos2yP.2(cosd)}, (6) 
where @ is the angle between the gamma ray and the 
incident beam direction, and y is the angle between the 


and 


P(0)= 


W 1 (0, y=90°)+26W 77: 


with W 1 (@,y) given by (6). 


W 1.10, y=0°)+-26W pi (0, y=O°) FEW 11 (0, y=0°) 


(0, Y 


gamma ray and the plane of the reaction after Compton 
scattering (see Fig. 1). The + sign in Eq. (6) is taken 
if the 2“'-pole radiation is electric, and the — sign, if 
magnetic. The quantity 


K (LL')= —[(k—2)!/(k+2)!]3 
X (LL’11) k2)/(LL'1—1) RO) 


has been tabulated by Fagg and Hanna,'* as well as 
numerical values of the associated Legendre function 
P2(cosé) appearing in Eq. (6). 

In practice, the intensities of the polarized radiation 
in the reaction plane and perpendicular to the reaction 
plane are usually measured ; we may therefore define the 
polarization P(@) of a mixed multipole transition by 


° ; i (7) 
00°) +820 p10, y= 90°) 
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It can be seen that if the statistical tensors are known, an angular distribution measurement alone suffices to determine 6 
uniquely, if there are two nonzero ratios of the angular distribution expansion coefficients. See, for example, the Coulomb excitation 


measurements of reference 1. 


4... W. Fagg and S. S. Hanna, Revs. Modern Phys. 31, 711 (1959). 
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90° the general expression for the polarization reduces to 


P(@=90 
(1+6°)(2/ +1)!—(p: 


1+6*)(27+1)!+2(p 
f Provided that the polarization measurement is made 
using the same reaction at the same energy at which the 
direct angular distribution was made, the statistical 
tensors in Eqs. (5a), (5b), and (8) are identical and may 
therefore be eliminated. In general, two values of 6 are 
obtained, and except in the case of equal roots further 
information is required to remove this ambiguity. It 
should be noted that this result has been obtained with- 
out a knowledge of details of the formation of the level 
in question, and no assumption need be made that the 
reaction proceeds through an isolated resonance of the 
compound nucleus. The ambiguity can be removed if an 
angular distribution measurement of the gamma ray 
under investigation is made and details of the statistical 
tensors of the radiating level are known. For this 
measurement a different reaction may be used to 
populate the level of interest. Capture reactions for 
which details of the capturing state are known can often 
be used to determine the statistical tensors. Another 
method is to use the results of a spec ial type of triple 
angular correlation measurement in which only those 
gamma rays emitted from particular magnetic substates 
are selected.'® An example of this is discussed in more 
detail in Sec. 4. The advantage of this latter method is 
that again no assumptions need be made that the reac- 
tion proceeds through an isolated resonance of the com- 
pound nucleus. 


3. DETECTION SYSTEM 


The experimental arrangement used for the simul- 
taneous determination of the polarization and angular 
distribution of gamma rays emitted following inelastic 
proton scattering, is shown schematically in Fig. 1. The 


Fic. 1. Experimental arrangement employed for the simultane 
| - pio} 

ous determination of the angular distribution and linear polariza 

tion of gamr inelastic proton scattering 


6 A. E. Lithe 
1960). The 
dennitior 


a rays excited f 


G. J. McCallum, Can. J. Phys. 38, 927 
paper for the 


rland and 
convention adopted in the present 


of 6 was also used in this work 


po) {ZAI 1S 12) — 262 (1S 2S 72) +8Z (2S 2 12)} +( p40) poo )8Z 1 (2I2J ,T4) 


pw) {ZAI 1S 72) +82 (2I 2S 12)} —4 (pan pow) Z (272 T4) 


Chalk River 3-Mv electrostatic accelerator provided the 
proton beams used in the experiments. 

The polarization of gamma rays emitted at 90° to the 
incident-beam direction was measured by a Compton 
scattering polarimeter consisting of a scatterer, a 1-in. 
diam X 1-in. thick Nal crystal, and a detector of the 
scattered quanta, a 3-in. diam X 3-in. thick Nal crystal. 
The larger crystal could be rotated about an axis defined 
by the target center and the axis of the 1-in. diam 
crystal. Because of the sensitivity of the Compton 
scattering process to the polarization of the incident 
quanta, the linear polarization of the gamma rays can be 
determined by measuring the distribution of the 
Compton-scattered quanta as a function of the azimuthal 
angle y. The relevant formalism has been given in the 
review article by Fagg and Hanna." 

If .V is the ratio of the number of quanta scattered 
into the large counter when y=0°, to the number when 
y= 90°, then the polarization P, defined earlier, is given 
by the relation 


P=(1—NR R), (9) 


where R is the particular value of the ratio V obtained 
for a gamma ray completely polarized in the reaction 
plane.'® In the case of ideal geometry using point 
scatterers and detectors, R is simply the ratio of cross 
sections, da(0°)/do(90°) for Compton scattering. The 
problems arising in the determination of P and R in the 
case of finite geometries are discussed below. 

In practice, the spectrum of recoil electrons in the 
small crystal, in fast coincidence with the scattered 
quanta detected by the movable counter, was displayed 
on a 100-channel pulse-height analyzer. This arrange- 
ment permitted complex spectra to be analyzed. The 
reason for displaying the electron-recoil spectra rather 
the 
random 


than the spectra of the scattered quanta lies in 


superior line shape of the 


former. To reduce 
coincidences the larger crystal was shielded from direct 
radiation from the target by a 3-in. thick slab of lead. 
The distances d; and ds were 6.5 in. 


The 


and 5.3 in., re- 


spectively coincidence resolving time was 25 
nsec, 

Phe crystal used to measure the direct angular corre 
lation was placed as shown in Fig. 1; the distance 
d, varied between 10 and 25 in., depending on the gamma 
ray yield. The two large crystals were moved simultane- 
ously; the lower crystal analyzed the polarization of 
quanta emitted at 90 


termining the intensity of gamma rays scattered at an 


to the incident beam by de 


is the reci 


‘6 Note that the 
reference 14 


R defined here rocal of that used i 
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angle y with respect to the reaction plane, while the 
upper crystal determined the intensity of direct radia- 


tion emitted at an angle 6(=y). 
4. CALIBRATION OF THE POLARIMETER 


As noted previously, in determining linear polariza- 
tion from the azimuthal anisotropy of Compton-scat- 
tered radiation, it is necessary to know the expected 
anisotropy for a completely polarized gamma ray. In the 
case of a point scatterer and detector, the ratio R is 
simply the ratio of the differential cross sections for 
Compton scattering, doo/dog, of a gamma ray com- 
pletely polarized in the reaction plane. The lowest curve 
in Fig. 2 shows this ratio plotted as a function of 
incident gamma-ray energy for a scattering angle 
Y=81.5°. We will consider the effects of the finite size of 
the detector and scatterer, in turn. When the detector 
of the scattered quanta subtends a finite angle, the 
anisotropy is reduced; the value of R for two detector 
apertures, obtained by integration of the differential 
cross section, is shown in Fig. 2.'7 These curves apply for 
a mean scattering angle of 81.5°, the value obtaining in 
the present experiments. 

The first result of the finite extent of the scatterer is 
that we measure the polarization of gamma rays emitted 
over a range of angles with respect to the particle beam 

our dimensions were chosen to limit this range to 
within less than +5° of the mean angle, which was 90 
in the present experiment. The finite dimensions of the 
scatterer also present problems for the accurate determi- 
nation of the polarization of the gamma rays even if 
their direction is well defined ; among the factors which 
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Fic. 2. Asymmetry ratio R, for gamma rays completely polarized 
in the reaction plane as a function of incident gamma-ray energy, 
for various detector apertures. These curves apply for a mean 
scattering angle of 81.5°. Experimental points obtained using 
the 1.37-Mev electric quadrupole radiation from the reaction 
Mg** py p'y )Mg™4 


‘7 These computations were carried out on the Chalk River 
Datatron computer by Mrs. L. L. Larson, using a program kindly 
prepared by Dr. J. M. Kennedy. 
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should be considered are the dependence of the mean 


scattering angle on the gamma-ray energy caused by 
changes in the average distance traveled by the quanta 
before scattering, and the effects of double scattering. 
The mean scattering angle can be calculated from a 
knowledge of the incident gamma-ray energy and the 
measured energy of the peak of the electron recoil 
spectrum. The effect of double scattering is difficult to 
assess, and this problem is being investigated. The ex- 
periment reported below, however, does suggest that 
with the geometry employed, the finite dimensions of 
the scatterer do not seriously modify the value of R 
calculated by integration of the differential Compton 
scattering cross section over the angles subtended by the 
detector of the scattered quanta. 

Litherland and Gove'* have shown that the determi- 
nation of the anisotropy of the 1.37-Mev pure £2 
gamma ray excited in the reaction Mg**(p,p’y) Mg** can 
serve as a useful check on the calculated value of R; this 
reaction was also used in the present experiment. For a 
pure /:2 gamma ray with measured Legendre polynomial 
angular distribution coefficients do, d2, a4 the predicted 
polarization’ at 90° is given by the relation 

P= (ay+a2+a4) 144). 


{ad 2d» 


Taking into the beam 


subtended by the scatterer, this relation is modified to 


account the finite angle to 


P= (ay+a2+0.986a4) /(ay—1.995a,—0,248a,4). 
It can be seen that this represents only a small change 
from the point counter value. 

Direct angular correlation and polarization measure- 
ments were made at the 2.01- and 2.40-Mev resonances!® 
in the Mg**(p,p’y1.27) Mg” reaction. A 40-yg/cm? target 
of?’ Mg** on a 0,020-in. tantalum backing was used. In 
obtaining the angular distribution coefficients from 
these and all subsequent measurements reported, cor- 
rections were made for gamma-ray absorption in the 
target backing and for the finite dimensions of the de- 
tectors. These latter corrections”! were very small as 
large source-detector distances were used; in the 2.01- 
and 2.40-Mev measurements the distances were 40 cm 
and 63 cm, respectively. A typical gamma-ray spectrum 
obtained at the 2.01-Mev resonance is shown in Fig. 
3(a). The Legendre polynomial expansion coefficients 
were obtained by a least-squares fit to the experimental 
data, using the Chalk River Datatron computer; the 
results at 2.01 Mev are shown in Fig. 3(b). At the 2.01- 


is A 
1961 

9 A. E. Litherland, E. B. Paul, G 
Gove, Phys. Rev. 102, 208 (1956 

\ll the isotopically enriched targets used in the experiments 

reported were obtained from the Electromagnetic Separation 
Group, Atomic Energy Research Establishment, Harwell, 
England 

21 The appropriate finite geometry corrections are tabulated in a 
report by A. R. Rutledge, Chalk River Report CRP-851, 1959 
unpublished). 
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Fic. 3. Mg**(p,p’y) Mg™ reaction. (a) Typical direct gamma-ray 
spectrum taken at the 2.01-Mev resonance. (b) The experimental 
results of the angular distribution measurements at 2.01 Mev are 
plotted together with the least-squares fit shown by the solid line 
c) Typical recoil electron spectrum obtained from the 1X1 in 
diam crystal. (d) Intensity distribution of the Compton-scattered 
radiation together with the least-squares fit. 


Mev resonance, the only significant coefficient was the 
P.(cos@) term having the value 0.46+0.01; at the 2.40- 
Mev resonance, the P, and P, terms were significant 
having the values 0.55+0.02 and —0.52+0.02, re- 
spectively. These may be compared with the results of 
Litherland ef al.'* They obtained a2=0.45+0.01 at the 
2.01-Mev resonance and a,.=0.52+0.01 and a,;= —0.58 
+0.01 at the 2.40-Mev resonance. 

In the evaluation of linear polarization, a measure- 
ment of the scattered intensity at y=0° and y=90 
suffices to determine the ratio .V, in Eq. (9). However, 
it was felt useful to make measurements of the intensity 
of the scattered radiation as a function of the angle y, 
since this permitted a better check to be made on the 
internal consistency of the results. By measuring in- 
tensities in the two quadrants from y=—90° to 
y=+90°, any anisotropy arising from lateral beam 
displacements was eliminated. A typical recoil-electron 
spectrum is shown in Fig. 3(c), and in Fig. 3(d) the re- 
sults of a least-squares fit of the experimental results to 
the form a+ cos*y is illustrated. From the analyses, the 
following values of .V were obtained: (1) V=0.54+0,.02 
at 2.01 Mev, and (2) V=0.53+0.02 at 2.40 Mev. 

Using relation (9) and the results quoted above, two 
values for the asymmetry ratio R for 1.37-Mev gamma 
rays were obtained. These have been plotted in Fig. 2 


together with the theoretical value for a point scatterer 
and ideal detector, as well as for finite detectors sub- 
tending angles of 16.2° and 21.5°. The finite dimensions 
of the scatterer are expected to somewhat reduce the 
asymmetry, but the true value should lie between the 
16.2° and 21.5° curves. The agreement between the ex- 
perimental points and computed curves show that the 
omission of the effects of double scattering cannot be 
serious at this energy. 

In the measurements to be reported, an asymmetry 
ratio appropriate to a detector of scattered quanta 
subtending an angle of 19° has been assumed. In com- 
puting the polarization from experimental determina- 
tions of the asymmetry, an uncertainty of +5% has 
been assumed in the value of R obtained from Fig. 2. 


5. RESULTS 
Mg” 


Measurements were made to determine the mixing 
ratio of the two de-excitation gamma rays from the 
second excited state of Mg*®®. Details of the low-lying 
levels in Mg” are illustrated in Fig. 4(a). Since the two 
gamma rays of interest result from de-excitation of the 
same level, the same statistical tensors describe both 
cases, and the ambiguity in the roots of the quadratic 
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Fic. 4. Mg?5(p,p’y)Mg®® reaction. Measurements made at the 
1.91-Mev resonance. (a) Details of the low-lying levels of Mg?® 
b) Direct gamma ray spectrum. The room background is indi 
cated by the dashed line. (c) Electron recoil spectrum. (d) In 
tensity distributions of the Compton-scattered radiation together 
with least-squares fit of the data to the predicted form, a+6 cos*y 





M1i-E2 MIXING 
equations in the mixing ratios may in principle be elimi- 
nated. Furthermore, the 580-kev gamma ray arising 
from de-excitation of a level of spin } has an isotropic 
and unpolarized de-excitation radiation which can be 
used to check for experimental asymmetries. 

An enriched target of Mg*®~30 yg/cm? thick on a 
0.020-in. Ta backing was used for the experiment. 
Polarization and angular distribution measurements 
were made at the resonance in the Mg*®(p,p’y) Mg”® 
reaction” corresponding to an incident proton energy of 
1.91 Mev. From data such as those illustrated in Fig. 
4(c), the intensities of the scattered radiation were 
measured as a function of the angle y, and from this the 
linear polarization of the gamma rays emitted at 90° to 
the incident beam was deduced. The results of these 
measurements, together with the least-squares fit of the 
data to the form a+6 cos*y, are illustrated in Fig. 4(d). 
The following values of .V were obtained; .V=1.04 
+0.01, 1.02¢+0.02;, and 0.81+0.02 for the 980-, 580-, 
and 400-kev transitions, respectively. The value of .V 
for the 580-kev radiation is not significantly different 
from the predicted value of unity, and the deviation 
from unity probably reflects the difficulty of accurately 
analysing spectra such as that illustrated in Fig. 4(c) 
rather than an anisotropy due to misalignment of the 
apparatus. However, in evaluating the polarization of 
the 400- and 980-kev gamma rays, this uncertainty has 
been taken into account. The values of P derived are as 
follows: P=0.97+0.08 and 1.41+0.07 for the 980- and 
400-kev transitions, respectively. The value of the a» 
coefficient [the value of the Py(cos@) coefficient is as- 
sumed equal to unity throughout this paper ] in the ex- 
pansion of the direct angular correlation in terms of 
Legendre polynomials was found to be a,=0,08+0.01 
for the 980-kev quanta. 

In Fig. 5 the results of the angular distribution and 
polarization measurements on the 980-kev gamma rays 
are illustrated. The ordinate is plotted on a scale linear 
in tan~'6, while the abscissa represents the range of 
possible values of the ratio p2o/ poo. The range of values 
of poo/ py) can be obtained from the relation 


p P(m)(5)'L3m?—J (J +1) ] 
s 


:D P (10) 
poo =m [J (J+1)(2J—1)(2J+3) }} 


where the symbols are those defined in Eq. (3). The 
darkly hatched area represents the result of substituting 
the values obtained from the angular distribution meas- 
urements into Eq. (5a) with J= 3 and I= 3, while the 
lightly hatched area represents a plot of the polarization 
measurements where use has been made of Eq. (8). 
From the common area of the curves a value of 0.3 <6 <1 
is indicated. This range is consistent with the require- 
ment that the product of the roots of the quadratic 
equation in 6 is 7/25, independently of the values of a» 


2H. FE. Gove, G. A. Bartholomew, E. B. 
Litherland, Nuclear Phys, 2, 132 (1956/57). 
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Fic. 5. The results of measurements on the 980-kev gamma ray 
are illustrated. The closely hatched areas represent the results of 
the angular distribution measurements, while the lightly hatched 
areas represent those of the polarization determination. The 
common area represents possible solutions 


and P. The plot also serves to show that the resonance 
at which the measurements were made was a rather 
unfortunate choice, having p2/po.~0.1 and conse- 
quently yielding rather weak angular correlations. 

Subsequently, angular distribution measurements 
were made at a resonance corresponding to E,=2.41 
Mev. The following values of the a» coefficient were ob- 
tained ; 0.22+0.02 for the 980-kev radiation and 0.11 
+0.02 for the 400-kev quanta. To obviate the large, 
angular-dependent background below the 400-kev photo- 
peak [see Fig. 4(b) | the following procedure was adopted 
in the determination of the angular distribution of the 
100-kev gamma rays. Only those gamma rays in fast 
coincidence (resolving time ~50 nsec) with 580-kev 
quanta were recorded; this yielded a clear 400-kev 
spectrum with no background, and enabled precise 
angular distribution measurements to be made. Since 
the 580-kev radiation arises from de-excitation of a level 
of spin 3 it is isotropic and no distortion of the 400-kev 
angular distribution is produced by this technique. 

The values of the angular distribution coefficients 
obtained at 2.41 Mev may be used to deduce a value for 
the ad» coefficient of the 400-kev radiation at 1.91 Mevas 
follows. If we define the ratio of the angular distribution 
coefficients in the following way: 


a» coefficient of 400-kev gamma rays 


a» coefficient of 980-kev gamma rays 


it can be seen® from Eq. (5a) that ® is independent of 
the statistical tensors. The following values of ® were 
obtained: R=0.49+0.07 at 2.41 Mev and ®=0.68 
+0).24 at 1.91 Mev. From these a weighted mean of 
R=0.51+0.07 is computed. This latter value, together 





McCALLUM 


—_— 


== 


i 


a 


——_* 


Fic. 6. Results of measurements on the 400-kev gamma ray. 
Since the same value of p2»/po0 apply in both Figs. 5 and 6, the only 
acceptable solution is the one with 6>0 


the value of the a» coefficient of the 980-kev 
radiation at 1.91 Mev reported above, was used to ob- 
tain the value a2=0.042+0.008 for the 400-kev angular 
distribution coefficient at 1.91 Mev; this more accurate 
value was used in determining the mixing ratio, rather 
0.06+0.02. 


with 


than the directly measured value de: 
In Fig. 6 the results of the angular distribution and 


polarization measurements of the 400-kev radiation are 
plotted as described above, with the closely hatched 
curve representing the angular correlation result. The 
two possible values of 6 indicated are 0.11<6<0.20 or 


—5<§<—9, From the measurements on the 980-kev 
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Fic. 7. The results of the simultaneous angular distribution 
measurements on the 980 400-kev transitions. The contour 
lines represent the loci of points with constant value of the ratio ®, 
of the az coefficients. The solid black areas represent the limits of 
the measured value of ®, i.e., 044<R<0.58 
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Fic. 8. AP? (p,p’y) AF’ reaction. (a 


at E,=2.13 Mev. (b 
energy. 


Direct gamma-ray spectrum 


Recoil electron spectrum at the same 


radiation we know px» /po>0; hence the solution 
0.11<6<0.20 is the correct one. 

It is now of interest to attempt to obtain a more ac- 
curate value for the mixing ratio of the 980-kev radia- 
tion without employing the results of the rather im- 
Using the value 
0.19+0.03 indicated in Fig. 6, together with the 

0.08+0.01, and substituting in Eq. (3a), we 


obtain 0.19<6<0.36 as the only set of solutions com- 


precise polarization measurement. 
P20, Poo 
value da» 
patible with the polarization measurements. 

As pointed out by Almaqvist ef a/.,' 
the measured ratio of the angular distribution coeffi- 
cients to obtain a relation between the values of the 


we may also use 


mixing ratios. The relation is given simply by the ratio 
of the appropriate expressions of the form given by Eq. 
(5a). Figure 7 represents contour plots of this relation 
for various values of (&R. The darkly shaded area repre- 
sents the experimentally determined range of ®, while 
the dashed lines show the limits of the mixing ratio of 
the 400-kev gamma ray. From this plot, the value 
0.1<6<0.5 is deduced for the mixing ratio of the 980- 
kev transition. the three results, the 

value of 6 is estimated: 6=0.3+0.1; for the 


following 
980-kev 


Krom 


radiation. 


Al” 


Angular distribution and linear polarization measure- 
ments were made on the 1.013-Mev gamma ray arising 
from transitions from the 34 
$+ ground state in Al’’. The level was excited by in- 


second excited state to the 


elastic proton scattering at resonances corresponding to 
proton bombarding energies of 1.74 and 2.13 Mev (see 
Appendix). Almgqvist ef al.® have studied these reso- 
detail have 
significant coefficient in the expansion of the angular 
distribution in terms of Legendre polynomials is the 
P,(cos@) term; they report a; -0.16+0.01 at 1.74 
Mev and a,.=0.124+0.003 at 2.13 Mev. 

A target of aluminum evaporated onto a ;'g-in. thick 
pure graphite backing was used for the present meas- 
urements; this kev thick to 2-Mev 


nances in and reported that the only 


target was ~0 
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Fic. 9. The results of measure- 
ments on the 1.013-Mev transition 
in Al’ at proton bombarding ener- 
gies of (a) 2.13 Mev and (b) 1.74 
Mev, are illustrated. 
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protons. The direct gamma-ray spectrum obtained at a 
proton bombarding energy of 2.13 Mev is shown in 
Fig. 8(a). The peak at 1.37 Mev arises from the reaction 
Al’?(pay) Mg**. There is also evidence for a peak at 
0.840 Mev which could arise from cascade de-excitation 
of the 1.013-Mev level via the 0.840-Mev first excited 
state, or by direct excitation of the 0.840-Mev level. The 
branching ratio for the former process is ~2.4% and 
may therefore account for all the 840-kev gamma rays 
observed. To prevent cascade de-excitations being re- 
corded, the bias levels on the fast coincidence unit were 


adjusted to record coincidences only if the energy of the 
gamma rays entering the detectors both exceeded 
~ 200 kev. 

A measurement of the angular distribution of the 


1.013-Mev gamma ray at £,= 2.13 Mev yielded a value 
of 0.124+0.014 for the P2(cos@) expansion coefficient, in 
excellent agreement with Almqvist ef al.6 The value for 
the anisotropy ratio .V at this resonance was .V=1.25 
+(0).04, which yields for the polarization, P= 1.70+0.18. 
rhese results are plotted in Fig. 9(a); as before, the 
darkly hatched areas represent the relation between 6 
and py» pyo Obtained from the results of the angular 
correlation measurements; and the lighter areas, that 
resulting from the polarization determination. From the 
common area of these curves it can be deduced that 6 
lies in the range —0.18<6< — 0.46 or —0.64<6< — 1.6. 
In this case the ambiguity in the solutions can be 
eliminated by using the work of Metzger, Swann, and 
Rasmussen.”* From their results on self-absorption and 
resonance scattering of gamma rays, together with the 
Coulomb excitation data of Lemberg** and Gove and 
Broude,”* the value 6=0,06;+0.03 may be deduced, 
implying that the solution 6= —0.32+0.14 is the cor- 
rect one for the 1.013-Mev transition; however, it 
should be noted that the angular distribution measure- 


2%F. R. Metzger, C. 
Phys. 16, 568 (1960). 

“471. Kh. Lemberg, and H. FE. Gove and C. Broude, in Reactions 
Between Complex Nuclei, edited by A. Zucker, F. T. Howard, and 
k. C. Halbert (John Wiley & Sons Inc., New York, 1960). 
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ments of Metzger, Swann, and Rasmussen” favor a 
positive sign for 6. 

From these data and measurements reported by 
Almqvist et al.® the following values of 6 for the 0.170- 
Mev transition between the second and first excited 
states of Al’? may be deduced. These are 0<6<0.19 or 
—1.7<6<—2.9, with computations using the Nilsson 
eigenfunctions favoring the former choice.® 

Due to the very high yield of 0.840-Mev radiation at 
the 1.74-Mev resonance, measurements at this bom- 
barding energy are less accurate. From the measured 
anisotropy .V=0.78+0.09 and angular distribution 
® the values of 6 deduced overlap those 
reported above, as can be seen in Fig. 7(b). 


measurements, 


Si” 


Linear polarization measurements were made on the 
1.28-Mev gamma ray arising from a transition between 
the 3+ first excited state to the $+ ground state. For 
this measurement a slightly different experimental ar- 
rangement was employed—the dimensions d; and d, 
were 53 and 5 in., respectively, and the angle y was 86°. 
The spectra of recoil electrons in slow coincidence (re- 
solving time ~5 usec) with gamma rays within a given 
energy range entering the large crystal were recorded. 
The energy range chosen was determined by the pre- 
dicted spectrum of Compton-scattered quanta, the 
limits being set by the incident gamma-ray energy and 
the geometry chosen. The fast coincidence circuitry 
described above was employed in all the other measure- 
ments reported. 

An enriched target of Si’, ~ 30 ug/cm? thick, on a Ta 
backing was used for the experiments. Polarization meas- 
urements were made at the resonance in Si*®(p,p’y)Si?* 
corresponding to an incident proton energy of 2.80 Mev. 
From the measured anisotropy ratio .V=1.37+0.05, a 
polarization P=0.41+0,04 is deduced. A direct angular 
correlation measurement of the 1.28-Mev gamma ray was 
not made, as a measurement at the 2.80-Mev resonance 
using the same target was already available. Bromley 
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From other information the solution with 


Fic. 10. Results of measuremer 
Si® at E,=2.80 Mev 
5>0 is indicated 
et al.> report the —0,058+0,006 and 
a,=0.012+0.018. Since a 3+ — $+ transition can have 
no terms higher than P, 
+0.01 was used in the calculations. The results of the 
polarization and direct correlation measurements are 
plotted in Fig. 10. The plots indicate that in this case 
even a rather inaccurate polarization measurement 
would serve to determine accurately the two possible 
values of 6. The plots indicate that 0.16<6<0.24 or 
—4.2<6< —5.3. 


values: doe 


cos@), a value of a2= —0.06 


In this case the ambiguity is eliminated by reference 
to the work of Litherland and McCallum.’* They studied 
the de-excitation of the 1.28-Mev level in Si*® via the 
reaction Mg*" Si**. The angular correlation of the 
1.28-Mev gamma rays in coincidence with neutrons 
detected at 0° with respect to the incident beam was 
measured. With this geometry and with both the target 
and projectile having zero spin, only gamma rays 
emitted by the m= +} magnetic substates are detected, 
hence the statistical tensors are known and a set of 
values for 6 was obtained. From the two measurements 
the value 6=0.21+0.03 is deduced. 


(any 


It is of interest to note that in neither experiment is a 
knowledge of the compound system through which the 
reactions proceed required. However, the results do 
support the evidence of Bromley ef al.** that at the 
resonance where the polarization measurements were 
made, the compound state involved is 3— ; the following 
mechanism is assumed: f-wave formation with channel 


267). A. Bromley, H. E. Gove, E. B. Paul, A. E. Litherland, and 
E. Almqvist, Can. J. Phys. 35, 1042 (1957) 


spin 0 and decay by p-wave proton emission. This would 
demand a value of —4/7 for the ratio of the statistical 
tensors p2/poo, in close agreement with that measured. 


P?*! 


Polarization measurements were made on the 1.265- 
Mev gamma rays arising from transitions between the 
5+ first excited state and the $+ ground state of P*, 
The study was facilitated by the work of Almqvist and 
Ferguson who have studied the reaction P*'(p,p’y)P* 
and made angular distribution measurements of the 
1.265-Mev gamma ray at a number of resonances. This 
work is reported in the Appendix. Resonances corre- 
sponding to proton energies of 2.70 and 2.87 Mev were 
chosen for the present study; the relevant P2(cos@) 
coefficients in the angular distributions are 0.15+0.02 
and —0.58+0.03. Angular distribution measurements 
at three angles, using the same target thickness as 
Almqvist and Ferguson, yielded comparable values for 
the coefficients, but in the analysis illustrated in Fig. 11 
their more accurate values have been employed. The 
following linear polarization results were obtained: at 
E.,= 2.70 Mev, V =0.97+0.02, yielding P= 1.08;+0.08 ; 
and at £,=2.98 Mev, V=1.4+0.2, corresponding to 
P=0.38+0.13. In Figs. 11(a) and (b) the results of 
these measurements are plotted. From these two sets of 
measurements the following values for 6 are deduced: 
6= —0.25+0.15, or 2.5<6< 10. 

In this case, the measurements of Broude ef al.’ 
Si*’(p,y)P* reaction may be used to uniquely determine 
the value of 6. At the 500-kev resonance, they have 
measured the angular distribution of the direct transi- 
tion to the 1.265-Mev level and the angular distribution 
of the 1.265-Mev gamma ray with the intermediate 
radiation unobserved. The only value of 6 obtained from 
these measurements which is consistent with the results 
reported above is 6 0.20+0.06. In the measurements 
of Broude ef al.* the values of 6 obtained were 6 0.20 
+0.06 or 6= —1.18+0.24. To obtain a unique value of 
6, a triple angular correlation measurement was made 
which favoured the latter value, although the value 
6= —0.20+0.06 was not definitely eliminated. 


on the 


6. SUMMARY AND DISCUSSION 


A method of analyzing the angular distribution and 


linear polarization of de-excitation gamma radiation 


following nuclear reactions, to yield values of the 
multipole mixing in the radiation, has been described. 
No knowledge of the reaction mechanism is demanded 
in the analysis. In general, the method yields two pos- 
sible values of the mixing parameter 6, but in some cases 
a unique value can be found. In ambiguous cases, addi- 
tional information from other types of investigations are 
used to uniquely determine 6. 

It is of interest to compare the results of the measure- 
ments reported above with the predictions of the Nilsson 
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Fic. 11. Results of measure 
ments on the mixing ratio of the 
.205-Mevy radiation in P*'. Meas 
urements were made at (a) 2.70 
Mev and (b) 2.87 Mev, respec 
tively 


model.**® According to this model the 3+ — 3+ transi- 
tions to the ground states of Si? and P*! are similar, 
apart from the fact that in one case a neutron is involved 
in the transition, and in the other a proton is involved. 
This is also true of the $+ — $+ transitions in Mg” 
and Al??, which were measured, but in this case the 
model forbids magnetic dipole transitions. It has been 
shown? that this selection rule is not an absolute one. In 
the calculations reported below for Mg” and Al°’, the 
ground state has been arbitrarily assumed to be a mix- 
ture of K=3 and A=§$ bands and the formulas for 
transitions within a K=4 band have been employed in 
evaluating the magnetic dipole transition probabilities. 

The £2/M1 mixing ratios predicted by the Nilsson 
model depend very sensitively upon the assumed nuclear 
distortion and the values of the parameters chosen for 
the single-particle Hamiltonian; however, for similar 
transitions it is possible to express the ratio of the ampli- 
tude mixtures in terms of quantities which do not de- 
pend sensitively on model parameters. Using Nilsson’s 
formalism, we may express the ratio of the amplitude 
mixtures of similar neutron proton 
within a K=} band as follows: 


and transitions 


c ny 


On Op 


i [Ome Gi ( 1 + by) a [Ow Gy, ( 1+6,) ls 


where the subscripts mand p denote neutron and proton 
transitions, respectively. The ratio (Qo) n/ (Qo) » is simply 
the ratio of the effective charge involved in the transi- 
tions; this is estimated?’ to be 


~(Z,,/An)/(1+(Z,/A ») 3 


J 


in the cases considered. 

In the case of Si?* and P*', Gp and 6) may be expressed 
in terms of the gyromagnetic ratios, the magnetic mo- 
ments (—0.555 and 1.13 nm, respectively), and the 


decoupling parameters [ Nilsson’s Eqs. (39) and (40) ]. 


Using a value of 1.2 for the decoupling parameter’:* we 


2S G. Nilsson, K 
Medd. 29, No 
77 B. R 


Danske Videnskab. Selskab, 


gl. 
16 (1955). 
Mottelson and S. G 
Selskab, Mat 


Nilsson, Kgl 
fys. Skrifter 1, No. 8 (1959). 


Danske Videnskab 


Mat.-fys. 


obtain 6s ;2*/6p = —0.25 for the 3+ — $+ transition, 
in fair agreement with the observed value of —0.84 
+0.52, considering the large errors involved. 

In the comparison of Mg®® and Al’? the ratios of the 
mixing amplitudes can be expressed in terms of the 
gyromagnetic ratios, the decoupling parameters, and 
the normalized expansion coefficient a2. Using the 
values do;7=0.5, a= —0.23 for Mg*,? and a -().72 for 
Al?7,° we obtain dbygye25/ 64) -0.52 which is close to the 
observed value of —0.94-+0.69., 

Phe mixing ratio of the 950-kev 3+ — $+ transition 
to the ground state of Al*® has been shown by Litherland 
el al.'* to have the value 0<6?<0.06 with phase differ- 
undetermined, or 5<6°<50 180° phase 
difference (using our’ definition of 6). The calculations 
carried out that we may with some 
confidence predict the phase and the order of magnitude 
of 64:5 from the observed values of Al*’ and Mg*®. The 
ratios obtained are 64)%/64;7=1.13, yielding 641% 

1.36+>0.16 and 64)2/6e¢=—0.5, which gives 
64;2= —0.6+>0.3. Combined with the results of 
Litherland ef al.'® this implies 64): —0.2 for the 950- 
kev transition to the ground state. 


ence with 


above 


suggest 
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APPENDIX. EXCITATION CURVES * FOR THE RE- 
ACTIONS Al’(p,p’y)Al” (Q= — 1.013 Mev) 
AND P"(p,p’y)P* (Q= — 1.265 Mev) 


rhe data presented in this Appendix were taken 
several years ago during a survey of some (p,p’y) re- 
actions. They have not been published previously but 
are included here because they facilitated the studies in 
this paper and may similarly be of use to other experi- 
menters. In addition, they allow easy identification of 
the- resonances at which the detailed spectroscopic 
measurements reported in this paper were made, by 
using techniques which do not require clearly resolved 
resonance structure. 


PROTON NERGY IN Mev 


Fic. 12. The yield of 1.01-Mev gamma radiation from the reac 
tion AP?(p,p’y) AP’, at 0°, in the proton energy range 1.3-2.7 Mev 


The form of the Legendre polynomial expansion fitted to the 
pol) } 


angular distributions at resonance A is 1—0.16(+0.01)Ps, at reso 


nance B is isotropic, and at resonance C is 1+0.124(+0.003) P, 


28 These data were obtained by E. Almqvist and A. J. Ferguson 


McCALLUM 


P*'(pp',7,) 





COUNTS 


PROTON ENERGY IN Mev 


Fic. 13. The yield of 1.265-Mev radiation from the reaction 
P*'(p,p’y)P*!, at 90°, in the proton energy range 2.2-2.95 Mev 
The form of the Legendre polynomial expansion fitted to the 
angular distributions at resonance A is 1+0.15(+0.02)Ps, at 
resonance B is isotropic, and at resonance C is 1—0.58(+0.03) P» 


The absolute energy scale was not accurately de- 
termined, but relative energies are estimated to be good 
to +10 kev. The targets were about 15 kev thick. 

Angular distributions have been measured at the 
resonances which are labeled in Figs. 12 and 13, and the 
results are summarized in the figure captions. The Al*? 
angular distribution data have been reported in detail 
in an earlier paper." 
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Yield Ratios for the Isomeric Pair Sc*'":"' Formed in (e,«n) and (a,n) Reactions*t+ 
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The yield ratio of Sc##"/Sc* was measured in Sc**(a,an)Sc* reactions with helium ions of energies between 
20 and 43 Mev and at 320 Mev. The measured ratio was nearly constant at a value of 1.5 between 20 and 
43 Mev and was 0.62 at 320 Mev. The Sc#”/Sc* ratio was measured in K*!(a,n)Sc# reactions at 10 and 43 


Mev with values of 0.3 and 0.9, respectively. The isomer ratio was calculated for the K* 


10-Mev an) Se “ 


reaction by means of a compound-nucleus model, and for the Sc*®(320-Mev a,an)Sc* reaction by means of a 
classical knock-on model. The calculated ratios were 0.32 and 0.51, respectively 


INTRODUCTION 


UCLEAR reaction theory, whether for compound- 

nucleus formation’ at low energies or direct 
interactions? at high energies, must concern itself with 
angular momentum conservation. Since an isomeric 
pair provides two discernable states of the same nucleus 
differing considerably in spin, it would seem that some 
information on the angular-momentum transfer could 
be obtained by studying relative yields. 

In the case of thermal neutron capture, the analysis 
should be relatively uncomplicated. The excited 
compound state can only differ in spin from the target 
nucleus by 4 unit and since the y-ray cascade would 
proceed by lowest possible multipolarity, the isomer 
favored should be that closest in spin to the target 


nucleus. Data in the literature*~® bear this out 
qualitatively. 

Studies have also been made of reactions in which the 
incoming particle can deposit varying amounts of 
angular momentum.** Segré and Helmholz* suggested 
that at sufficiently high excitation energies the statisti- 
cal weights of the isomeric states should determine the 


isomer-yield ratio. However, Levy" analyzed the 


* This work was performed under the auspices of the U. S 
\tomic Energy Commission 

t The material in this article was taken from a thesis which was 
submitted in partial fulfillment of the requirements for the degree 
of doctor of philosophy 

t Present address: National Bureau of Standards, Washington 
25, .D..4 

'J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physi 
John Wiley & Sons, Inc., New York, 1952). 

2R. Serber, Phys. Rev. 72, 1114 (1947). 

‘A. W. Fairhall, Massachusetts Institute of 
Laboratory for Nuclear Science and Engineering, Progr 
MIT-NSE-PR (5-31-52), May 31, 1952 (unpublished) 

‘KE. Segre and A. C. Helmholz, Revs. Modern Phys. 21, 271 
1949 

§L.. Seren, H. N 
S88 (1947 

Katz, L. Pease, and H. Moody, Can. J. Phys. 30, 476 
; L. Katz, R. G. Baker, and R. Montalbetti, Can. J. Phys. 
1953); J. Goldemberg and L. Katz, Phys. Rev. 90, 308 


Technology, 
Rept 


Friedlander, and S. H. Turkel, Phys. Rev. 72, 


7 R. Sagane, Phys. Rev. 85, 926 (1952 

5 F. Boehm, P. Marmier, and P. Preiswerk, Helv. Phys 
25, 599 (1952 

’ Alexis C. Pappas and Rodman A. Sharp, J. Inorg. & Nuclear 
Chem. (to be published). 

Harris B. Levy, thesis, University of California Radiation 
Laboratory, 1953 (unpublished 


\cta 


problem in greater detail and pointed out that the statis- 
tical weights do not present a limiting value. 

and measured isomer-yield 
ratios for three different (p,pn) reactions covering a 
proton energy range from near threshold to 100 Mev. 
They attempted to analyze their results in terms of 
reaction mechanisms, and concluded that compound- 
nucleus formation was the principal mechanism up to 
excitation energies of about 20 Mev and knock-on 
processes were dominant at the higher energies. 


Meadows Diamond!! 


EXPERIMENTAL 
Bombardment Procedures 


Spectroscopically pure scandium oxide powder was 
used as a target for alpha particles on the 60-in. cyclo- 
tron and the 184-in. synchrocyclotron. Reagent-grade 
tribasic potassium phosphate powder was used as a 
target for alpha particles in the 60-in. cyclotron. About 
10 mg of a paste made by mixing Sc.O; powder and 
Duco cement was spread in a 10-mil platinum “hat.” 
This platinum hat was covered with a 1-mil platinum 
cover foil and mounted in a microtarget assembly 
described by Ritsema” for bombardment on the 60-in. 
cyclotron with helium ions. About 15 mg of potassium 
phosphate (K3PO4) powder was similarly mounted as a 
target on the 60-in. cyclotron and bombarded with 
helium ions. The platinum cover foil was weighed in 
each bombardment. Weighed aluminum foils were 
used to degrade the energy of the helium ions from the 
60-in. cyclotron as described by Thomas." The energy 
of the helium ions was obtained from the range-energy 
curves of Aron, Hoffman, and Williams." 

For bombardments on the 184-in. syncrhocyclotron 
with 320-Mev helium ions, a paste of scandium oxide 
powder and Duco cement was wrapped in aluminum 
foil about 2 mils thick and clamped in a copper target 
holder. 


J. W. Meadows, R 
102, 190 (1956 

2 Susanne E. Ritsema, Master's thesis, University of California 
Radiation Laboratory, 1956 (unpublished 

'8Thomas Darrah Thomas, thesis, University of 
Radiation Laboratory, 1957 (unpublished). 

4W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Report AEC U-663, May, 1951 (unpublished). 
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Chemical Procedures 


In the procedure for the Sc.O; targets from the 60-in. 
cyclotron, the scandium oxide was dissolved in HCl 
solution, and three scandium hydroxide and two 
scandium fluoride precipitations and passage through 
a Dowex A-2 anion-exchange column were used in 
purification. Scandium hydroxide was mounted for 
counting. The procedure for Sc.O3 targets from the 
184-in. synchrocyclotron was similar except that the 
use of the Dowex A-2 anion-exchange column was 
omitted. In the procedure for the K3PO, targets from 
the 60-in. cyclotron, the purification steps were the 
same as for the Sc2O; targets from the 60-in. cyclotron 
except that the fluoride precipitations were omitted. 


Counting Procedures 


The scandium activity was counted on a 100-channel 
pulse-height analyzer in which the detecting unit was a 
sodium iodide (thallium-activated) scintillation crystal. 
The 1.16-Mev gamma ray of 3.9-hr Sc# and the 270-Mev 
gamma ray of 59-hr Sc” were seen. 

The decay schemes of Sc” and Sc“, from the Table 
of Isotopes by Strominger, Hollander, and Seaborg,"° 
are shown in Fig. 1. The length of the bombardments 
was from }-} hr, and the procedures for chemical 
separation took 4 or 5 hrs. The independent-yield ratio 
of Sc#" to Sc# was obtained by following the decay 
of the 1.16-Mev gamma ray of 3.9-hr Sc. From the 
59-hr decay curve of the 1.16-Mev gamma peak of 
Sc* in transient equilibrium with its parent, the growth 
curve for the 3.9-hr Sc“ by isomeric transition was 
constructed. This Sc“ growth curve was subtracted 
from the experimental decay curve in order to obtain 
the 3.9-hr decay curve of Sc“ formed from the nuclear 
reaction. 


RESULTS AND DISCUSSION 


Table I gives the Sc”, Sc* cross-section ratio when 
Sc (spin 3 bombarded with helium 
energies of 20.4-320 Mev. 

Table II gives the Sc”, Sc* cross-section ratio when 
K* of spin 3} was bombarded with helium ions at 
10-Mev and 43-Mev energies 


was ions at 


o*4™ 
(6,7+)——————— 0. 27 Mev (half-life of 59 hours) 
sc*4 $ 


8 (half-life of 3.9 hours) 





and Sc* 


5D. Strominger, J. M. Hollander, and G. T. 


J Seaborg 
Modern Phys. 30, 585 (1958 
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Matsuo and Sugihara'® measured the cross section 
and the Sc#”"/Sc* ratio for the K*'(a,2)Sc“ reaction in 
the energy range 6 30 Mev. The plot of the cross 
section vs projectile energy gave a symmetrical curve 
with a maximum at 18 Mev; therefore, a compound- 
nucleus mechanism for the reaction at 10 Mev is 
indicated to be valid. Also, the increase of the isomer 
ratio from 0.30 at 6 Mev to 2.00 at 25 Mev is in accord 
with the expectation that, if the reaction proceeds by a 
compound-nucleus mechanism, the isomer ratio should 
increase with higher projectile energies. 

The isomer ratio Sc#"/Sc# from the K*#(10- 
Mev a,n)Sc* reaction was calculated in the following 
way. The alpha-particle energy of 10 Mev in the 
laboratory system gives an entrance-channel energy Eq 
of 9.1 Mev in the center-of-mass system. Since the 
target nucleus K*' has a spin of $+ and the alpha 
particle has 0 spin, the entrance-channel spin S, is 
3+. In the entrance channel, the cross section for the 
formation of the compound nucleus with a particular 
angular momentum is given by the formula 


oci(a) = (214-1) rX?T j (a), 


TABLE I. Sc**(a,an)Sc* results 


Bombarding 
energy (Mev 
Sc™ Sc 


with A being the de Broglie wavelength divided by 
2x, T:(a) the transmission coefficient for each 7, and 1 
the quantum number for the orbital angular momentum 
according to which the square of the angular momentum 
equals /(/+1)h*®. The transmission coefficient T;(@) was 
obtained from Feshbach, Shapiro, and Weisskopf."’ 
The percent of each / value which contributes inside the 
nucleus is calculated. The channel spin S, and / combine 
to give J 

i—S -,t+S 


a a: 


For each S, and / combination, the percentage of J, is 
determined by the statistical weight, 2/.+1. Cameron'* 
concluded that, to a good approximation, the nuclear- 
level spacing was inversely proportional to (2/+1). 

The nuclear temperature @ was assumed to be 1.4 
Mev. The average energy of the emitted neutron is 
twice the nuclear temperature or 2.8 Mev. Transmission 
coefficients 7)(a) for neutrons are taken from Feld, 
Feshbach, Goldberger, Goldstein, and Weisskopf.'* The 


16 T. Matsuo and T. T. Sugihara, Clark University, Department 
of Chemistry, Ann. Progr. Rept. NYO-7759, 1959 (unpublished). 

'7 Herman Feshbach, M. M. Shapiro, and V. F. Weisskopf, 
Clark University Ann. Progr. Rept. NYO-3077; NDA-15B-5, 
June, 1953 (unpublished 

18 A. G. W. Cameron, Chalk 
1957 (unpublished 

9 B. T. Feld, H. Feshbach, M. L. Goldberger, H. Goldstein, and 
V. F,, Weisskopf, Final Report of the Fast Neutron Data Project, 
NYO-636, January, 1951 (unpublished) p. 115-116 


River Report, PD-292, October, 
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formula 


ocy= (2/+-1)ai7T), 


was used to calculate the cross section for emission of 
neutrons of differenct / values. 

From the decay scheme of Blue and Bleuler,” it is 
assumed that Sc#™ and Sc have even parity. The 
parity of K*' is even, and the intrinsic parities of helium 
ions, neutrons, and protons are even. Since the shell 
model of the nucleus shows that states having between 
twenty and forty particles have odd parity, the assump- 
tion is made that for several Mev above the ground 
state, the parity of the odd-odd nucleus Sc* is even. In 
order to conserve parity, the / values of the neutron 
must be odd if the / value of the helium ion was odd, and 
the / value of the neutron must be even if the / value of 
the helium ion was even. 

The spin states in a nuclear reaction, A (a,c)C, are 
given as follows: 


(A+a)— B— (C+0), 
(1,+1,)+1,=J.-= 1,+ (1.+1), 
S.41 =J, . l,  G Sz. 


Here B is the compound nucleus; /; and /; are / values of 
a and ¢, respectively; 7; and /2 are spins of A-and B, 
respectively; 7; and 7) are intrinsic spins of @ and c, 
respectively; S, is entrance-channel spin; and Sg is 
exit-channel spin. The Sg values which result from this 
combination of /; and J. were calculated, and the 
percentages of Ss were determined by their statistical 
weights, 2Ss+1. 

The exit-channel spin Sg is a combination of the 
intrinsic neutron spin of } and the angular momentum 
of the residual nucleus J». The percent of J) was deter- 
mined by its statistical weight (2/.+1). 

By means of gamma cascades, the residual nucleus 
goes to the final products, Sc#” (J=7 or 6) and Sc* 
(J =3 or 2). It is assumed that all the 7. values greater 
than 7 or 6 decay to 7 or 6 and that all 7. values less 
than 3 or 2 decay to 3 or 2. /2 values within one unit of 
an isomer spin are assumed to go to that isomer. The 
spin state midway between the two isomers is divided 
between the isomers on the basis of their statistical 
weights. 

With the assumption that the spin of Sc#” is 7 and 
the spin of Sc* is 3, one finds that the ratio of the cross 
section for the metastable state o,, to the cross section 
for the ground state o, is o»,/¢,=0.32. With the assump- 
tion that the spin of Sc#” is 6 and the spin of Sc* is 2, 
one finds that the cross-section ratio is om/o,=0.77. 
The experimental yield ratio Sc#”/Sc* for this reaction 
is 0.3. 

The near constancy of the Sc#”/Sc* ratios from the 
Sc*®(a@,an)Sc# reaction in the 20- to 43-Mev 


/ 
2 
J 


energy 


* J. W. Blue and FE. Bleuler, Phys. Rev. 100, 1324 (1955) 


RATIOS OF 


Sctim, 44 


TABLE IT. K*! 


a,n)Sc* results. 


Energy (Mev) 10 43 
Sc /Sc# 0.3+0.1 0.9+0.1 


range is consistent with a direct-interaction mechanism 
or with a mixture of compound-nucleus and direct- 
interaction mechanisms if the changes in the amount 
and the ratio of the compound-nucleus mechanism are 
counterbalanced by changes in the amount or ratio of the 
direct-interaction mechanism. 

A calculation is now made for a Se(p,pn)Sc* or 
Sc (a,an)Sc# knock-on reaction in which the charged 
particle strikes a neutron and both particles go out. 
This is a classical calculation. In order for the wave- 
length of the projectile to be small enough to enable 
the projectile to interact classically with only one 
nucleon, the energy of the projectile must be high. 
Benioff! has used a quantum-mechanical method of 
calculating (p,pn) cross sections based on the optical 
and shell models. 

The binding energy of the least-bound particle in the 
nucleus of Sc is the 6.87-Mev binding energy of a 
proton. The Coulomb barrier for the proton is 3.92 
Mev.” The addition of the proton binding energy and 
the Coulomb barrier gives a total of 10.8-Mev excitation 
needed to eject a proton from the Sc* nucleus, but the 
binding energy of a neutron in Sc“ is only 9.86 Mev. 
Therefore, the energy level of all neutrons knocked 
out of the nucleus of Sc* in a knock-on reaction must 
be not lower than 9.86 Mev from the top level in Sc“ 
which has particles in it. The energy-level scheme in the 
potential well of the nucleus was taken from Ross, 
Mark,,and Lawson.” The neutrons in the 1f7/2, 1d3,2, 
and 2s)» levels are certainly available to be knocked 
out in a knock-on reaction, and the availability of 
neutrons in the 1d; » level is questionable. 

A calculation for a knock-on reaction, Sc*(p,pn)Se# 
or Sc*(a,an)Sc*, is now made with the assumption that 
the neutrons in the 1/72, lds, and 2s;,2 levels have 
equal probabilities of being knocked out. The spin of 
the knocked-out neutron adds vectorially with the 
3 spin of the Sc* target to give the spin /, of the residual 
nucleus, which is assumed to gamma cascade to the 
isomer products of Sc” (spin of 7 or 6) and Sc* (spin 
of 3 or 2). The J, spin values are formed in proportion 
to their statistical weights, 2/2+1. 

A similar calculation for the same knock-on reaction 
is made with the additional assumption that the six 
neutrons in the 1d5 level are also equally available 
for a knock-on reaction. 

The results of these two calculations for the knock-on 


aul A. Benioff, Phys. Rev. 119, 316, 324 (1960). 

J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
\. Ross, Hans Mark, and R. D. Lawson, Phys. Rev. 102, 
1613 (19560). 
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reactions, Sc*(a,az)Sc or Sct*(p,pn)Sc#, are sum- ness of these methods for calculating isomer ratios from 
marized below: nuclear reactions. Katz® used a compound-nucleus 
; , 1d5/2, fz/2, d3)2, model to calculate isomer ratios from nuclear reactions 
Neutron levels : oes and obtained agreement between calculated and experi- 
Sct" Sc mentally measured ratios, and Rudstam* used the 


3 )- 5 . oF . 
; : ass Serber*> model and made Monte Carlo cascade calcu- 
for spins 6, 2 1.4 


for spins 7, . 
lations to calculate an isomer ratio in general agreement 
It is observed that the calculated isomer ratio, 0.46 or with experiment. 

0.56, from the knock-on calculation agrees fairly well 

with the experimental isomer ratio 0.62 for 320-Mev ACKNOWLEDGMENT 

helium ions. The agreement between the calculated and 
experimental yield ratios of Sc#” Sc* for the K#(10- 
Mev a,n)Sc* reaction, which was assumed to proceed 
by a compound-nucleus mechanism, and for the 
Sc#*(320-Mev a, an)Sc* reaction, which was assumed 
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Angular Distribution and Ranges of N’ Particles from N" on N™ 
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rhe distribution of N™ particles from the neutron transfer reaction N'4(N'4,N') N' was investigated fron 
3.5-32° in the laboratory. Range curves for N™ particles were obtained from 16-—32° (laboratory systen 
Transfers leaving both residual nuclei in their ground states were distinguished from those in which the 


It is found that (1) the ground-state transfer cross section decreases as t 


products are left in excited states he 
} nharding e rov ic | rac , f ¢he N15 ; | ate lv the first ] + > } ri} Yr 
vombarding energy is lowered; (2) of the N'® excited states, only the first and/or second contribute signifi 
cantly to the transfer cross section; (3) for a given bombarding energy the excited-state transfer distribution 
peaks at an angle larger than that at which the ground-state transfer distribution reaches its maximum; (4 
from the ground-state transfer distribution an ro of 2.2 f can be determined, while the excited-state transfer 
distribution yields an ry of about 1.65 f; and (5) the excited-state distributions are more consistent with the 
of Breit and Ebel than are the ground-state distributions 


nneing mecnanis! 


INTRODUCTION ground state (ground-state transfers) are approximately 


5 Mev more energetic than those leaving N!® recoils in 


HE reaction N“(N"4.N)N!} has been investigated 
previously by Reynolds and Zucker.' Excitation 
functions were obtained using thick AgCN targets and, 
with the use of nitrogen gas targets, a rough angular 
distribution of N™ particles was determined. Reynolds 
and Zucker interpreted the reaction as proceeding by 
means of a neutron transferring from one N" nucleus to 
the other. The present work was undertaken to improve 
and extend the N™ angular distribution data by using 
“thin targets of a solid nitrogen-bearing compound. 


excited states (excited-state transfers). The large energy 
gap made it possible to distinguish the two sets of N"™ 
particles. 

An earlier brief communication? dealt with the change 
in the relative amounts of ground- and excited-state 
transfers at various angles as the incident N' energy 
was varied. The data reported at that time indicated 
that with decreasing bombarding energy, excited-state 
transfers become more numerous than ground-state 

At the outset, it was noted that the reaction was quite transfers. The observation is confirmed by the present 
distinctive in that: (1) N™ excited states are unstable experimental information obtained with improved reso- 
with respect to proton emission to C®, so that N" nuclei lution at the larger angles. 
detected are necessarily found in their ground states, EXPERIMENTAL METHOD 
and (2) the first excited state in N'® oc¢urs at 5.28 Mev. 

Thus, N™ nuclei resulting from transfers to the N'® The N"“ beam consisted of N** ions accelerated to 
about 28 Mev in the Oak Ridge 63-in. cyclotron. The 
' artis Cosporation U.S. Atomic Energy Commission by Union experimental arrangement is shown in Fig. 1. A circular 


H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956). ?K. S. Toth, Phys. Rev. 121, 1190 (1961 





ANGULAR DISTRIBUTION AND RANGES OF 


Fic. 1. Experimental arrangement. 


chimney rests on a support which in turn is placed on 
the vertical beam pipe. The collimator is § in. in diame- 
ter. Reaction products are stopped in concentric circular 
strips of aluminum foil attached to a circular metal disk 
placed on top of the chimney. The beam, after traversing 
the target, passes through the hole in the disk, and the 
beam intensity is measured in a Faraday cup. The 
distance between the target and the metal disk, together 
with the inside and outside radii of a given aluminum 
strip, gives the angles encompassed by that particular 
strip. 

The target material was a nitrogen-bearing resin 
Cymel 248-8. This is a butylated melamine-formalde- 
hyde condensate supplied as 55% solids in a mixture of 
butanol and xylene.’ Its approximate composition by 
weight is: nitrogen 24%, carbon 52%, oxygen 16%, and 
hydrogen 8%. However, for a dry film of the resin this 
composition changes, since water and some butanol are 
released during drying. Attempts to make self-sup- 
porting Cymel films that could withstand the beam in 
the target assembly were unsuccessful. Bombardments 
described in this work were made with Cymel films on 
two types of backing: (a) 150 ug/cm? aluminum foil, and 
(b) 50-100 ug/cm? carbon films. 

Targets were prepared by allowing a drop of the resin 
to spread on a water surface. The film was then picked 
off the water onto a metal frame already supporting 
either one of the two backings. The arrangement was 
then left to dry. Target thicknesses were found by 
measuring the energy of the N' beam, then inserting the 
targets and determining the energy loss suffered by the 
beam in traversing the targets. The N“ beam energy 
was measured to be 28.0 Mev. The average loss suffered 
by the beam in Cymel films was ~ 1.5 Mev. It was dis- 
covered that with each successive bombardment the 
targets lost some of their nitrogen. Therefore, to keep 
the N™ yield at a reasonable level, new spots on the 
targets were exposed to the beam after 3 or 4 bom- 
bardments; subsequently new targets were prepared. 


3 The Cymel resin was kindly supplied to us by J. K. Magrane, 
Manager, Plastics and Resin Section, Polymer Research Depart 
ment, Stamford Laboratories, American Cyanamid Company, 
Stamford, Connecticut. 
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I'rom kinematics, the N™ energies at various angles 
were calculated for transfers leaving N'® recoils in their 
(1) ground state and (2) first excited state. Then, to 
determine the angular distribution for N"™ particles re- 
sulting from ground-state transfers, aluminum absorber 
foils of sufficient thickness to stop undesired N"™ particles 
were placed in front of the catcher foils. Absorbers also 
stopped most other reaction products which, because of 
their higher atomic numbers have shorter ranges than 
nitrogen particles. From the range curves of Northcliffe 
for nitrogen ions in aluminum! the difference between 
the ranges of N'* and N" ions was found to be negligible. 
An experimental range vs energy curve for N“ in alumi- 
num® was then utilized for the transformation of the 
quantity of absorber to the corresponding N" energy. 

Figure 2 illustrates how the selection of N™ particles 
was accomplished. N™ energies at all angles were calcu- 
lated for N™ incident beams of varying energies and 
plotted as a function of laboratory angle. The top three 
curves in Fig. 3 are for ground-state transfers with a Q 
of 0.29 Mev. The three cases relate to N™ energies after 
the beam penetrates (1) the aluminum backing (27.1 
Mev); (2) the backing plus a 1.1-Mev thick target 
(26.0 Mev); and (3) the backing and a 2.5-Mev thick 
target (24.6 Mev). The lowest curve is for 27.1 Mev N"™ 
ions, but here the transfer has occurred to the first 
excited state in N© and Q for the reaction is —5.00 Mev. 
Vertical, light, dashed lines represent the angular ac- 
ceptance of the catcher foils. Short, heavy, dashed 
curves going across represent the absorber thickness (in 
Mev) used to stop the undesired N" particles and yet 
allow the wanted ground-state transfer N® nuclei 
through, even for a 2.5-Mev thick target. A product 
nucleus entering the absorber at an angle traverses 
through a greater thickness than if the nucleus had 
entered normal to the absorber foil; this is why these 
dashed curves are shown to rise with angle. 

To determine the relative amounts of ground- and 
excited-state transfers, range curves were obtained by 


‘L. C. Northcliffe, Yale University, privately distributed 
curves 

®°W.H. Webb, H. L. Reynolds, and A. Zucker, Phys. Rev. 102, 
749 (1956). 














Mev “4 
24.6 Mev | N° (@ = 0.29 Mev) 


| 
ndeeaiil 
NERGY OF INCIDENT 
n‘* = 27.4 Mev 
(Q =-5,00 Mev) 


n® ENERGY (Mev) 
rr) 











8 ag (deg) 


Fic. 2. Nitrogen-13 energies at all angles calculated from 
kinematics for the reaction N'(N"™,N")N!, for various incident 
energies. Vertical dashed lines indicate the angular spread en 
compassed by each catcher foil. The short, heavy, dashed curves 
represent in Mev the effective amount of absorber placed before 
each catcher, as a function of N™ angie. 


varying the amount of absorber placed before the 
catcher foils. 

After 20-min bombardments the aluminum foils were 
detached from the disk holder. Catchers were separated 
from absorber foils, and the former were then folded and 
counted directly under shielded calibrated Geiger 
counters. The catchers were thin enough so that absorp- 
tion of 8 particles in the aluminum was not a problem. 
The amount of N" present in each catcher was found by 
resolving the 10-min N" half-life from the gross decay 
curve. Two half-lives were ordinarily present in the 
decay curves—the 10-min N® and 2-hr F'*. Ten-minute 
activity (N™ and K**) contributed by the aluminum 
backing in each catcher was determined by bombarding 
the backing with no Cymel on it. Where significant, this 
contribution was subtracted from the total 10-min ac- 
tivity. Bombardments of carbon foils resulted in insig- 
nificant amounts of 10-min activity at all angles, ab- 
sorber thicknesses, and bombarding energies. This 
shows that N* contribution from carbon in the target 
and the backing was negligible. N’ contribution due to 
transfers on O'* was not determined experimentally but 


TOTH 


assumed to be negligible since the transfer cross section® 
on O"* is smaller than that on C”. 


EXPERIMENTAL RESULTS 


Figure 3 shows angular distributions for N™ nuclei 
resulting from ground-state transfers and taken at inci- 
dent energies of 27.1 and 23.1 Mev. Aluminum-backed 
targets were utilized. The N“ beam was allowed to 
strike the backing first. The ordinate is in arbitrary 
units of the differential cross section and applies to both 
distributions. The 27.1-Mev data represent an average 
of eight runs; six runs are averaged for the 23.1-Mev 
distribution. For a given bombarding energy the runs 
are normalized to one another by assuming the peak 
activity (25.5°-31°) equal for all runs. The two distri- 
butions were interrelated by bombarding the same 
targets at both energies. 

The data displayed in Fig. 3 are in agreement with 
the proposed neutron transfer mechanism for the reac- 
tion N4¥(N4,N®)N. The differential cross sections at 
both energies decrease at small angles where collisions 
are distant. They also decrease at large angles (close 
collisions) where compound nucleus formation would be 
expected to compete. 

Errors in the angular distribution shown in Fig. 3 may 
be divided into two groups: (1) those contributing to 
the angular spread and (2) those producing uncertainties 
in the ordinate scale. The main contribution to the 
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Fic. 3. Angular distributions of N“ due to ground-state transfers 


and obtained at incident energies of 27.1 and 23.1 Mev 


6M. L. Halbert, T. H. Handley, J. J. Pinajian, W 
A. Zucker, Phys. Rev. 106, 251 (1957). 


H. Webb, and 





ANGULAR DISTRIBUTION 
angular spread comes from the finite size of the colli- 
mator. The spreads calculated for angles (in the labo- 
ratory system) from 12° to 32° vary from +57 to +43 
min. The spread introduced by multiple scattering in 
the target was estimated to be about +25 min, sub- 
stantially less than that due to the finite size of the 
collimator. Two main errors contribute to the ordinate 
scale uncertainty. One is the Geiger counter efficiency 
which is known to about 10%. This systematic inaccu- 
racy was averaged out by distributing the foils differ- 
ently among the counters from run to run. The second 
important uncertainty arises when determining the 
amount of 10-min activity present in each decay curve. 
This uncertainty was appreciable only when the count- 
ing rate was low and was particularly important in some 
decay curves obtained at 23.1 Mev. In extreme cases the 
uncertainty was ~ 30°. It was hoped this inaccuracy 
could be at least partially eliminated by averaging the 
six runs taken at 23.1 Mev. 

From Fig. 3 the indication is that the ground-state 
transfer cross section decreases (by a factor ~ 2.3) as the 
bombarding energy is lowered from 27.1 Mev to 23.1 
Mev. Reynolds and Zucker' have shown that the total 
cross section for the reaction remains fairly constant for 
incident energies between 19 and 27 Mev. To reconcile 
the two sets of data it was postulated that as the energy 
is lowered, transfers to excited states become more 
prevalent. To test this possibility the activity from 16° 
to 32° (lab) was investigated as a function of the amount 
of absorber placed before each catcher at three bom- 
barding energies. The catchers were always thick enough 
to stop all N" particles sufficiently energetic to pene- 
trate through the absorbers. 

Figures 4-6 show the range curves obtained at 28.0, 
24.0, and 19.8 Mev incident energy. Carbon-backed 
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RANGES OF N!? PARTICLES 85 
Cymel targets were used in these runs. The beam struck 
the Cymel film first ; therefore, the maximum N* energy 
is taken to be 28.0 Mev. Any curve may be directly 
compared with any other because ordinates for Figs. 4-6 
are in arbitrary units of N™ activity and normalized to 
one another for all angles and all incident N" energies. 
The abscissas express the quantity of absorber in terms 
of the corresponding N™ energy. The curves clearly 
show that as the energy is lowered to 24.0 Mev fewer 
N* particles due to ground-state transfers are observed. 
At 19.8 Mev no long-range N" activity is seen in the 
angular increment examined. 

Four arrows in two sets of two are shown for each 
curve in Figs. 4-6. The two arrows at the higher energy 
indicate N' energies calculated from kinematics for 
ground-state transfers for the two extreme angles 
encompassed by the particular catcher. The lower 
energy set indicates the two energies for transfers pro- 
ceeding to the first excited state in N'®. For each curve 
the quantities of aluminum absorber have been trans- 
formed to the corresponding N"™ energy by utilizing the 
angle midway between the two extreme angles for the 
transformation. The experimental curves drop off at 
approximately the energies predicted from kinematics 
for ground- and first excited-state transfers. The indi- 
cation, then, is that the steps in the curves represent 
quite accurately the ranges of N"™ nuclei due to first 
excited- and ground-state transfers. The range curves 
were obtained so that transfers to all excited states in 
N' up to about 8 or 9 Mev would be included. Figures 
4-6 show the curves to level off once the first two 
excited states (5.28 and 5.31 Mev) are included; ap- 
parently only these two excited states (or one of them) 
contribute importantly to the transfer reaction. 

Table I summarizes the activity, in arbitrary units, 
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l'1c. 4. N range curves obtained 
at an incident energy of 28.0 Mev. 
Ordinate scales express N™ activity 
in arbitrary units. These units 
apply to all range curves including 
those obtained at incident energies 
of 24.0 and 19.8 Mev (see Figs. 5 
and 6). The quantity of absorber 
(abscissa) has been converted to 
the corresponding N'™ energy in 
Mev. 
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seen for all the catchers at the three bombarding ener- 
For the angular increment studied, the total 
proportional to the cross section) decreases 


vies. 
activity 
little as the incident N“ energy is lowered from 28.0 to 
24.0 to 19.8 Mev. This agrees with the data of Reynolds 
and Zucker.! 

By assuming that the total activity in each catcher 
minus the activity due to the long-range N™ nuclei 


represents transfers to the first and or second excited 


states in N', angular distributions for these transfers 
have been derived from the 24.0- and 19.8-Mev data. 
These are shown in Fig. 7. One must recall that the data 


in Fig. 3 were obtained using aluminum-backed targets 
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hic. 5. N® range curves obtained 
at an incident energy of 24.0 Mev. 
Ordinate scales express N™ activity 
in arbitrary units. These units 
apply to all range curves (see Figs. 
4 and 6). The quantity of absorber 
abscissa) has been converted to 
the corresponding N™ energy in 
Mev. 


maximum incident energy of 27.1 Mev) while data in 
Figs. +-6 were taken with carbon-backed targets (maxi- 
mum incident energy of 28.0 Mev). By assuming that 
one specific catcher (13°-16°, lab), for the same thick- 
ness of absorber placed before it, had an equal amount 
of N® activity at both 27.1 and 28.0 Mev, the results 
obtained with the aluminum- and carbon-backed targets 
were interrelated. The ordinate in Fig. 7 is therefore in 
the same arbitrary units of do/dQ that 
Fig. 3. Only a partial angular distribution for ground 
state N® nuclei at 24.0 Mev could be constructed from 
Fig. 5. This incomplete distribution is shown in Fig. 7, 
together with the 23.1-Mev ground-state distribution 


were used in 


ANGULAR 
NCREMENT 
N LAB 


Fic. 6. N"® es obtained 
at an incident energy of 19.8 Mev 
Ordinate scales express N™ activity 
in arbitrary These units 
apply to all range curves (see Figs 
$and 5). The quantity of absorber 
abscissa has been converted ti 
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TABLE I. N*® activity seen at various angular increments* and expressed in the same 
arbitrary units used in the range curves shown in Figs. 4-6. 


Incident 16° 16’ 19° 9’ 21° $6’ 
N"™ energy to to to 
(Mev) 19° 9’ 21° 56’ 24° 38’ 


28.0 
24.0 
19.8 


1.20 
0.70 
0.35 


1.00 
0.80 
0.60 


0.90 
1.00 
0.70 


* All angles are in the laboratory system. 


taken from Fig. 3. The agreement at overlapping angles 
between the two sets of data is good. 

It is clear from Fig. 7 that N" particles from excited- 
state transfers peak at larger angles than N® nuclei 
resulting from ground state transfers. There is also an 
indication that the excited-state transfer peak shifts to 
larger angles as the bombarding energy is lowered. 
There seems to be no such shift for the ground-state 
transfer data shown in Fig. 3. 


DISCUSSION 


By the method initiated by McIntyre ef al.’ the 
information displayed in Figs. 3 and 7 has been replotted 
in Fig. 8 as da/dRyin VS Rmin. Here, Ruin is the mini- 
mum distance of approach along a Rutherford orbit, i.e., 


ZZ 6" : 
Riin= [1+csc(@ 2). (1) 
DE sn 


Through Eq. (1) it is found that do/dRyin is pro- 
portional to (do/dQ) sin*(@/2). In turn, Rin can be 
related to the parameter ro by 


Rmin=10(A1'+A:2!). (2) 


The data are normalized to the 27.1-Mev ground- 
state transfer N™ distribution (points ‘““A” in Fig. 8). 
Sufficient data to see an actual maximum are available 
for only this distribution. It peaks at an Ry,in of 10.5 f, 
and a resultant ro=2.2f. The large ro would tend to 
indicate that ground-state transfers occur while the 
interacting nuclei are widely separated. While excited- 
state data (points “‘C” and “D”’) are insufficient to 
show a maximum, it is clear that the two distributions 
would peak at a smaller R,,in, ~8 f, corresponding to an 
ry of ~ 1.65 f. It is doubtful that a meaningful correla- 
tion can be made between the angle at which the 
differential cross section peaks and the distance of 
closest approach for excited-state transfers where Q for 
the reaction is —5.00 Mev compared to an E..m, of 12.0 
Mev. One would expect that N" particles resulting from 
transfers in which the Q was —5.00 Mev would be 
deflected more than those from ground-state transfers 
(JQ=0.29 Mev). They would therefore be detected at 


J. A. McIntyre, T 
1960). 


L. Watts, and I. C. Jobes, Phys. Rev. 119, 


1331 


24° 38’ a” ae 29° 40’ 


to to 
Zi” 12’ 29° 40’ 32 


0.65 0.55 
0.80 0.65 
1.0 0.85 


angles larger than those due to ground-state transfers. 
However, this would not necessarily mean that the 
excited transfers took place at a smaller Rynin. 

The experimental information can be compared with 
the tunneling theory of Breit and Ebel* who derive the 
angular dependence of do /d2. McIntyre et al.’ show that 
after do/dQ is transformed to do/dRyin, the angular 
dependence of do/dR,,i, is found to be proportional to 


exp(=—2aRnin), (3) 
where 


a=[(2M/h)E J}, (4) 


M being the mass of the transferred nucleon and £, the 
separation energy of the nucleon from its parent nucleus. 
Tunneling theory is not expected to agree with data at 
small Rin, Where trajectories penetrate the absorption 
radius and compound nucleus formation would be ex- 
pected to come to the fore. In an effort to fit the data at 
large Rin, two lines with an identical slope derived 
from Eq. (3) have been drawn in Fig. 8, one for ground- 
state and the other for excited-state distributions. The 
fit is far from perfect for either of the two sets of data; 





24.0 Mev 
‘ @=-5.00 Mev ___ 











Fic. 7. Angular distributions of N™ due to transfers to the first 
and/or second excited state in N'® and obtained at incident ener 
gies of 24.0 and 19.8 Mev. The ordinate scale is in the same 
arbitrary units of differential cross section that were used in Fig. 3. 
The distribution of N due to ground-state transfers at 23.1 Mev 
taken from Fig. 3 is included for comparison. A partial angular 
distribution of N® due to ground-state transfers at 24.0 Mev 
incident energy is also included 

8G, Breit and M. E 


Ebel, Phys. Rev. 103, 679 (1956). 
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Fic. 8. Angular distribution data of Figs. 3 and 7 plotted as 
da/dRmin VS Rmin- Two lines with an identical slope calculated 
from the tunneling theory of Breit and Ebel as given in Eq. (3) are 
also drawn. One is drawn as a best fit to the excited-state transfer 
data (points C and D), the other as a best fit to the ground-state 
transfer results (points A and B). 


but it is evident that the fit is better for the excited- 
state distributions. 
A modification of the theory has been formulated by 


Breit,’ in which Eq. (3) is changed to 


exp(—aRmin— GK min); (5) 
the unbarred and barred quantities representing the 
initial and final states of the system, respectively. 


a=[(2M/h)E, }}, (6) 


where 


E,=E,+0. 


*G. Breit in Proceedings of the Second Conference on Reactions 
Between Complex Nuclei, May 2-4, 1960, Gatlinburg, Tennessee 
John Wiley & Sons, Inc., New York, 1960), p. 1. 


(7) 


OTR 


Rain differs from Ryyin in that it is calculated from Eq. 
(1) using EB... where 


E.nw=E 


+0 


24 


(8) 


For the reaction studied here, the slopes of the lines 
derived from Eq. (5) were compared to that derived 
from Eq. (3). It was found that (a) for ground state 
transfers at both bombarding energies the slopes were 
essentially unchanged from the Eq. (3) slope, and (b) 
for excited state transfers the Eq. (5) lines were slightly 
steeper than the Eq. (3) line and thus provided a poorer 
fit to the experimental data. In the case of excited-state 
transfers the differences between the slopes derived 
from Eq. (5) and that derived from Eq. (3) are on the 
order of 1 or 2%, and would be almost imperceptible in 
Fig. 8. It should also be pointed out that virtual 
Coulomb excitation as a possible mechanism’ has not 
been considered, though it may be important at low 
bombarding energies. 

We should like to compare our experimental results 
with those obtained by McIntyre e/ al.’ for the neutron 
transfer reaction Au'*7(N™,N!)Au'®’. They were unable 
to distinguish between transfers leading to discrete 
states in Au'*. However, from their N curves 
obtained at 81 and 119 Mev in c.m. there is an indication 


range 
of a shift in the range distribution, as the energy Is 
lowered, toward less energetic N™ particles, i.e., toward 
more excited-state transfers. This shift seems to be re- 
flected in their N" angular distributions plotted as 
do/dR min VS Riin. At bombarding energies much higher 
than the Coulomb barrier distributions 
substantial cross sections at large R As the bom- 
barding energy is lowered these cross sections at large 
Riyin decrease. Our data in Fig. 8 show a similar varia- 
tion with bombarding energy. The differential 
sections at large R,,i, are due to ground-state transfers 
and the cross section for these transfers decreases as: the 
incident N™ energy is lowered. 
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5.03-Mev 
has been determined by Py) coincidences using the reaction 
Be®(He*,p)B". The 5.03-Mev level is found to decay with a 
probability of 0.14+-0.03 via the state at 2.13 Mev; the intensity 
of the branch to the state at 4.46 Mev is less than 310 3. The 
intensity of the branch from the 4.46-Mev level via that at 
2.13 Mevis less than 5X 107%. The dataon these states are reviewed 
and it is concluded that the present results strongly favor the 
$ >—, 3— for the states at 2.13, 4.46, and 5.03 Mev, 
respectively, without appeal to a model. It is, however, emphasized 
that the body of data as it stands at the moment might admit 


The gamma-decay of the 4.46- and levels of B 


( hoi es = } ‘ — 


INTRODUCTION 


HE low-lying 7 
siderable 


A=11 are of con- 
unusual variety of 


levels of 
interest for an 
reasons: 

(i) We are here in the middle of the 1p shell, the 
independent-particle model (IPM) is faced with a 
five-body problem, and it is unlikely that extensive 
agreement between theory and experiment could be 
written off as due to chance. In fact, the theoretical 
level scheme is particularly sensitive to the intermediate 
coupling parameter a/K for A= 11, and so reliable level 
assignments are important in tying down the a/A and 
K values in this significant region of the shell.! 

(ii) The first excited state at 2.13 Mev in B" and 
at 1.99 Mev in C"", reputedly of J=3—,? is nevertheless 
excited by stripping in the reactions B'(d,p)B" and 
3(dn)C" sometimes displaying an /=1 pattern. 
This is of the 

stripping process indicating the 
‘ spin-flip,? 5 or other 
‘irregular’? mechanism, and the assignment should be 
confirmed by every means possible. 


great interest for our discussion of 


mechanism of the 


importance of an exchange, 


(iii) The beta decay of Be!' leads to the ground and 
first excited (2.13-Mev) states of B" with respective 


t+ Work performed under the auspices of the U. S. Atomic 
Energy Commission 

'D. Kurath, Phys. Rev. 101, 216 (1956) 

2D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 

3N. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc 
(London) A67, 684 (1954); see also the results for the correspond 
ing state in B'(dn)C" in E. E. Maslin, J. M. Calvert, and 
\. A. Jaffe, Proc. Phys. Soc. (London) 69, 745 (1956) ; M. Cerineo, 
Nuclear Phys. 2, 113 (1956). 

*N. T.S. Evans and A. P. French, Phys. Rev. 109, 1271 (1958) 

® J. E. Bowcock, Phys. Rev. 112, 923 (1958); see also J. Hensel 
and W. C. Parkinson, Phys. Rev. 110, 128 (1958). 


J =}+ for the 2.13-Mev state and J =} 


The previsions of the independent-particle 


for the 5.03-Mev state. 
model (IPM) are 
then examined and it is concluded that best general agreement 
between theory and experiment is achieved for a/K~4—4.5. 
rhe likely relevance of the collective model is remarked upon. 
It is demonstrated with the aid of the reaction B'(p,7)C" that 
the ordering of the first three excited states of C'' is the same as in 
B". The beta-decay of Be" is reconsidered in the light of the 
increased firmness of the assignments in B' and of the previsions 
of the IPM; it is concluded that Be" is most probably of even 
parity 


log ff values of 6.77 and 6.63.6 According to the shell 
model, Be!'! should be J=3— and so allowed decays 
are expected to these two states if they are indeed, 
respectively, J=$— and 5— as is supposed. These 
rather large log ft values lead to the supposition that 
Be! may be J=3+ rather than J=}3-, ie., of the 
“wrong” parity.®? The decay to the 5.03-Mev state has 
log ft> 8.2, a value that excludes an allowed transition 
with fair certainty. A comparison between the experi- 
mental level scheme and that calculated in intermediate 
coupling suggests that the 5.03-Mev level is J=3-—. 
It is, however, reported’ that this level branches 
with a probability of about 0.12 to the first excited 
state, the chief transition being to the ground state. 
If then, the 2.13-Mev state is indeed J=}— it is 
difficult to reconcile the low-energy branch with 
J=%3-— (or J=3—) for the 5.03-Mev state and J=3— 
would seem to be implied. [The (d,p) stripping pattern 
is of /=1.° An anomaly of the type responsible for the 
/=1 pattern for the first excited state would admit 
J=}— but we should naturally favor an interpretation 
in favor of “regular” stripping, i.e., J=3—, etc. We 
should favor J=3$— since the intermediate- 
coupling level scheme! provides a nearby J=3$— 
and no nearby J=}3— state. Furthermore, the theore- 
tical branching ratio’ from the J/=$— model state to 
the J=3— (first excited) model state is about 0.10, in 


good agreement with the experimental report. These 


also 


state 
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Fic. 1. Proton groups leading to 
the 4.46-Mev and 5.03-Mev states 
of B'', observed in the solid-state 
counter following the reaction 
Be®(He’,») B"'. Bombardingenergy : 
1.7 Mev; angle of observation 
128°. 
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matters are further discussed later. ] But with J=3— or 
the alternative /=4}— for the 5.03-Mev state, the Be" 
transition is allowed and the J=}— assignment for 
Be" looks very improbable. The checking of the 
reported branch from the 5.03-Mev state to the first 
excited state® and the clinching of the J=3— assign- 
ment for the first excited state by independent data 
(to exclude the possibility of /=$— for the 5.03-Mev 
state) are therefore crucial to the argument about the 
parity of Be"! based on the log ft value to the 5.03-Mev 
state. 

(iv) The 
=$— and so should not decay appreciably via the 
.13-Mev state if that is indeed J=3}—. States in C" 
are found at 4.26 and 4.75 Mev. By charge symmetry 
we should associate these as mirror states of those in 
B" at 4.46 and 5.03 Mev, respectively, the shifts of 
less than 300 kev between the members of the mirror 
pair being quite acceptable. However, it is reported"! 
that it is the 4.26-Mev and not the 4.75-Mev state of 
C"™ that branches via the first excited state. This 
suggests that the states have crossed over in going into 


4.46-Mev state of B" is reportedly” 


P 
2 


 G. A. Jones, C. M. P. Johnson, and D. H. Wilkinson, Phil. 
Mag. 4, 796 (1959). In the original report [G. A. Jones and 
D. H. Wilkinson, Phys. Rev. 88, 423 (1952) ] of this work on the 
reaction Li’(a,7)B", the 4.46-Mev level was given as of J= $+. 
The angular distributions and correlations on which this assign- 
ment was based are insensitive to the parity but are critically 
determined by the spin which was always clearly established as 
J=}. The change of parity in the assignment followed the 
stripping results* and was easily accommodated in the analysis 
of the gamma-ray data, leaving the spin unchanged. Certain slight 
improvements are effected in the gamma-ray analysis by the 
change of parity, but the present assignment of spin to the state 
is due to the (a,y) data, while the parity derives from the stripping. 

"F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 
1 (1959) 


C"™ and that there the 4.26-Mev state corresponds to 
the 5.03-Mev state of B"'. This implied shift of about 
800 kev is a serious matter, since we are far from heavy- 
particle instability and Thomas shifts should be 
small. It is therefore of importance to check the 
correspondence between these states of B'" and C". 

These several problems may be approached through a 
careful examination of the gamma-ray decay schemes of 
the various levels in both nuclei. These measurements 
will now be described and will be followed by the 
detailed analysis in terms of the J values. 


MEASUREMENTS: RADIATIONS FROM B" 


The branching ratios of the 4.46- and 5.03-Mev 
states of B" were determined by measuring coincidences 
between the gamma-rays of de-excitation from B" and 
the protons leading to the state in question from the 
reaction Be*(He*,p)B" (Qo= 10.33 Mev). 

Thin metallic beryllium targets evaporated onto 
copper were bombarded with He’* particles of energy 
1.7 Mev. Protons emitted at an angle of 128° to the 
bombarding beam were detected in a solid-state counter 
(silicon). The counter was covered with a thin foil 
of aluminum to exclude the elastically scattered He 
particles. The gamma rays were detected in a 5 in. X5 in. 
cylindrical NaI(T1) crystal whose axis passed through 
the target at right angles to the plane defined by the 
He’ beam and the detected protons and whose front 
face was 3 cm from the target spot. This very bad 
geometry for the gamma-ray detector effectively 
integrated over the p—y angular correlation to a 
degree quite adequate for our present purposes. 

The proton and gamma-ray pulses detected in 
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coincidence were displayed on a 64X64 channel two- 
dimensional pulse-height analyzer consiructed at Brook- 
haven National Laboratory by R. L. Chase. Figure 1 
shows the output from "the solid-state counter in 
coincidence with gamma rays in the energy range 
3.0—5.5 Mev. The two peaks represent transitions to 
the two states of interest in B", at 4.46 and 5.03 Mev. 
The width of these proton peaks can be understood in 
terms of the target thickness, straggling of the protons 
in the aluminum foil placed over the solid-state counter 
to exclude the elastically-scattered He*® particles, and 
the finite angle subtended at the target by the coun- 
ter. The actual resolution of the solid-state counter 
was about 0.5% for protons of the energy with which 
we are concerned here. 

Figure 2 shows the gamma-ray spectrum in coin- 
cidence with the proton peak corresponding to the 
+.46-Mev state. Very small corrections have been 
made on account of: (i) random coincidences which 
were estimated from the coincidences corresponding to 
proton transitions to the B" ground state; (ii) genuine 
coincidences due to the low-energy tail of the proton 
group leading to the 2.13-Mev state of B"™ which 
extends beneath the proton group to the 4.46-Mev 
state ; were estimated true coincidences 
found for apparent proton intermediate 
between those corresponding to transitions to the 
first and second excited states (true coincidences which 
were themselves corrected for the random effect). 
This low-energy tail, which was of very small propor- 


these from 


energies 


tions, was due to an edge effect in the solid-state 
counter. The expected positions of the photopeaks 
for possible cascade gamma rays of 2.13 and 2.33 Mev 
due to a branch via the first excited state are shown. 
No such peaks are seen, and we can quote a limit of 
5X10 


ground-state transition. The excitation energy of the 


>on the intensity of the cascade relative to the 
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Fic. 2. Gamma-ray spectrum seen in coincidence with protons 
leading to the 4.46-Mev state of B". The expected positions of 
the photopeaks of the gamma rays of the cascade through the 
first excited state are shown. The peaks in channels 33, 38, and 
43 are due to the ground-state transition 
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1c. 3. Gamma-ray spectrum seen in coincidence with protons 
leading to the 5.03-Mev state of B". The peaks in channels 39, 
44, and 49 are due to the ground-state transition; that in channel 
27 is the photopeak from the transition to the first excited state; 
that in channel 20 is the photopeak from the transition from the 
first excited state. The dashed curve shows the expected form of 
the 5.03-Mev spectrum. 


second excited state is determined to be 4.49+0.05 
Mev, to be compared with 4.459+-0.008 Mev of the 
literature." 

Figure 3 shows the gamma-ray spectrum in coin- 
cidence with proton transitions to the 5.03-Mev state. 
Similar small corrections have been applied as for Fig. 
2. The cascade is obviously present. The inferred 
energies of the two transitions are 2.85+0.08 Mev 
and 2.09+0.05 Mev, to be compared with the expected 
2.905+0.010 Mev and 2.127+0.006 Mev." The two 
transitions are of the same strength to within the 
accuracy of our measurement and represent a de-excita- 
tion probability of 14+3% for the cascade relative to 
all transitions from the 5.03-Mev level, in good agree- 
ment with the earlier report® of 12%. The excitation 
energy of the third excited state inferred from these 
measurements is 5.05+0.05 Mev, to be compared with 
the 5.035+0.008 Mev of the literature." 

The probability of a cascade from the 5.03-Mev 
level via that at 4.46 Mev giving gamma rays of 
expected energy 0.576+0.011 Mev is of importance 
and was investigated in a separate run. Gamma rays 
due to annihilation radiation are, of course, found in 
true coincidence with protons leading to both the 
1.46- and 5.03-Mev states. The coincidences for pro- 
ton transitions to the 5.03-Mev state can be corrected for 
this effect by reference to those for transitions to the 
4.46-Mev state which do not result in any gamma rays 
of low energy associated with states of B". When the 


appropriate subtraction is made, we find the spectrum 


of Fig. 4. The arrow shows the position of the possible 
0.58-Mev peak. No such latter peak is seen, and we set 
a limit of 3X10-* on the intensity of this cascade 
de-excitation from the 5.03-Mev state. 

These intensities are discussed later. 
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Fic. 4. Low-energy gamma ray difference spectrum seen in 
coincidence with protons leading to the 5.03-Mev state of B". 
The actual spectrum has had subtracted from it the corresponding 
and appropriately-normalized spectrum associated with proton 
transitions to the 4.46-Mev state of B" in order to eliminate the 
effects of the annihilation radiation which is in coincidence with 
both. The arrow shows the expected position of the photopeak due 
to a possible transition between the 5.03- and 4.46-Mev states. 


MEASUREMENTS: RADIATIONS FROM C" 

C" is relatively difficult to handle. We have excited 
it using B'(p,y)C" and have examined y—y coin- 
cidences, again using the 64X64 channel analyzer. 
Figure 5 shows the level scheme.” 

A thick elemental target of B'® was bombarded with 
protons of 1.20 Mev and examined by two NalI(Ti) 
crystals, one of 5 in. diam 4 in. long and the other a 
cylinder of 3 in.X3 in., in bad geometry at 90° on 
either side of the target. In this way we excite an 
unknown number of levels of C"™ in the effective range 
of excitation (allowing for the Coulomb barrier) 
9.3-9.79 Mev. The excited levels have unknown 
properties and we do not attempt to determine these 
properties. We merely hope that the two levels of 
present interest at 4.26 and 4.75 Mev will be fed 
appreciably in the ensuing medley of cascades. 

Consider first Fig. 6, which shows the gamma-ray 
spectrum observed in the smaller crystal in coincidence 
with pulses corresponding to energies in the range 
5.10-5.48 Mev in the other crystal. By imposing this 
condition, we exclude from our examination the upper 
members of cascades leading to the 4.26- and 4.75-Mev 
states. The energy range selected excludes our seeing 
the decay of the 4.75-Mev state since this will be fed 
by a gamma ray of maximum energy 5.04 Mev. We 
shall see, however, the decay of the 4.26-Mev state if 
it is fed, the maximum gamma-ray energy to it being 


PIXLEY, 


AND WILKINSON 

5.53 Mev. Figure 6 shows, in fact, a fairly well-defined 
transition of measured energy 4.32+0.1 Mev. The 
expected three peaks due to this transition are delin- 
eated by the full line. Evidently many other transitions 
of lower energy are present, associated with unidentified 
initial transitions to states of C"™ above 6.5 Mev, but 
these do not concern us and we have not attempted 
any decomposition of the spectrum. If, however, there 
were a branch from the 4.26-Mev state via the first 
excited state we should expect to see the elements of it 
at the positions indicated y; and ¥; in Fig. 6 (in the 
notation of Fig. 5) and in intensities (based on the 
known branching ratio in B'') that should make them 
clearly visible. No such peaks appear to show up 
identifiably, corresponding to a branching ratio of 
less than 2% for the 4.26-Mev state. 

Consider now Fig. 7. Here the spectrum is displayed 
in coincidence with pulses representing the energy 
range 4.35-4.72 Mev. Into this range will fall pulses 
due to initial transitions to both states at 4.26 and 
4.75 Mev. If both these states are fed we shall see their 
superimposed spectra extending to higher channel 
numbers than in Fig. 6. This is the case, as can be seen. 
We make no attempt to unscramble these lines, which 
also contain transitions leading to the 4.75-Mev state. 
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Fic. 5. Level scheme of C". The energies are in Mev. The 
cross-hatched region shows the band of excitation achieved in 
the conditions of the experiment: the bombardment of a thick 
target with protons of 1.20 Mev. The labeled gamma rays are 
those discussed in the text; the same notation is used in Figs. 6 
and 7. 
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There are now also clearly seen the two lines indicated 
yi and y2 which have measured energies 2.05+-0.08 
and 2.72+0.08 Mev, agreeing well with the expected 
1.99 and 2.76 Mev of the elements of a cascade from 
the 4.75-Mev level which is now accessible. The 
estimated intensity of the cascade from the 4.75-Mev 
state is 15+5%. 

This establishes clearly that it is the 4.75-Mev level 
and not that at 4.26 Mev that branches via the first 
excited state. 

STATES OF C" 


The situation is already clear concerning the compari- 
son between C"™ and B". The fact that it is the 4.75-Mev 
and not the 4.26-Mev level of C" that branches to the 
first excited state shows that the second and third 
excited states have the same order in the two nuclei. 
The apparent gross discrepancy with the expectation 
of charge symmetry is removed. Since we are concerned 
with M1 transitions which are not mirror transitions 
although they link mirror states, the exact comparison 
between the branching ratios in the two nuclei is not 
to be made. However, we should expect the reduced 
speeds to be rather closely the same under these 
conditions.” It is therefore not surprising that the 
branching ratio of 14+2% found in B", transferred to 
the energies obtaining in C"™ and remaining at 14%, 
agrees with the rather poorly determined 15+5% of 
C" itself. 

This conclusion that the states of C" are in the same 
order as those of B" is supported by the observation 
that the reduced proton width as seen through stripping, 
B'°(d,n)C", is substantially smaller for the 4.75-Mev 
state than for the 4.26-Mev state,'® just as the reduced 
neutron width for the 5.03-Mev state of B"™ is substan- 
tially smaller than that for the 4.46-Mev state as seen 
in the mirror reaction B'°(d,p)B".3."4 
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Fic. 6. Gamma-ray spectrum from C" seen in coincidence with 
pulses in the energy range 5.10-5.48 Mev. The full line indicates 
the three peaks associated with the ground-state transition from 
the 4.26-Mev state; the arrows labeled y: and ys; indicate the 
expected positions of the photopeaks associated with a possible 
cascade from that state through the first excited state (in the 
notation of Fig. 5). 
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Fic. 7. Gamma-ray spectrum from C" seen in coincidence with 
pulses in the energy range 4.35-4.72 Mev. The arrows labeled 
yi and y2 indicate the photopeaks of the cascade gamma rays of 
the transition from the 4.75-Mev state via the first excited state 
(in the notation of Fig. 5). 


STATES OF B" 


Consider now the levels of B". We accept tentatively 
the evidence of (d,p) stripping’ that the parities of 
those levels with which we are concerned are odd and 
that the spins are 3/2<J<9/2, with the possible 
exception of the first excited state about which we have 
already remarked and whose assignment of J=}— we 
must now examine and test anew. The ground state is 
assuredly of J=3-—. 

The measured lifetime of 4.6X10-' sec!® for the 
first excited state, firmly demands (as did the earlier 
lifetime limit)? that the transition to the ground state 
be dipole. The same conclusion follows for the second 
excited state from the lifetime of 1.2X10~ sec.'8 
We have just determined an upper limit of 5X10- on 
the branching ratio of the second to the first excited 
state; this implies a partial lifetime of greater than 
2.4X10-" sec and so, if the branch were an M1, we 
would have | M\|?<(1X10-*) in Weisskopf units. The 
chance that an M1 transition in the 1p-shell has so 
small a value of |M|? is less than about 0.1.!7 It is 
therefore likely that the second and first excited states 
are not linked by an M1 transition. The only way of 
arranging things is, therefore, for the first excited state 
to be J=}3— and the second excited state to be J=3-—. 
This conclusion does not, in fact, depend on our 
exclusion of J=}— for the second excited state by the 
assumption that it is not reached by irregular stripping 
(although that would be most surprising since the 
cross section is quite large), since J = 3 is firmly excluded 
by the anisotropy of the gamma rays from it to the 

16, R. Metzger, C. 
Rev. 110, 906 (1958). 

16V. K. Rasmussen, F. R. 
Rev. 110, 154 (1958). 

17D). H. Wilkinson, Proceedings of the Rehovoth Conference on 


Nuclear Structure, edited by H. J. Lipkin (North-Holland Publish- 
ing Company, Amsterdam, 1958), p. 175. 


P. Swann, and V. K. Rasmussen, Phys. 


Metzger, and C. P. Swann, Phys. 
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ground state seen in the reaction Li’(a,y)B"."° These 
conclusions, based on gamma-ray systematics, are no 
more than suggestive ; they are, however, identical with 
those already reached about both states from other and 
completely independent evidence (reference 2 for the 
first excited state, reference 10 for the second) and it 
would now be most surprising if indeed the first and 
second excited states of B" were other than J=}— 
and J= $—-—, respectively. Note that this conclusion 
about the spin of the second excited state is even 
stronger if the first excited state should turn out to be 
J=}+. 

Our present measurements do not bear on the parity 
of the 2.13-Mev state which we take as odd from the 
irregular stripping,® though we must note that, at least 
in the (d,p) reaction, the pattern varies greatly as a 
function of bombarding deuteron energy and has 
appeared to show up characteristics of ]=2,'8 and even 
of /=4."" No clear-cut evidence is available. However, 
the double-stripping reaction Be®(He*,p)B" observed at 
bombarding energies of 5.7, 8.8, and 10.2 Mev shows an 
1=0 pattern” strongly favoring odd parity and 3 < J < 3. 
The reaction B'(He*,d)C"™ 
shows /-= 


to the corresponding state 
1 at a bombarding energy of 9.84. Mev,” 
again confirming the odd parity. Some caution is 
perhaps still necessary, however, in accepting the 
evidence of these still rather novel reactions. Further 
evidence as to the correctness of J=}— rather than 
J= 3+ comes from the excitation of B" and C"' first 
excited states in the reactions C"(.V,2.V) using incident 
nucleons (both neutrons and protons) of energy 100-150 
Mev. In these experiments, the first excited state is 
reached in just the right proportion relative to the 
ground state to agree with the IPM’s prediction on the 
basis of a pure knock-out mechanism and for the value 
of the intermediate coupling parameter that gives 
agreement with the experimental level scheme and 


other low-energy properties.” The most likely configura- 


tion for a low-lying J=4+ state would involve a 2s, 
nucleon coupled to states of B™ (see the first excited 
states of C™ and N"*), and this state could not be 
reached by a knock-out mechanism from C” if we 
continue to describe the ground state of that nucleus as 
1p.* The experimental evidence, none of it conclusive, 
is therefore strongly in favor of odd parity and on this 
we must remain for the time being. An entirely fresh 
approach to this problem, for example an accurate 
the 
would be most welcome. 
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This conclusion about the parity is fortified by the 
IPM in intermediate coupling,' which predicts a J =3— 
state which furthermore has a theoretical lifetime’ in 
good accord with the measured figure'® at just this 
region of excitation. Although we cannot firmly exclude 
J=}3-++, we are led to prefer /=}—, since otherwise we 
should have to tolerate a state that we do not expect 
but with the properties of the one that we do expect, 
while the one that we do expect remains elusive.” 

Consider now the assignment of the 5.03-Mev level 
of B". Consider the J= 3— assignment suggested for 
it by the IPM. This can be rejected firmly because: 
(i) The branch to the first excited state (now taken 
definitely as J=}—) would be an M3 of strength 
roughly 0.1 of the £2 to the ground state, whereas the 
corresponding ratio of the Weisskopf units is only about 
1.5X10-". (ii) The branch to the second excited state 
(now taken definitely as /=}—) would be an M1 of 
strength less than roughly 0.02 of the M3 to the first 
excited state, whereas the corresponding ratio of 
Weisskopf units is about 1.3107. (According to the 
IPM? this low-energy M1 transition should be rather 
weak, but it cannot be called upon to salvage so great a 
discrepancy.) The possibility of J=}+ for the first 
excited state does not weaken these arguments appreci- 
ably. The assignment J=3— would be contrary to the 
conclusion based on the /=0 pattern in double strip- 
ping,” Be®(He’,p)B", that }<J<}. 


Secondly, consider the possible assignment J=}— 
for the 5.03-Mev state. The £2 branch to the first 
excited state relative to the M1 ground state transition 
would be about 1X10~ using Weisskopf units, against 
the experimental 0.1. If we make the £2 transition 
improbably strong—10 Weisskopf units—and the M1 
transition improbably weak—10~* Weisskopf units—the 
experimental ratio could barely be met. This makes the 
assignment look rather unlikely. The 1 branch to the 
second excited state would be, using Weisskopf units, 
of strength about 20 relative to the £2 to the first 
excited state, against the experimental less than 0.02. 
To meet this limit we must, assume that the 
E2 is improbably strong and assume that also this M1 


as be fore a 


transition is improbably weak. The assignment J=}3— 


requires three unlikely assumptions and is therefore 


regarded as very unlikely. The argument would be 


slightly strengthened if the first excited state were 


J=}+. 


3 At this stage in the development of our ur nding of the 
light nuclei, we are still testing the that present 
themselves. This can only be done by reaching as sure an assign 

ment as possible by the usual systematic and model-independent 
methods and then comparing the result with the prediction of the 
several models. It is clearly hazardous to invoke a particular model 
in pretending to the assignment 
of that particular model that most nearly fits th 
experimental data, and claiming to have made an 

assignment as a result. Any considerations concerning the expecta 
tion of the IPM in arriving therefore be 
put forward with reservation 


dersta 


various models 


choosing that one of the states 
incomplete 
experimental 


at an assignmer 
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the 5.03-Mev_ level 
accords with all the facts. The strength of the observed 
low-energy branch is very reasonable as the result of 
two competing M1 transitions. On the basis of energy 
alone we should expect the missing branch to the second 
excited state, also an M1, to have a strength of about 
1.5X10~*, which is a little less than our experimental 
upper limit. 

This assignment, so far experimental only, now 
invites association, as has already been made,*: with 
the second J=3— state of the IPM. The theoretical 
branching ratio does not depend very rapidly on the 
intermediate coupling parameter in the region of 
interest (a/K~4—6) and we are led to expect about 
0.10 for the relative strength of the branch to the first 
excited state, to be compared with the experimental 
0.13 (the mean of the present and earlier’ figures), and 
about 3X10-* for the strength of the branch to the 
second excited state, to be compared with the experi- 
mental limit of just this amount. We conclude that the 
behavior of the 5.03-Mev state accords well with the 
expectation of the IPM if we adopt the assignment 
J=%— to which we are led by the experimental data 
themselves.**> The value of a/K giving agreement for 
this branching ratio is about 3. A further comparison 
with the expectation of the IPM may be made for the 
stripping results’ from the reaction B'(d,p)B". No 
interpretation of these results using distorted waves 
has yet been published, but the qualitative comparison 
with the prediction of the IPM is clear at least as 
regards the distinction between J=3— and J=3—for 
the 5.03-Mev state. Stripping to the former is predicted 
to be strong and to the latter, weak (for all values of 
a/K that need to be seriously considered). In fact, the 
5.03-Mev state is rather weakly excited, and so the 
stripping results, if we may now associate them with 
the prediction of a specific model, also favor J=3—. 
In a naive interpretation of the situation, the compari- 
son of the experimental results with the IPM would 
suggest a/K ~2. 

A final caution is necessary about the 5.03-Mev level. 
No data so far presented exclude J=}— for this state. 
The gamma decay discussed here is consistent with this 
assignment. The stripping pattern in B'(d,p)B" is 
closely similar to that for the first excited state at 
Ea=7.7 Mev,':* and the intensity is only a factor of 
two greater. The stripping pattern in B'(He’,d)C" 
leading to the 4.75-Mev state (now known from the 
present work to be the analog of the 5.03-Mev state of 
3) is also very similar to that leading to the first 
excited state,”! which may suggest a similar mechanism 
and J=}—. Only by invoking the theoretical IPM 
expectation’ do we rule out J=}— (no J=}4— state 
is forecast, other than that identified at 2.13 Mev, 
within many Mev of 5 Mev). Angular correlation 
measurements on the transitions from the 5.03-Mev 
level (or those from the 4.75-Mev state of C'') would be 
extremely welcome, but none has so far been reported. 
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COUPLING SCHEME OF THE IPM DESCRIPTION: 
THE COLLECTIVE MODEL 


We may now compare the experimental data with the 
expectation of the IPM on the assumptions: (i) that 
the sequence of states from the ground state up is 
J =3, 4, 3, 3, all of odd parity; (ii) that we should seek 
to identify all these with states of the model. 

A few years ago, when it was thought that the 
5.03-Mev state might well be the first J=3— state of 
the IPM, the best accord between theory and experi- 
ment was found for’! a/K~6 (using L/K=6.8, to 
which value the predictions are not very sensitive). 
This was the highest a/K value found necessary in the 
1p shell®® and placed A=11 somewhat out of line with 
the systematics of neighboring nuclei, suggesting an 
unexpected peak in the curve of a/K vs A. With the 
present assignments, taking into account the dynamical 
properties, (namely, the gamma-ray branching from 
the 5.03-Mev level and the reduced nucleon widths 
seen through stripping), we are forced to considerably 
lower values of a/K to get best fit and something like 
a/K ~4—4.5 is indicated, as has already been noted. 
This makes the a/K vs A plot considerably smoother 
and makes more likely a simple monotonic increase 
through the shell. 

It is interesting to note that this change in a/K 
between the experimental 
and calculated magnetic moments for the ground state 
of B': The theoretical value always lies above the 
experimental, but they approach most nearly to the 
theoretical curve in a rather sharp minimum at a/ K ~4.! 
The experimental radiative width for the second 
excited state 1° is somewhat greater than the theoretical 
for all reasonable values of a/K. A reduction of a/K 
from 6 to 4 lowers the theoretical value by about 20% 
and so is not serious. Below a/K~4, however, the 
theoretical value begins to fall rapidly, passing through 
zero (M1 component) at a/K~1—1.5. This suggests 
that we might regard a/K=4 as approaching the lower 
limit for good fit to the over-all body of data. Another 
feature of the decay of the 4.46-Mev state that accords 
surprisingly well with the expectation of the IPM is 
the E2 component. This is about 5% (by intensity)" 
which corresponds, using the measured lifetime,'® to a 
partial £2 width of about 2.7X10~? ev. This is a very 
large width and is roughly 8 Weisskopf units on a 
radius constant of 1.35X10-" cm. The £2 width given 
by the IPM?® is about 1.6X10-? ev at a/K=4.5, also 
considerably greater than a Weisskopf unit. The IPM 
figure is very insensitive to a/K. This experimental 
value for the £2 component has been confirmed in a 
radically different way from that in which it was first 
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obtained (angular correlations),"° namely, by the 
inelastic scattering of protons of 185 Mev, by B",?* a 
process controlled by a matrix element of structure 
closely similar to that for the electric radiative transi- 
tion.?? (The experimental figure of 2% for the relative 
intensity of the E2 component quoted elsewhere® does 
not agree so well with the inelastic proton scattering 
data. On the other hand, it agrees equally well with the 
IPM prediction on the lower rather than the upper side. 
The mean of the experimental figures would give very 
close agreement.) The model thus agrees with experi- 
ment that this is an unusually strong E2 transition. 

The total experimental radiative width of the first 
excited state'’® agrees with the IPM calculation’ of the 
M1 component at a/K=7, but the theoretical figure is 
not very strongly dependent on a/K. At a/K=4 the 
discrepancy is by a factor of about 1.5, which we must 
still regard as quite good agreement. The E2 component 
of this transition cannot be obtained by angular corre- 
lation measurements since J=4. However, it can be 
inferred from the scattering of protons of medium 
energy in the manner referred to above. Clegg finds” 
l',<2X10~ ev, which is to be compared with the IPM 
prediction T',~7X10-5 ev (at a/K~4.5). In other 
words, according to the IPM the reduced £2 transition 
strength from the first excited state is about 5 times 
less than that from the second excited state, while 
experimentally it is at least 3 times less. The IPM 
prediction is not strongly dependent on a/K. 

In summary, our present information about the 
states now in question accords quite well in all respects 
with the previsions of the IPM for a/K=~4 or a little 
larger, and this value itself fits in well with the systema- 
tics of neighboring nuclei. There is, unfortunately, 
a snag in the form of the J=3— state which the model 
predicts in the same region of excitation as the J=}— 
and second J= }— states that we have just discussed. 
The lowering of the a/K value tends to raise the J= 3— 
state relative to the J=}— and 3— states, but the 
effect is a weak one. In fact, the state of B" at 6.76 Mev 
seems likely to be this J=}— state.’'4.28 Perhaps we 
should not regard this displacement of the J=}— 
state (by about 2 Mev) as in itself too severe a failure 
of the IPM. It seems likely, however, that the model 
also fails in another way on this state, namely its 
radiative properties. Its £2 transition to the ground 
state is observed* to be about 5 times as strong as its 
M1 transition to the J=3— state at 4.46 Mev. The 
weakness of the M1 transition is in qualitative accord 
with the IPM prediction which gives a vanishing 
matrix element at a/K~4. The £2 to the ground state 
has an IPM strength of ',~1.4X10~ ev at a/K=4.5 
(and about two-thirds of this figure at a/K=6). The 


26 See reference 22, and see also H. Tyren and T. A. J. Maris, 
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Fic. 8. The prediction of the IPM for the beta decay of the 
J=4}-— ground state of Be" shown by the full lines as a function 
of the intermediate-coupling parameter a/K. The spins of the B™ 
states to which the transitions are made are shown on the left 
of the lines. The second state of J=}— is shown as $*. The 
experimenta! values are shown by the horizontal dashed lines. 


strength inferred from the inelastic proton scattering*® 
is ',~+0.1 ev, which is considerably greater than the 
IPM figure. This in turn implies for the M1 transition 
to the second excited state T.,~2X10~* ev. The IPM 
figure, zero near a/ K=4, rises only to about 2 10~* ev 
at a/K <6. It seems likely, therefore, that the IPM is 
rather poor at both the M1 and the £2 transitions from 
this state. 

An alternative view of the whole situation has been 
proposed by Clegg in terms of the collective model.”* In 
its simplest form it describes B" with the ground, second 
excited, and J= 3-— states as belonging to a rotational 
band based on K=}. This explains satisfactorily the 
separation of the J=j— from the J=}— state; in 
fact the former is a little too high on the simple model 
but can be depressed by suitable refinements. This 
model also explains the fact that both £2 transitions 
between the ground state and the /=3— and }— states 
are very strong (comparable reduced speed). The first 
excited state belongs to a K=}4 band and so the weak 
E2 from it to the ground state is understood. The 
second J=%— state, that at 5.03 Mev, now becomes 
the second member of the K=}4 band, and in con- 
sequence we expect its £2 transition to the ground 
state to be much weaker than that of the /=$— state 
at 4.46 Mev. This appears to be so from the evidence 
of the inelastic proton scattering.?® (The IPM also pre- 
dicts a much weaker transition.) 

It may also be, of course, that the IPM can do better 
with suitable adjustments of its variables, for example, 
the force mixture. (It is unlikely that reasonable 
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STATES OF 
changes of L/K will have an adequate effect but this 
should be investigated.) However, the displacement of 
the J=}— state from the immediate region of the 
J= 3— and $— states, taken together with the 
enhancement of its £2 transition, seems to find its 
most immediate explanation in terms of the collective 
description. 
BETA-DECAY OF Be" 

The identification of the:5.03-Mev level of B™ with 
the second J=}— level of the IPM, which is most 
probably correct, enables us to return to the problem 
of Be'': Is the ground state of that nucleus of J=3—, 
as predicted by the simple shell model and also by the 
IPM, in intermediate coupling? If Be" is J=3}—, we 
shall have allowed transitions to the ground, first 
excited, and third excited states of B" but with respec- 
tive log ft values of 6.8, 6.6, and > 8.2.6 While the first 
two values make it unlikely that J=}— for Be" is 
correct, the third makes it very improbable indeed. 
The combined evidence is strong enough to reject the 
assignment with good certainty and to lead us to even 
parity for Be". 

The detailed IPM calculation confirms this. The 
theoretical log ft values are shown in Fig. 8 as functions 
of a/K. As can be seen, the theoretical transition to 
the first excited state is slow and indeed agrees with 
experiment, but that to the ground state is fast—10* 
times faster than experiment. The theoretical transition 
to the second J=%3— state is also slow, but is faster by 
a factor of 10? than the experimental upper limit to 
the speed. It seems that this evidence is good enough to 
reject J=}— for Be". (We may note that this conclu- 
sion is not changed should the 5.03-Mev state turn out, 
after all, to be the second J=4— of the IPM, since the 
theoretical IPM log ft value of the Be" transition to 
that state is about 3.9.) 

Although IPM calculations for other possible ground 
states of Be" belonging to (1p)? are not available, we 
can extend the argument based on systematics to 
reject any state of odd parity. In order to understand 
the large log ft value to the 5.03-Mev state, we should 
have to choose J >$— for Be''. But this would then be 
totally inconsistent with the log ft value for the decay 
to the first excited state. 

This conclusion of even parity for Be" is strengthened 
by consideration of the two transitions that it shows 
with smaller log ft values: log fi=5.9 to a member of 
the 6.76—6.81 Mev doublet and log fi=5.5 to the state 
at 7.99 Mev.® These values are sufficiently small to 
make it more likely than not that the decays are 
allowed. The former transition can be identified as 
being to the 6.81-Mev state, since the subsequent 
gamma decay leads quite strongly to the first excited 
state of B" as well as to the ground state.* This is the 
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Fic. 9. Level schemes and decay modes of B" and C™. 


known behavior of the 6.81-Mev level,® but not that 
of the 6.76-Mev state which shows no appreciable 
branch to the first excited state (as befits its likely 
assignment of J=3—). The best evidence as to the 
parity of the 6.81-Mev state is that it is even. This 
comes from a study of Be*(He’*,p)B",? which gives 
J=} to 3+. The evidence on the 7.99-Mev state 
comes only from Be’(He’,p)B" and is murky.” Work at 
Ey-*=5.70 Mev indicated even parity, but the angular 
distribution depends markedly on the bombarding 
energy and at £y.=8.82 and 10.23 Mev cannot at 
present be interpreted. The balance of evidence is 
therefore that these probably allowed transitions take 
place to states of even parity and that Be" is therefore 
of even parity. 

It has recently been pointed out’ that the systematics 
of even-parity states in nuclei of odd mass in the 1p 
shell suggest that the ground state of Be" may well 
be J=3+. This would be consistent with the present 
data. Recent experiments on the production of Be" in 
the reaction Be*(t,p)Be" directly suggest even parity 
for the ground state of Be" although the interpretation 
is not certain.” To be sure, all evidence points away 
from J=}— and towards even parity for Be". 


CONCLUSION 


We conclude: (i) It is now improbable that the 
spins and parities of the low-lying T=} states of A=11 
are not as summarized in Fig. 9. (ii) It is very probable 
that Be! is of even parity. 
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Angular Distribution of the Ground-State Neutrons from the 
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The angular distribution of the neutrons from the C¥(p,n)N® and N5(p,n)O" ground-state reactions 
has been measured in 10° steps from 0° to 150° for incident proton (laboratory) energies of approximately 


6.5, 6.9, 7.5, 8.1 


8.6, 8.9, 9.4, 10.6, 11.4, and 12.2 Mev. Additional measurements were made for C™ at 5.0, 


10.2, 10.9, and 13.3 Mev, and for N® at 5.5, 7.7,7.8,and 13.6 Mev. A calibrated plastic or stilbene scintil 


lator was used in 


order to obtain absolute differential cross sections. Time-of-flight techniques on the Liver 


more variable energy cyclotron allowed positive identification of the ground-state neutrons. The targets 


[ CO, (58°C) and Nz (90% N'* 


] were sufficiently thick to average out the effects of possible compound 


nucleus contributions. From preliminary fits to the C angular distributions, Glendenning and Bloom have 
inferred an effective neutron-proton interaction inside the nucleus. 


INTRODUCTION 


T has been suggested by Bloom, Glendenning, and 
Moszkowski' that one may be able to deduce the 
effective neutron-proton interaction inside a nucleus by 
studying the ground-state (p,2) reactions on mirror 
nuclei. The N'°(p,2)O” ground-state reaction has been 
investigated by Jones ef al.? from threshold up to 6.4- 
Mev proton energy. They measured the relative angular 
distribution of the ground-state neutrons at selected 
energies, as well as the absolute zero-degree excitation 
function. The C"(p,2)N™ ground-state absolute neutron 
yield has been measured by Gibbons and Macklin’ from 
threshold up to a proton energy of 5.3 Mev. Utilizing 
activation techniques, Blaser et al.t and Bloom et al.’ 
have measured the C'*(p,7)N™ ground-state yield from 
threshold up to 6.7 Mev and up to 11.3 Mev, respec- 
tively. Zero-degree neutron yields from C+ p have been 
measured up to 5 Mev by Bair et a/.,° and up to 8.7 Mev 
by Dagley et al.’ The relative angular distribution of 
the C'8(p,n)N™ ground-state neutrons has been meas- 
ured by Albert ef al.* from threshold up to 5.3 Mev 
utilizing a BF; “long” counter, and by Bair et al.° from 
3.5- to 4.6-Mev proton energy utilizing a propane recoil 
counter. Above 5.3 Mev, the long-counter results might 
be ambiguous since neutrons from the breakup of C™ 
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would be detected if present; above 5.78-Mev proton 
energy, the long counter would detect, if present, the 
neutrons leaving N in its first excited state. 

With the use of time-of-flight techniques,'! the C' and 
N'(p,2) ground-state neutron angular distributions 
have been measured up to a proton energy of 13.6 Mev. 
Time-of-flight techniques readily separate the ground- 
state neutrons from break-up neutrons (p; p’) and 
from neutron groups leaving N™ and O° in excited 
states. Higher proton bombarding energies are pre- 
ferable since it is expected that direct reactions will 
predominate. 


EXPERIMENTAL METHOD 
Geometry 


The experimental geometry is shown in Fig. 1. From 
5.0- to 8.6-Mev proton energy, a }-in.-diameter by 2-in.- 
long gas cell was used, while from 8.8 to 13.6 Mev a 
13-in. by 4in. gas cell was used. The collimator separa- 
tions, materials, and sizes are as indicated in Fig. 1. 
Collimators A and B were shielded with lead in order to 
reduce the intensity of the gamma radiation at the 
detector. At the higher bombarding energies, the 4.4- 
Mev carbon gamma ray was copiously produced from 
these collimators. Typical flight paths varied between 
1.5 m at 6.5-Mev bombarding energy to 2.5 meters at 
13.3 Mev. The flight path was increased at the higher 
bombarding energies in order to prevent the ground- 
state neutron peak from coinciding in time with the 
gamma peak from collimator A (see Fig. 2). The de- 
tector was mounted on a remotely controlled angle 
changer. The efficiency of the plastic and stilbene scintil- 
lators as a function of neutron energy was calculated 
and also measured employing the known cross sections 


for the production of (p+?) and (d+d) neutrons. 


Targets 


The gas cells were designed to minimize neutron ab- 
sorption (less than 5%) throughout the angular range 
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Fic. 1. Schematic diagram of the 
experimental geometry. The gas 
cell dimensions, collimator ma 
terials, and collimator sizes are 
indicated in the above table. 
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between 0° and 150°. The C® was obtained in the form 
of BaCO; (58% C'*), converted to COs, and dried. The 
N' was obtained in gaseous form (90% N'*). Samples 
of the gases were analyzed for isotopic abundance by 
mass spectrometry before and after a series of angular- 
distribution measurements. The gas targets were filled 
to slightly under atmospheric pressure and were suffi- 
ciently thick to “average out”’” the interference effects 
between possible compound nucleus and direct inter- 
action contributions. This averaging procedure is mean- 
ingful and effective only if the direct-interaction angular 
distribution is itself a slowly varying function of proton 


Fic. 2. Time-of-flight spectrum 
for C¥+ p at zero degrees and 11.4 
Mev protons. Upper and lower 
curves were taken without and 
with gamma suppression, respec 
tively. Time calibration of the 
system is 1.13 myusec/channel, and 
increasing time of flight is toward 
the left. The flight path was 2.5 m, 
and the neutron detector bias was 
3.15 Mev 
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energy..., i.e., slowly varying compared with the 


energy spreads introduced by the gas targets. 


Electronics 


A schematic diagram of the electronics is shown in 
lig. 3. The solid portion of the diagram is conventional 
It was 
discovered that at a proton bombarding energy above 
10 Mev there was appreciable gamma-ray background 
from the shielded collimators and from neutron-capture 
gamma rays. To suppress the gamma radiation a proton- 
electron discrimination circuit" was introduced as shown 


and has been described in a previous paper.!! 
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Fic. 3. Schematic diagram of the time-of-flight electronics 
The dashed portion was added at the higher proton bombarding 
energies in order to suppress the copious gamma-ray background. 


in the dashed portion of the diagram. The circuit dis- 
tinguishes between electron- and proton-induced pulses ; 
a gate is produced if the pulse was induced by a recoil 
proton. By gating the 256-channel pulse-height analyzer 
with the coincidence output between slow channel and 
recoil proton gate, one can effectively suppress the 
gamma-ray background. 


RESULTS 


The time-of-flight spectrum for C"+p at O° and 
11.4-Mev protons is shown in Fig. 2. The 3-in.-collimator 
(B in Fig. 1) gamma ray appears twice, since a double 
display is employed—one converter stop pulse for every 
two rf cycles. Clearly visible also are the gamma rays 
from the target and collimator C (unresolved), 3-in.- 
collimator (4 in Fig. 1) gamma ray, and neutron groups 
leaving N" in its ground and various excited states.” 
The dots and circles represent data taken without and 
with gamma suppression, respectively. It is seen that 
the time-independent background (which is due mainly 
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Fic. 4. Time-of-flight spectrum for N'5+-p at zero degrees and 
11.4-Mev protons, employing gamma suppression. See Fig. 2 for 
ime calibration, flight path, and detector bias. 
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to neutron-capture gamma rays) is suppressed by a fac- 
tor of twenty-five, while the target gamma ray is sup- 
pressed by a factor of one hundred. The suppression is 
less for the capture gamma rays because they are higher 
in energy than the collimator gamma rays and hence 
have a greater probability of pile-up to produce a false 
proton-recoil gate. 

Figure 4 shows the time-of-flight spectrum for N'°+ p 
at 0° and 11.4-Mev protons, employing the gamma sup- 
pression circuit. Neutrons from the first excited state" 
are not visible, since if present their energy is below our 
detector bias of 3.15 Mev. The counts in the region of 
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Fic. 5. Center-of-mass absolute differential cross sections for 
N1(p,n)O ground-state neutrons versus laboratory bombarding 
energy. The indicated beam energy spreads are due to energy 
loss in the gas targets. 


channel 20-40 are not due to break-up neutrons from 
the N', because the bombarding energy is below the 
threshold for N'® breakup. From timing considerations, 
the counts are consistent with (p,7) reactions from the 
C® in carbon collimator B. 

The center-of-mass absolute differential cross sections 
for N'°(p,n) and C"(p,n) ground-state neutrons are dis- 
played in Figs. 5 and 6. The C"™ angular distribution at 
5.0 Mev is in reasonable agreement with the long- 
counter results of Albert e/ a/.° displayed in Fig. 10. The 
errors shown reflect “relative” errors, and are an indica- 





ANGULAR DISTRIBUTION OI 
tion of the accuracy obtained in determining the shape 
of the angular distribution. Relative errors are com- 
pounded from counting statistics and from the repro- 
ducibility of the zero-degree cross section measured 
before and after an angular-distribution measurement. 
In general, relative errors were of the order of 5% or less, 
while absolute errors on the differential cross sections 
were of the order of 10%, or less. The proton energy 
spreads due to energy loss in the gas targets for the 
various measurements are given in Figs. 5 and 6. In 
several instances, the angular distributions do vary 
appreciably when the proton energy is changed by an 
amount comparable to the energy spread. (A good 
example is the “flip” in the C'® angular distribution be- 
tween 6.4- and 6.8-Mev proton energy.) These particu- 
lar angular distributions must be treated with reserva- 
tion since they represent angular distributions averaged 
over the energy region of interest. Additional measure- 
ments with thinner targets are desirable in these regions. 

The angular distributions were integrated to give the 
total ground-state yield of neutrons. The results are 
displayed in Fig. 7. The results of Blaser ef al. for C™ 
are shown plotted as a solid line from threshold up to 
6.7 Mev. In the region of overlap, there is good agree- 
ment between the two experiments. The dashed lines 
were drawn in to illustrate the gross structure of the 
total excitation functions; obviously, more measure- 
ments with thinner targets are needed to bring out any 
detailed structure in these curves. 

As a check on the absolute differential cross sections 
of Figs. 5 and 6, independent excitation functions for 
C3 and N® at 5° and 40° were determined utilizing the 
2-in. gas targets. The results, displayed in Figs. 8 and 9, 
are in agreement with the results obtained from the 
earlier absolute angular-distribution measurements. The 
C8 5° differential cross section at 5.0 Mev is in excellent 
agreement with the measurements of Dagley eZ al.’ The 
N" 5° differential cross sections at 4.85 and 5.5 Mev are 
in reasonable agreement with the results of Jones ef al.’ 
The dashed lines are smooth curves through the meas- 
ured points, and are intended to show the general trends 
of the differential excitation functions. It is evident that 
the positions of the peaks are not too well defined, and 
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Fic. 7. Total ground-state yield 
of neutrons from the C¥(p,n)N® 
and N'5(p,n)O" reactions. The 
horizontal bars indicate the 
energy spreads of the various 
measurements 
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Fic. 6. Center-of-mass absolute differential cross sections for 
C(p,n)N® ground-state neutrons versus laboratory bombarding 
energy. The indicated beam energy spreads are due to energy 
loss in the gas targets. 
detailed structure could be missed because of the wide 
energy gap between some of the measurements. 


DISCUSSION 


Since the present work yields not only angular dis- 
tributions but absolute excitation cross sections as a 
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tation functions for C’(p,n)N™ ground 

and 40°. The energy spreads are indicated by 
The 5.0-Mev measurement was made with 
one-half an atn osphere ot COs. See text for 


rves 


function of energy as well, one can draw at least qualita- 
tive conclusions from both these aspects of the data. The 
object is to see if both do indeed tend to corroborate the 
direct mode, which is of principal interest here. In 
addition, a few examples will be given of the latest 
theoretical fits obtained in a direct-reaction computa- 
tion by Glendenning and Bloom. These will be cited 
at the end of this section where their significance with 
regard to the two-body force in the nuclear medium 
will also be noted. 

We should like to begin by examining the strictly 
qualitative behavior of both the C(p,n)N"% and the 
N(p,n)O" angular distributions side by side. This is 
best done by referring to Fig. 10, where we have com- 
bined the data from this experiment with the data on 
C8 from Albert, Bloom, and Glendenning,* and also 
the data on N'° from Jones et al. The plots have been 
made in the same semilog fashion as the previous figures, 
the energy characterizing each curve being higher with 
higher vertical position. In this figure, however, the 
vertical placement of the curve has no quantitative 
significance, since we wish only to consider the qualitative 


behavior of the shapes as a function of increasing energy. 


Also, we wish to compare the angular distributions for 
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BLOOM, 


McCLURE AND WALKER 

C™ and N' at equivalent energies and see if this com- 
parison bears out the twin-reaction hypothesis of Bloom, 
Glendenning, and Moszkowski.! What is meant by 
“equivalent” energies is best understood by describing 
briefly the concept of “twin reactions”. In the particular 
direct-reaction mode under investigation here it is the 
nucleon-nucleon interaction between the incoming pro- 
ton and the bound neutron (or the bound proton and 
the outgoing neutron in the final state) which gives rise 
to the predominant part of the cross section for the 
process being observed. Thus in the case of C", if the 
shell structure of this nucleus is well approximated by 
a closed sub-shell core of C® with a P; neutron external 
to this core,® this interaction is between a free nucleon 
(either incoming or outgoing) and a bound P; nucleon. 
Similarly, it is not hard to show! that for N'® the 
nucleon-nucleon interaction is between a free nucleon 
and a bound P; nucleon fole. It is therefore compara- 
tively easy to see that aside from nuclear size differences 
and the difference in Q values in the two cases the direct- 
reaction cross sections ought to be identical, thus leading 
to very much the same (‘‘twin’’) angular distributions 
and excitation characteristics. In Fig. 10 an attempt has 
been made to reduce the effect of the difference in Q by 
adding Q/2 to the initial energy in the center-of-mass 
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Fic. 9. Differential excitation functions for N > ground 
state neutrons at 5° and 40°. The er indicated by 
the horizontal bars. See text for ignificar of the dashed 
curves 
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Fic. 10. Comparison of the C™(p,n) and N'5(p,n) ground-state 
angular distributions. The curves are labeled with the “equivalent 
energy” in order to facilitate the comparison. For N", the data 
below an equivalent energy of 4.3 Mev are due to Jones et al? 
Similarly, the data below 4.4 Mev for C® are due to Albert ef al.§ 


system, since the total energies of scattering systems 
before and after collision differ precisely by Q. It must 
be emphasized that this method of calculating equiva- 
lent energies is to be regarded as a necessarily crude 
approach. We hope that the method will be improved 
in the near future," particularly since it totally ignores 
the size factor, which must be at least as important as 
the Q difference. 

Qualitatively both the C'’(p,n) and N'°(p,7) angular 
distributions exhibit the expected properties of a direct 
reaction in that the changes are quite gradual as the 
bombarding energy is increased. Furthermore, the trend 
in the angular-distribution complexity is generally to 
increase with increasing energy, a characteristic to be 
expected because higher orbital angular momenta make 
their contributions to the total cross section more evi- 
dent with increased momentum available. Since it is not 
possible to conceive of any first-order direct process 
outside the residual nucleon-nucleon interaction which 
could give rise to the (p,7z) reaction joining two essen- 
tially identical ground states' (i.e., C% and N* are 
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charge-mirror images of each other, as are N' and 0"), 
it is already clear that the two-body nucleon-nucleon 
force must be basically responsible for what has been 
observed. Further confirmation of this is amply pro- 
vided by the striking similarity of the C8(p,2) and 
N'°(p,2) angular distributions at the equivalent energies 
defined above. At the two highest energies shown, the 
curves for C' and N"™ seem at first sight almost in- 
distinguishable, in spite of the somewhat complicated 
shapes which the angular distributions assume here. 
The close likeness of the two cases continues with the 
disappearance, almost simultaneously, at the equivalent 
energy of 8.2 Mev, of the two peaks in the vicinity of 
cos#= +0.6. Between 8.2 and 6.4 Mev the similarities 
are not so clear, but the transition from 5.9 Mev to 
6.4 Mev for both C® and N® again exhibits almost the 
identical behavior. Again between 3.4 and 3.8 Mev the 
likeness is quite marked. Unfortunately, for C™ data 
are lacking between 3.8 and 4.4 Mev, and since, es- 
pecially at the lower energies, the rendering of an 
equivalent energy scale by the method adopted above 
is more dubious than ever, it would be much more 
illuminating to have the experimental data and find out 
empirically the correct energies at which to make these 
comparisons. Nonetheless the indication seems to be 
that even at lower energies the N™ angular distributions 
which find their equivalent in the case of C'® have much 
the same equivalent energy (on the scale adopted here) 
as their C® counterpart. Witness, for example, the 2.6- 
Mev curve in C® as compared to the 2.8-Mev curve in 
N'. At lower energies yet, data are again lacking be- 
cause the N® angular distributions within 200 kev or so 
of threshold are unknown at this time. These might 
be interesting in that the pronounced forward peaking 
observed in this region in the case of C'’ might indicate," 
in the twin-reaction picture, a similar phenomenon 
for N*. 

Turning now to the excitation data, which is shown in 
Fig. 7, we see that in keeping with the above discussion 
the curves for C'’ and N" are very similar in both shape 
and magnitude. Particularly notable is the resonance 
structure evident in the C" curve at 8.6 Mev and in the 
N'® curve at 7.7 Mev. The N’ resonance is less pro- 
nounced and appears to be narrower than the C reso- 
nance. However, both resonances have a width of the 
order of 1 Mev, and making even the most liberal allow- 
ances for the cyclotron energy spread would lead to 
prohibitively large cross sections, should we desire to 
attribute either or both of these resonances to a single 
or even a few compound nuclear levels of widths charac- 
teristic of this region of excitation. Therefore it seems 

16 N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 

17, A. Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1960). 

18 Leonard S. Rodberg, Ann. Phys. 9, 373 (1960). 

An introductory discussion of the calculation is given in 
reference 1. A fuller discussion is given by R. D. Albert, S. D. 
Bloom, and N. K. Glendenning [Phys. Rev. 122, 862 (1961) ], 


wherein the meaning of all the parameters used in this paper is 
discussed in detail 
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quite clear that these levels have the character of single- 
particle or ‘‘size”’ resonances, consonant with the direct- 
reaction picture described above. Although we can only 
make crude arguments at best about the relative posi- 
tions of what we would like to call corres ponding single- 
particle resonances, it is noteworthy that the arguments 
do at least show that the resonance displacements are 
in the right direction in going from A=13 to A=15. 
This follows from assuming that the product (V+e)!4! 
(which is proportional to AR) will be roughly a constant 
for any particular resonance in C* and N", where V is 
the effective well depth experienced by the free nucleon, 
e is the kinetic energy of the bombarding particle at 
infinity, and K is the wave number in the nuclear 
medium. Though the value of V deduced from the 
application of this very approximate argument to the 
actual peak displacement (see Fig. 7) will be quite low, 
it must be remembered that in the surface reaction 
[which the (p,») process very likely is ] the free particle 
has a small probability of being exposed to the deeper 
parts of the optical potential, which makes a lowered 


Fic. 11. Comparison of theoretical and experimental angular 
distributions at the center-of-mass energy of 11.33 Mev for C¥® 
and 11.44 Mev for N™. The plots are made on a vertical log scale 
s0 as to preserve shape independently of vertical position. The 
theoretical curves have been moved vertically so that the total 
theoretical and experimental cross sections are equal in each case. 
The only significance of the ordinate scale is that it correctly gives 
the ratios of the cross sections at different angles. Experimental 
points are joined by a dashed curve for visual ease and the solid 
curves are theoretical! predictions. Accuracy of all experimental 
points is 10% or better. 
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value of V at least partly understandable. Indeed, theo- 
retical fits to inelastic processes of the type (#,n’), 
(p,p’),'®"7 or (p,n),8 have given abundant indication of a 
very substantially lowered value being required for V 
in all instances. An explanation for this effect has been 
given by Rodberg,'* who shows that a lowered value for 
the real part of the optical well is to be expected in 
inelastic processes as a consequence not only of the sur- 
face localization of the reaction, but also of what he calls 
the 1/A effect; this effect is the change in the effective 
optical parameters due to subtracting from the sum 
total of all interactions between the incoming nucleon 
and the nucleus that particular nucleon-nucleon inter- 
action which is responsible for the direct process being 
observed. 

In Figs. 8 and 9 the energy variations in the differ- 
ential cross sections at 40° and 5° have been given. The 
similarity of the two cases, even to the “‘fine” structure 
at 5° between 6 and 8 Mev, is very evident. Otherwise, 
the general shapes and magnitudes of both curves are 
the same, but with shifts in energetic positions which 
almost certainly are not easily explicable without a 
thorough-going theoretical investigation. 

A comparison between theory" and experiment is 
shown in Fig. 11 for the center-of-mass energy of 11.33 
Mev for C® and 11.44 Mev for N'®*. The equivalent 
energies (defined above) are about the same in the two 
cases, being 9.8 Mev for the former and 9.7 Mev for the 
latter, which is the reason why these particular cases 
were selected for comparison. The parameters of the 
theoretical calculation" are as follows: 


Initial state (free proton, bound neutron): 
V=40 Mev, for C™ and N®; 
W=6 Mev, for C™ and N°. 

Final state (free neutron, bound proton): 
V=45 Mev, for C™ and N'; 
W=8 Mev, for C® and N®. 


V and W are the real and imaginary parts, respectively, 
of the square well used to generate the distorted wave 
functions which go into the Born approximation calcula- 
tion.'* The square wells extend out to R,= 1.30A!X 10-* 
cm, beyond which V and W for both initial and final 
states become zero. Since the theoretical approach'* 
assumes a surface interaction, another input parameter 
of the calculation is the radius of this interaction surface 
(Rr), which was about 8% larger than R, for the theo- 
retical curves shown. Finally, the form taken for the 
residual nucleon-nucleon interaction, which, in the view 
adopted here, is responsible for the process being ob- 
served, is as follows: 


V np= (V.ow.— V ors) exp(—Br,,;), 


where x, and 7, are the singlet and triplet projection 
operators, Vo and Vi,» are the amplitudes of each of 
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these components, and @ is the range parameter of the 
Gaussian form for the two-particle interaction, assumed 
to be the same here for both singlet and triplet states. 
For the theoretical curves shown in Fig. 11, Vso was 
taken to be —30 Mev, Vio to be —12 Mev, and 8 was 
0.8 in units of (fermis)~*. It is important to emphasize 
that the above values for V, W, and Ry were obtained 
by first extrapolating from the fits obtained at lower 
energies,* and then checked with a “goodness-of-fit” 
calculation using a x?-type analysis’ by varying these 
parameters around the extrapolated values. It is in- 
teresting and gratifying that not only was the extra- 
polation vindicated but that the same values for V, W, 
and R; turned out to give the best fits for both C® and 
N. It is worth noting that the values for V and W are 
suprisingly close to the elastic-scattering parameters 
(see, e.g., Glassgold),”° although the precise significance 
of this is obscured by the fact that the (p,) process and 
elastic scattering have basic differences. Nonetheless at 
lower energies it was found® that V was very signifi- 
cantly reduced as compared to the elastic-scattering 
parameters—in keeping with the results of Levinson 
and Banerjee'’ and Glendenning.'® 

With regard to the determination of V n,, it is essential 
to remember that absolute cross sections could not be 
predicted with any reliability using a square-well wave- 
generating routine because of the sharp and artificial 
reduction of the wave amplitudes for radii greater than 
R,. Fortunately this does not seriously impair the 


validity of the theoretical predictions of relative angular 


20 A. E. Glassgold, Progr. in Nuclear Phys. 7, 123 (1959). 
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distributions, nor does it affect seriously the ratio V;/V,, 
which was determined to give the best fit (by the same 
x’-type analysis mentioned above) at the value of about 
+0.40. This value was found to give the best fit also 
at four lower energies, ranging from 4.1 to 8.6 Mev. 
Furthermore, this ratio was very largely independent 
of changes in V, W, R,, or Rr. Because of this insensi- 
tivity, it is felt that the (p,) reactions on mirror nuclei 
do indeed offer an excellent prospect of usefully in- 
vestigating the two-body force in the nuclear medium, 
as originally proposed.' The relation between (V;/V,.) 
as determined here and as determined from free-scatter- 
ing experiments®! (about +0.6) is far from obvious, 
but it does not seem too much to expect'® that in the 
near future techniques will be worked out to elucidate 
this relationship. The closeness of the two V,/V, ratios 
would seem to suggest that the nuclear medium does 
not materially alter the “free” neutron-proton force. 
However, the role of the neglected tensor force’ remains 
to be determined. 

Note. After completion of this manuscript, it was 
discovered that Dagley et al. (Proceedings of the Inter- 
national Conference on Nuclear Structure, Kingston, 
Canada, August 29-September 3, 1960) have made a 
rather complete investigation of the C'(p,2)N™ ground- 
state reaction. Their results (obtained with much 
thinner targets) are in excellent agreement with the 
results presented in this paper. 


21J. L. Gammel and R. L. Thaler, Progress in Cosmic-Ray 
Physics, edited by J. G. Wilson (Interscience Publishers, Inc., 
New York, 1960), Vol. 5, p. 99. 
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Proton Spectra from the Nitrogen Bombardment of Fluorine 
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Energy spectra and absolute differential cross sections of protons from bombardment of F with 21.4 
and 27.4-Mev N"™ were measured. The energy spectra were analyzed in terms of the statistical model with 
a level density exp(£*/T), where £* is the excitation energy in the residual nucleus of the assumed reaction 


F(N",») P®. The nuclear temperature 7 increased from about 1.9 Mev at 0° to about 2.5 Mev at 145 
but did not vary with bombarding energy. The angular distributions show minima near 90 


c.m., 


c.m., with 


anisotropy increasing as the bombarding energy and proton energy increase. At the lower bombarding 
energy there is approximate agreement with the Ericson-Strutinski theory of angular-momentum effects in 
compound-nucleus processes, over the entire observed ranges of angle and proton energy. The fit is con 


sistent with o=3 in the nuclear level spin distribution (27+1)exp[—j(j+1) 


(2o7) ]. At the higher bom 


barding energy a considerable excess of protons are emitted into the backward hemisphere, especially at 


high proton energies, 


the F 


I. INTRODUCTION 


EACTIONS induced by heavy ions in which most 
of the nuclear matter fuses together and in which 
de-excitation takes place exclusively by the emission of 
light partic les (1<A<4) and ¥ 


rays provide a unique 
tool in the field of low- and medium-energy nuclear 
reactions. The low velocity of the colliding particles 
and the drasti 


ake place in such reactions are particularly conducive 


nucleon rearrangements which must 


to the compound-nucleus process, in which many de- 
grees of freedom of the nuclear system participate.’ 
For this reason such reactions may be used in the search 
for limits of applic ation of direct-interaction processes, 
which involve only a few degrees of freedom of the 
nuclear system. For example, F'’ bombardment with 
27-Mev N" nuclei produces a compound-system excita- 
tion energy of 44 Mev with 
than that of a 2-Mev proton, and with more than two- 
thirds of the excitation energy provided by the Q value. 
Among the ways that light-particle emission from 
heavy -ion-induced reactions have been studied are the 
following, given with current interpretations : 


an incident velocity less 


functions have been determined for 


1 Excitation 
radioactive residual nuclei which can be produced only 
bv such reactions. At bombarding energies near 2 Mev 


per nucleon tl 


ally consistent with the compound-nucleus mechanism! ; 


ese have been interpreted as being gener- 
the admixture of other reaction mechanisms Is indicated 
ear 10 Mev per nu leon.” 
itted 


ling the energies n 


for bombarding the 
shape of the energy spectrum of the em 


* Now at tl 

tion, Wasl 
Tt Operatec 
Nuc 


Goodmar 


tor the 
ear Company 
1c. D Bull. Am. Phys. Soc. 2, 
Goodman and J. L. Need, Phys. Rev. 110, 676 (1958 
4. Zucker, Ann. Rev. Nuclear Sci. 10, 27 (1960 
For recent deve lopments see, for example, Proceedin 
International ¢ Vuclear Structure, Kingston, 


29-September 3, 1960, edited by D. A. Bromley and E. W 
yronto, 1960), Chap. 4 


University of Toronto Press, T 
*R. Nakasima, Y. Tanaka, and K. Kikuchi, Progr 
Phys. (Japan) 15, 574 (1956 


Carbide 


f the 
fugust 


Vogt 


nierence n 


Theoret 


suggesting a direct-interaction mechanism in which the observed proton comes from 


light particles themselves has been investigated. At 
bombarding energies near 10 Mev per nucleon as well 
as near 2 Mev per nucleon, the results are in at least 
qualitative agreement with the predictions of the com- 
pound-nucleus theory.':** 

(3) Angular distributions of the emitted light particles 
have been measured at bombarding energies near 10 
Mev per nucleon.*:* The compound-nucleus theory pre- 
diction of symmetry about 90° in t1 
(c.m.) system was approximately satisfied for the ob- 


1e center-of-mass 


served protons, while for alpha particles a considerable 
excess of particles emitted in the forward hemisphere 
suggested a direct interaction mechanism. At bombard- 
ing energies near 2 Mev per nucleon, angular distribu- 
tions of the emitted light particles have been measured 

90°. At both 


the alpha-particle angular dis- 


only for laboratory angles less than 
bombarding energies, 
tributions display markedly more a 
proton angular distributions 


nisotropy than the 


The object of this paper is to describe angular and 
energy distributions of protons emitted from reactions 
induced in F by N" ions with about 2 Mev per nucleon, 
in the laboratory angular range 0°-140 

Motivation for this work has been increased by the 
extension of the above-mentioned predic 
metry about 90° to a quantitative prediction of the 
entire angular distribution, on the basis of 


e€ emission from com- 


ion of sym- 


angular 


momentum effects in light-particl 
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lic. 1. Schematic diagram of experimental equipment. 
t 


pound nucleus processes.'? This prediction has already 
been used, for example, to interpret angular distribu- 
tions of light particles from reactions induced by 10 
Mev per nucleon O"* ions,’ as well as to interpret angular 
correlations between the emitted protons of the reaction 
Ni?S(a,2p)." 

Il. EXPERIMENTAL 


The experimental apparatus is shown schematically 
in Fig. 1. The beam of 27.9-Mev nitrogen ions from the 
ORNL 63-in. cyclotron entered a 24-in. diam scattering 
chamber,” passed through the fluorine target, and was 
monitored by a Faraday cup. Particles from reactions 
in the target struck a proportional counter-scintillation 
counter telescope, which, with the associated electronics, 
selected the reaction protons and measured their energy. 

Serving as fluorine targets were 0.2-mg/cm? layers of 
NiF» obtained by the exposure of fluorine gas to nickel 
plates at high temperatures. The remaining metallic 
nickel was then etched off, and the NiF: layers were 
transferred 1l-mg/cm* nickel foils. Since the 
Coulomb barrier for N™ ions on nickel is considerably 
above the bombarding energy, there was no light- 
particle emission due to the nickel. 

Mounted entirely within the scattering chamber with 
the target was the counter telescope (Fig. 2). Its short 
length (7} in.) was due primarily to the use of selected 
six-stage DuMont 6365 photomultiplier tubes. An 
auxiliary experiment using elastically-scattered 22-Mev 
protons showed that these photomultiplier tubes were 
capable of a resolution at least as good as 3.5% full- 
width at half-maximum. The counter telescope itself, 
utilizing a CsI(TI) scintillator, had an energy resolution 
of about 10% full-width at half-maximum for 19-Mev 
protons, as shown by the energy calibration spectra. 


onto 


The angular resolution of the target-counter system 
was equivalent to that of a cone of half-angle 2°. 

The proportional counter was filled to a pressure of 
2 atm with the gas mixture 90% argon, 10% methane. 
lo prevent heavily-ionizing particles from saturating 

’T. Ericson and V. Strutinski, Nuclear Phys. 8, 
9, 689 (1958-59). 

7). Bodansky and I. Halpern, University of Washington 
Cyclotron Progress Report for Year Ending June 15, 1960 (un 
published), p. 24. 

2M. L. Halbert, C. E. Hunting, and A. Zucker, Phys. Rev. 117, 
1545 (1960 
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Fic. 2. Sectional view of the proportional counter 
scintillation counter telesc ope used. 


the proportional counter a 4.3-mg/cm?* nickel absorber 
was attached in front of the counter; this was made a 
total of 28.5-mg/cm? aluminum equivalent between the 
Nik’, and the crystal. 

The particle-selective scheme has been described by 
Goodman and Need! and involves the simultaneous dis- 
play of the proportional counter and scintillation counter 
outputs as x and y coordinates on an oscilloscope face. 
A block diagram of the electronics for the present ex- 
periment is shown in Fig. 3. For pulse amplification the 
doubly-differentiating A-8 preamplifier and amplifier 
system!’ was chosen because its high gain and low noise 
level compensated the comparatively low gain of the 
six-stage photomultipliers used. For the timing pulse 
the cross-over-pickoff gate pulse generator was used 
to increase the time resolution of the ‘‘Z-axis”’ unblank- 
ing pulse. 

Since the gain of the scintillation-counter amplifier 
could not be changed during the course of a day’s run 
without a lengthy readjustment of the particle-selective 
system, it was found convenient to amplify the scintilla- 
tion-counter signal in two parallel amplifiers, one of 
which had been modified to continuous gain control. 

Energy calibration of the observed spectra was 
through the known Q values of N'4(d,p)N"™ transitions 
to the ground and 6.33-Mev states in N'®. Here the N" 
beam was incident on approx. 0.1-mg/cm* solid deuter- 
ated-polyethylene targets. These were prepared by dis- 

13 G. G. Kellev, IRE Natl. Conv. Record, Part 9, 63 (1957). 

4 EF. Fairstein, in ORNL Instrumentation and Controls Division 
Annual Progress Report for Period Ending July, 1957, Oak Ridge 
National Laboratory Rept. ORNL-2480 (unpublished), p. 1. 
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solving the deuterated polyethylene’ in hot kerosene, 
keeping the solution hot during transfer to 1-mg/cm? Ni 
foil backing and during evaporation of the kerosene 
solvent. Due to the loss of deuterium from these targets 
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Fic. 4. Representative laboratory-system energy spectra of 
protons from F bombardment by 27.4-Mev N* ions. The 28.5- 
mg/cm? aluminum-equivalent absorber between the center of the 
target and the front of the scintillation counter has not been cor- 
rected for in this figure, but the normalization of the curves to 
each other is experimental and not arbitrary. The large effect of 
the center-of-mass motion is quite evident. To improve the sta- 
tistics of the individual points in this figure, each point represents 
eight channels on the multi-channel analyzer. 


46 Obtained from the Isotopes Division of Oak Ridge National 
Laboratory. 


during N'* bombardment, a new deuterium target was 
used for each energy calibration run. 

Angular distributions were obtained in the following 
manner. Since the NiF. targets were nonuniform, the 
counting rates varied slightly, depending upon the 
position of the beam intersection with the target. To 
compensate for this effect, alternate runs were taken at 
90° in the laboratory system, without moving the target. 
Data were accepted only where a series of 90° runs all 
agreed to within 10%; with the aid of the beam monitor 
all energy spectra were normalized to that at 90°. The 
target was tilted at 45° toward or away from the counter 
according as the counter angle was less than or greater 
than 90°. For the experiment at 21.4-Mev bombarding 
energy a 1.17 mg/cm* nickel-foil absorber was mounted 
on the target frame directly in front of the NiF» target, 
the beam entering the absorber at a 45° angle. From 
previous experience” and from the theory of small-angle 
scattering,'® the degrading foil caused only a negligible 
decrease in the angular resolution. 

In taking the data at the 27.4-Mev bombarding en- 
ergy in the angular range 0°-15°, a 5.75 mg/cm? nickel 
foil was mounted on the target frame to stop the beam 
after it passed through the target, which was normal to 
the beam in this case. This shielded the counter tele- 
scope from the direct N'* beam. A heavy aluminum foil 
formed the sides of a Faraday cup on the beam side of 
the target holder for monitoring the beam at the target. 
in this series of runs alternate spectra were taken at 
20°, permitting normalization of the 0°, 5°, and 10° 
runs in the manner described above. 

The beam energy at the center of the target was 
calculated from the known beam energy'’'* and from 

16 B. Rossi, High-Energy Physics (Prentice-Hall, Englewood 
Cliffs, New Jersey, 1952), p. 66. 

17H. L. Reynolds, D. W. Scott, and A. Zucker, Phys. Rev. 95, 
671 (1954). 


18M. L. Halbert and J. L 
Meth. 8, 106 (1960 


Blankenship, Nuclear Instr. and 
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the known stopping power of nickel for nitrogen ions." 
At each bombarding energy, the N™ energy at the center 
of the target was confirmed to within 0.4 Mev by means 
of the N'*(d,p)N™ reaction described above. 

Absolute differential cross sections were estimated 
from the known beam current and geometry and the 
estimated target thickness. The target thickness was 
estimated from x-ray measurements of the NiF» layer 
before the metallic nickel backing was etched off. For 
this estimate an x-ray beam was diffracted from the 
underlying metallic nickel layer, and its attenuation in 
the NiF: layer was compared with known attenuation 
coefficients." 

III. RESULTS 


Experimental results include proton spectra at labora- 
tory angles of 20°, 30°, 60°, 75°, 90°, 105°, 120°, and 
140° from reactions induced in the F" target by nitrogen 
ions at 27.4- and 21.4-Mev laboratory energy. In addi- 
tion, proton spectra were obtained at the higher bom- 
barding energy at laboratory angles of 0°, 5°, 10°, and 
20°, and were normalized to the other results at 20°. 
Examples of these results are shown in Figs. 4 and 5. 

The observed proton spectra were converted into 
the center-of-mass system of the colliding N' and F” 
nuclei by means of computer codes.” An example of a 


$2105 ——_________—— 


COUNTS PER Mev (ARBITRARY UNITS) 





10° 
5 


ENERGY AT SCINTILLATOR (Mev) 


Fic. 5. Laboratory-system energy spectra of protons from reac 
tions induced in F™ by 21.4-Mev N* ions. For interpretation see 
the caption of Fig. 4 


18 Thanks are due to F. L. Ball, E. J. Barber, F. N. Bersey, and 
C. F. Hale, all of Union Carbide Nuclear Company, for preparing 
the target material and for measuring its thickness. 

2” C, D. Goodman and B. D. Williams, Oak Ridge National 
Laboratory Rept. ORNL-2925, May, 1960 (unpublished). Center 
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Fic. 6. An example of an energy spectrum in the c.m. system of 
protons from F' bombardment with 21.4-Mev N* ions. The 
laboratory angle in this case is 90°. 


spectrum in the center-of-mass system is shown in 
Fig. 6 where the proton energy /, does not include recoil 
energy. From these spectra differential cross sections 
were obtained for protons of fixed kinetic energy in the 
center-of-mass system, as shown in Figs. 7 and 8. The 
errors as shown include effects of statistics, normaliza- 
tion between angles, and an observed nonreproducibility 
of about 30% at the high-energy end of the proton spec- 
tra at the higher bombarding energy. The estimated 
error in the absolute differential cross section for the 
27.4-Mev data is +50%. For the 21.4-Mev data, the 
absolute differential cross section was measured only 
relative to that for the 27.4-Mev data, and with an ad- 
ditional error of about +30%. 


IV. ASSUMPTIONS OF THE STATISTICAL MODEL 


Conditions for the simple predictions of statistical 
reactions”: are as follows: 
of-mass angles were determined using the code described in B. D. 
Williams, Oak Ridge National Laboratory Rept. ORNL-2963, 
December, 1960 (unpublished). 

21 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

2'T. Ericson, reference 3, p. 697 
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Fic. 7. Angular distributions of protons of kinetic energy F, 
from F bombardment by 27.4-Mev N" ions. The c.m. system is 
that of the initial N*—F" collision. Note that the recoil energy is 
not included in the proton kinetic energy 


(1) The reaction should proceed by a compound 
nucleus process.” This process would be suggested by 
a low velocity of the colliding particles and a short 
mean free path for absorption into a compound system. 
From optical model calculations” this mean free path 
is approximately 0.5 f, about one-twelfth of the 6-f 
interaction distance in this case. 

2) The experiment should average out fluctuations 
due to properties of individual compound states and 
due to the finite emission width. In other words, it is 
assumed that AE>>D and AE>>h/r., where AF; is 
the energy interval in the compound system averaged 
over by the beam energy spread and target thickness, 
D is the average spacing of levels which are excited 
in the compound nucleus, and 7, is the mean lifetime 
of the compound system. Since experimentally AE,=2 
Mev, from neutron resonance work” it is expected that 
the first inequality is satisfied very well. The second 
inequality can be rewritten 7.>>h/ AE,= (here) 3X10™" 
sec. By chance 3X10~™ sec is very close to the transit 


>. M.S.) 


Fic. 8. Center-of-mass system angular distributions of protons 
f kinetic energy E, from F bombardment by 21.4-Mev N" ions 


% J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physic 
John Wiley & Sons, New York, 1952), p. 341 

* P.M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
1957 
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time for the initial collision, so that the second inequality 
reduces to condition (1). 

(3) That the observed particles are all boiled off from 
the same residual nucleus. (This assumption is made 
for simplicity, and is not essential to the model itself.) 
The results of this experiment were interpreted in terms 
of the reaction F(N",p)P®, although it was not feas- 
ible to obtain good counting statistics of protons of en- 
ergy greater than the maximum possible proton energy 
from other F!—N™ reactions. The effect of weakening 
this assumption can be discussed more easily (Sec. VI) 
following an analysis using this assumption. We note 
here that a statistical model calculation by Fraenkel*® 
predicts that, for the upper three-fourths of the reported 
proton energy range at each bombarding energy, es- 
sentially all of the emitted protons correspond to the 
residual nucleus P*. The predic tion spec ified the order 
of emission, with the high-energy protons preceding 
rather than following the emission of other particles. 


V. FITS TO ENERGY SPECTRA 


With the above assumptions, Hauser and Feshbach”! 
predict that the proton energy spectra should reflect 
the level density in the residual nucleus. That is, 

N (e)de=constea,(e)W (E*)de, 
where .\V(e)de is the number of observed particles of 


channel energy ¢€ in energy interval de. The cross sec- 


tion for formation of a compound nucleus by the inverse 


process, o-(€), was calculated from the asymptotic 
formula of Blatt and Weisskopf**; since ¢ is greater than 
twice the classical Coulomb barrier for all the data 
reported here, this factor had little effect. The excitation 
energy in the residual nucleus is E*= €max—e, 
€max 1S listed in Table I. W(*) is 
the residual nucleus. 


where 
the level density of 


The simple theoretical level density formula given 


TABLE I. Energies and 


F9(N4,) P82. Column (1 


angular momenta in the reaction 
gives the bombarding energies in the 

| nergies in the 
compound nucleus follow in column (2), wh | 
the mean-square orbital angular moment 
lision, calculated as in the Appendix. Colur 
mum proton channel energy energetica 
barding energy 


gives the maxi 


t each bon 


% Z. Fraenkel, Weizmann Institute of Science, Rehovoth, Israel, 
private communication). The program used in this calculation 
is described in I. Dostrovsky, Z. Fraenkel, and G. Friedlander, 
Phys. Rev. 116, 683 (1959), and I. Dostrovsky, P. Rabinowitz, 
and R. Blivins, ibid. 111, 1659 (1958 

6 Relesecs 24 359 

Reference 23, p. 352 
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by Blatt and Weisskopf*? is 
WwW (E*) = (const )exp[_2(aE*)! }. (2) 


The data have been replotted to show such a prediction 
as a straight line; Fig. 9 shows one such plot. The re- 
sulting values of a at each angle and each energy are 
shown in Fig. 10. It appears that to within experimental 
error the values of a are independent of the bombarding 
energy, but decrease with increasing angle of observa- 
tion. This range of a, 2-5 Mev“, is not in qualitative 
disagreement with previous results from N™ bombard- 
ment of other targets.® 
Ericson” suggests that a more correct formula would 
be 
W (E*) = (const) (E*)~ exp[2(aE*)*]. (3) 


Representative data were fitted by substituting Eq. (3) 
in Eq. (1). It was found that the quality of the fits 
was not significantly changed, and that the principal 
result was to increase the values of a by about 45%. 
Another theoretical prediction for the energy spectra 


follows from the assumption of a constant “nuclear 


temperature” T in the level density formula’® 
W (£*) = (const)exp(£*/T). (+) 
Figure 11 shows such fits as straight lines. Figure 12 
shows that again there is no marked dependence upon 
bombarding energy. 
We conclude that both of the above theoretical pre- 


dictions fit the observed energy spectra about equally 
well, and that the shape of the spectrum observed at a 
given laboratory angle displays no marked dependence 
upon bombarding energy. 
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Fic. 9. An example of a proton energy spectrum, such as that 
of Fig. 6, plotted in such a manner that fits to the level density 
distribution exp[2(a/*)+] appear as straight lines. This case is 20 
at a bombarding energy of 21.4 Mev 


Reference 23, p. 371. 
*'T. Ericson, Nuclear Phys. 11, 481 (1959). 
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Fic. 10. Plot of the level density parameter a 
c.m. angle for protons from | 


Mev N* ions 
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VI. FITS TO ANGULAR DISTRIBUTIONS 


The theory of angular momentum effects in com- 
pound nucleus processes depends upon the fact that 
nuclei have finite moments of inertia and therefore 
finite intrinsic spins. To start with, I=1+j, where I is 
the total angular momentum of the compound system, 
I is the orbital angular momentum of the final system, 
and j is the spin of the residual nucleus. If the average 
values of J and /are not small compared with thecharac- 
teristic value of 7 (say, o) then there will be a tendency 
for I to line up parallel to I, producing a peaking at 0° 
and at 180° in the c.m. system. The assumed distribu- 
tion for 7 is the Gaussian 


pr(j)= (const)(2j7+1)expl— j(j+1)/(20*)], (5) 
for 70°." If the average values of J and / are not too 
large, one can use Knox’s’ approximate expansion of 
Eq. (13) of reference 10 for the energy and angular 
distribution: 

IW (0,F) < 14+36?P2(cosé)+ (1/35)8*P4(cosé) 

1. (5 4$158)3°P.(cosé oe (6) 
counter angle in the c.m. frame of the initial 
1(1+1))av(l(I+1))av, Ep=LM, 


proton kinetic energy in the center-of- 


where 6 
collision, 6?= (2a?) 


(M,+M,) |e 





(arbitrary units) 





NwiE*) 
«qte) 


| 
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12 


d. al 
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Fic. 11. The observed proton energy spectra plotted in such a 
way that fits to the level density distribution expLE*/T] appear 
as straight lines. The curves at different laboratory angles are 
arbitrarily displaced to avoid overlapping; each set of curves is 
labeled according to the laboratory bombarding energy. 


mass frame of the initial collision, M,;= mass of residual 
nucleus, and M,=proton mass. 

Assumptions in Eq. (6) are the three conditions at 
the beginning of Sec. IV plus the following: (a) the 
validity of the classical approximation, including the 


neglect of the intrinsic spins of the observed proton and 


Fic. 12. Plot of the level density parameter 7 as a function of 
m. angle for N™" bombarding energies of 21.4 and 27.4 Mev 
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the colliding nuclei, and (b) the condition that there 
is only weak coupling of the angular momenta of the 
compound and final systems. This last condition is 
expressed as"? 


max[ (I(1+1))av,(/(/+ 


le 


> 2\2 
) > (20")*,; 


and is well satisfied in the present cases. 

To obtain a predicted energy and angular distribution 
containing as few arbitrary parameters as possible, 
the angular distribution of Eq. (6) was combined with 
the energy distribution of Eq. (4). Thus, 


W’ (0,E 5) 
= (const) (e)[o-(e) JLexp(E*/T) |W(@,E,). (8) 
Here, the normalizing constant, the nuclear tempera- 
ture 7, and the cut-off spin o are the only arbitrary 
parameters and are all independent of F>. 
Figure 13 shows an approximate best fit to the 21.4- 
Mev results with Eq. (8). Here (/(/+1) and 


iv 


Fic. 13. Fit to the differential cross sections of Fig. 8 (21.4-Mev 
bombarding energy) by the modified Ericson-Strutinski formula 
of Eq. (8). The only adjustable parameters were ¢=3.18, T=2.14 
Mev. Note that the parameter 7 fixes the normalization of the 
theoretical curves relative to each other. 


(1(1+1))ay were calculated as outlined and described in 
the Appendix. For this fit 7=2.14 Mev and o=3.18. 
This value of T is consistent with the data at individual 
angles, as shown in Fig. 12. The consistency of this value 
of o with the moment of inertia 9 of the residual nucleus 
in Ericson and Strutinski’s relation, 
ST /h, 


co (9 


can be shown as follows: Use of Eq. (9) gives 9 for the 
P® nucleus at an excitation energy of about 25 Mev. 
For this nucleus J;igiq can be calculated on the basis of 
Hofstadter’s charge distribution of the ground state of 
the similar nucleus S*.2* Then, within the error of the 
experimental fit, the above crude classical analysis 
yields 


g 
) 


O8<3/9 ‘2. (10) 


rigid “ 


This is in accord with the prediction of Pik-Pichak” 


27 R. Hofstadter, Revs. Modern Phys. 28, 
© G. A. Pik-Pichak, Soviet Phys JETP 


t 


254 (1956 
11, 1960 
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that even for rapidly rotating nuclei the moment of 
inertia approximates the rigid-body value. 

For the comparison with the 27.4-Mev results ap- 
propriate values of (J(J+1))s. and (/(/+1))s, were 
calculated as above. The values of o and T from the fit 
to the 21.4-Mev results were retained to provide some 
comparison with theoretical predictions, in spite of the 
lack of symmetry about 90°. The resulting theoretical 
prediction is shown in Fig. 14. It is seen that the fit 
is not nearly as good as that for the 21.4-Mev results, 
especially for the high-energy protons. This comparison 
is continued in the following section. 

At both bombarding energies it is seen that the anisot- 
ropy of the proton angular distributions increases with 
increasing /,, in accordance with the theoretical pre- 
diction. This is in contrast with the angular distributions 
of light particles from reactions induced in nickel by 
160-Mev O'° nuclei, where the opposite effect is ob- 
served.’ A possible explanation for the latter effect 
lies in Ericson’s prediction that for compound nuclei 
with high angular momentum the last light particle 
evaporated will carry off a disproportionately large 
amount of angular momentum.” If the last evaporated 
light particle has a relatively low average energy, this 
would cause an increase in the anisotropy constant as 
the light particle energy decreased, in accordance with 
observation. In the present case of reactions induced by 
21.4-Mev and 27.4-Mev N" ions, perhaps the angular 
momenta, the multiplicity of emitted light particles, 
or the excitation energies are not sufficiently large for 
this effect to be important. 


VII. EFFECTS OF WEAKENED ASSUMPTIONS 


As mentioned above, it is not required by energy 
considerations that all the observed protons correspond 
to transitions to the residual nucleus P*®. (Reactions 
which could contribute protons to the observed spectra 
are listed in Table II. It should be noted that factors 
inhibiting the emission of high-energy protons include 
the Q value, the exponential increase of level density 
with excitation energy in the residual nucleus, the odd- 
even nature of the residual nucleus, and the reduced 
energy available after the first particle emission 
especially if that particle must overcome a Coulomb 
barrier.) For the rest of this section it will be assumed 
that statistical reactions predominate, which implies 
that the particles are boiled off sequentially. Then the 
observed protons can be divided into those which are 
boiled off before any other particle (‘‘primary” protons) 
and subsequent (“secondary”) protons. The above 
theoretical predictions thus apply to primary protons. 
In the observed energy spectra it would be expected 
that, due to the lowered excitation of the compound 
system, the secondary protons will contribute propor- 
tionately more to the low-energy end than to the high- 
energy end. Thus, the values of a and T reported above 
would represent limits on the true values (averaged over 
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Fic. 14. Fit to the differential cross sections of Fig. 7 (27.4-Mev 
bombarding energy) for the same equation and adjustable param- 


eters as the fit in Fig. 13, but with the angular momentum param- 
eters appropriate to this case. 


the residual nuclei involved): An upper limit on @ and a 
lower limit on 7. In the angular distributions, it would 
be expected that a sharing of the excess angular mo- 
mentum of the compound system among more than one 
emitted particle would decrease the anisotropy of the 
observed proton angular distributions. Given the ob- 
served anisotropy, since (J(J+1)),, and (/(/+1))ayv 
would be unaffected, the value of o reported above 
would become an upper limit on the true value. 

Next to be considered is possible weakening of the 
assumption that all protons are emitted by compound- 
nucleus process. In this light the change of a and T with 
counter angle suggest an admixture of a direct interac- 
tion process, with the protons coming from the target 
nucleus.*! This would also be consistent with the excess 
of protons emitted into the backward hemisphere, 
especially at the 27.4-Mev bombarding energy. A direct- 
interaction admixture would also predict the observed 
increase in the backward peaking with increased proton 
energy and with increased bombarding energy. It is 
not obvious, however, how the independence of spec- 
trum shape from bombarding energy fits into this 
picture. 


TABLE IT. Proton-producing reactions from N™ bombardment 
of F® which have Q>0. Column (2) gives the respective Q values. 
The difference between the Q values of each reaction and the 
(N"\p) reaction are listed in column (3). 


2 (3) 
(1 QO 18.45 Mev—Q 
Reaction Mev (Mev) 


F'19(N4, p) pst 
F'9(N4 pn) Si*! 
F19( N42.) Pst 
F9(N", pa) Al?8 8.56 
F9(N™, pd) Si® 5.46 
F'9 (N42 p) Si 3.16 
F19(N', pt) Si? 1.09 


18.45 0 
10.45 8.0 
9.82 8.6 


L.. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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In view of (a) the reasonable fit of the 21.4-Mev re- 
sults to the predictions of the angular momentum effects 
in compound nucleus processes, (b) the multiplicity of 
reactions contributing the observed protons, and (c) 
the above suggestion of an admixture of direct interac- 
tion processes, it would appear that further work would 
be required to elicit the precise nature of the mechanism 
producing protons from N™ bombardment of F" at 
these energies. 
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APPENDIX 


In Sec. VI it was mentioned that theoretical predic- 
tions of the mean-square orbital angular momentum 
(1(1+1))s~ were calculated by means of the optical 
model, while (7(7+1)),, was calculated by interpolation 
from Thomas’ barrier penetration calculations.” It was 
felt that taking the wave mechanical nature of the col- 
lisions into account would yield more accurate results 
than the sharp-barrier cutoff formulas used by Ericson 
and Strutinski,” of the form 


I) y= ph (Ee.m.— B)R*. (A.1) 


Here / is the channel energy of the collision or 
evaporation, u is the reduced mass, B the Coulomb bar- 
rier, and R the interaction radius. A brief description 
of the methods used in the present work follows. 


Optical Model Method 


The code used was that written for an IBM 704 by 
Bassel and Drisko*; it is similar to the code of Melkanoff 
et al.* This code calculated wave amplitudes from which 
it was easy to obtain the partial wave transmission 


L(l , was calculated as 


coefficients 7). Then (/(/+1 


¥ (1) (+1) (2+-1)T 


1(1+1) ev - 


Y (+1)T: 


parameters used in the optic al model calculations 
those suggested by Bassel® as giving reasonable 
D. Thomas, Phys. Rev. 116, 703 (1959). 
H. Bassel and R. M. Drisko, reference 3, p. 212 
\. Melkanoff, J. S. Nodvik, D. S. Saxon, and R 
Phys. Rev. 106, 793 (1957 
‘RR. H gassel, Oak Ridge 


ommunication 


D. Woods, 


National Laboratory (private 
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Fic. 15. Plot of the mean-square orbital angular momentum 
1(1+-1) ay for the inverse reaction, proton bombardment of P*?, 
as a function of the c.m. kinetic energy of the proton. The curve 
labeled ‘optical model” was calculated as described in the Ap 
pendix; the dots represent the individual calculated points. The 
curve labeled “‘sharp-cutoff model”’ ulated from Eq. (A.1 
with R=1.5 A! fermi 


Vas ¢ ilk 


fits for elastic proton scattering in the mass region of 
interest. In the notation of reference 34, these param- 
eters were: 

57.9 Mev—0.62 I 

6.0 Mev+0.155 Ez, 

1.3 A'f, 

0.42 f, 


where £, is the proton energy in the laboratory system. 
While the parameters of optical model fits in general 
are nonunique, in the proton energy range of interest 
here the optical model is capable of giving simultaneous 
qualitative fits to the total reaction cross section and 
polarization, as well as to the differential cross section 
of elastic scattering.” 

The results for the (/(/+1))., 
with a residual nucleus of P® are shown in Fig. 15 and 
were used in the calculations of the theoretical curves 
of Figs. 13 and 14. Shown for comparison purposes are 
the predictions of Eq. (A.1) with R=1.5 A! f and 
B=2Ze/R. For smaller values of R difference 
between the two curves would be even more marked. 


of protons boiled off 


61 
tne 


Barrier Penetration Method 


Unfortunately, the present form of the Bassel-Drisko 
code is not yet suitable for values of n=Z,Z2¢*/hi 
I(1+1) 


greater than about six, so that values of 


®V. Meyer and N. M. Hintz, Phys. Rev. Letters 5, 207 (1960). 
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for the N'*—F" collision could not be estimated by 
optical model calculations, such as were used to analyze 
N"“—C and N'—Be’ elastic scattering.** Still available 
were the heavy-ion barrier-penetration calculations of 
Thomas,” which used a square-well potential with radius 
1.5 A! f. Interpolation from Thomas’ results was ac- 
complished as follows: 


(1) For each of the collisions C"2’—AI?7, O'6—Al’, 
Ni 7] 


polated for the same values of e/B as for the N™ 
collision. 


Al? in Thomas’ Table I, values of J were inter- 


I ) 


(2) By extrapolation on the basis of the parameter 


VOLUMI 
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n values of J were determined for the two energies of 
the N'*—F'® collision. 

(3) I and (J([+1))s, were related by means of 
Thomas’ Fig. 5, which shows partial wave absorption 
cross sections for Al?7—C 
From this figure (J(/+1))., (1)? was calculated as a 
function of 9; interpolation for the N'—F"® 
the results shown in Table I. 


2 collisions at four energies. 


case gave 


These stages of interpolation are summarized in the 
following equation: 


[7 (7+1) ]x_riep.y = LT Px—arep lJ U+1) (I) Jc Al,y 
(A.3) 


NUMBER 2 


Beta-Gamma Directional Correlation in Eu'*} 
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The energy dependence of the beta-gamma angular correlation between the outer beta-ray group of Eu’, 
W=1.86 Mev, and the 123-kev gamma ray of the daughter Gd'®* has been measured with a shaped mag 
netic field beta-gamma coincidence spectrometer. A negative correlation coefficient, accurate to about 5%, 
is obtained which ranges from —0.10 to —0.17 in the energy region 0.80 to 1.60 Mev. It is shown that the 
modified B;; approximation must be relaxed to explain the data. The nuclear parameters (Kotani’s notation) 


which result are: x= —0.24+0.05, u= 
those which have been reported for Eu'®: 


INTRODUCTION 


F particular interest in beta-gamma angular cor- 

relation studies are certain 3~(8)2*+ decays from 
odd-odd to even-evert nuclei which are characterized 
by abnormally long comparative half-lives. Kotani! has 
suggested that this situation may arise from cancella- 
tion among the nuclear matrix elements or from addi- 
tional selection rules, such as those associated with K 
forbiddenness. Deviations from the £ approximation are 
expected in these cases, which should be manifest in 
experiments as an energy-dependent shape factor and a 
large beta-gamma correlation coefficient e«. The highest 
energy beta groups of Eu'®? and Eu! appear to be ex- 
amples of this effect, since both have large comparative 
half-lives (log ff~12) and both are nonunique first-for- 
bidden decays with nonstatistical beta-ray shapes.’ Beta- 
gamma angular correlation studies in Eu! support this 
view. It has been shown,’ for example, that the energy de- 
pendence of the large negative correlation coefficient is 
adequately described by the modified B;; approximation 


t Supported by the Joint Program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
'T. Kotani, Phys. Rev. 114, 795 (1959). 
2L. M. Langer and D. R. Smith, Phys. Rev. 119, 1308 (1960). 
H. J. Fischbeck and R. G. Wilkinson, Phys. Rev. 120, 1762 
(1900). 


+0.05+0.03, 


Y=+0.76+0.08. These values are compared with 


r=u=0, ¥ =0.69+0.06 


(x=u=0, YO), and that the matrix element ratio,* Y 

0.69+0.06, is in good agreement with the value ob- 
tained in the same approximation from the spectrum 
shape determination of Langer and Smith.” In this case it 
seems well established that wand xare suppressed relative 
to B;; by some selection rule effect. The slowness of the 
transition is probably associated with the fact that 
eiGd'®, although spherical, is close to the transition 
region (neutron numbers 88-90) between spherical and 
deformed even-even nuclei.® 

For a more detailed understanding of the selection 
rule effect it seems desirable to have available the beta- 
gamma correlation data in the companion case of Eu. 
In this decay, the highest energy beta group is a once- 
forbidden transition from a 3 Eu 
to a 2+ final state in Gd'', and is followed by a 123-kev 
2 gamma-transition to the Gd! ground state. The 


initial state in 


large comparative half-life, logff=12.4, is probably 


associated with the change in the deformation parameter 


‘ The notation of reference 1 will be used throughout this paper. 
\ discussion of the modified B;; approximation as it applies to 
these measurements is given in reference 3. 
R K. Sheline, Rev. Modern Phys. 32, 1 1960). 
® Nuclear Data Sheets, National Academy of Sciences, National 
Research Council (U. S. Government Printing Office, Washington, 
B. ©.) 
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accompanying the beta decay, since Gd", with 90 
neutrons, also lies in the transition region. The shape 
correction factor has been reported by Langer and 
Smith? in the form C= ¢’+):i~?+20+5 and is therefore 
of the nonstatistical, nonunique type. The experimental 
results reported here on the energy dependence of the 
beta-gamma correlation coefficient for the outer beta 
group, end-point energy W o=4.63 (moc? units), and 
the 123-kev gamma ray also indicate that the decay 
is governed predominantly by the B;; matrix element 
and the parameter Y’. It will be shown that the matrix 
element ratio x is also operative to some degree. 


EXPERIMENTAL PROCEDURE 


In this investigation a shaped magnetic field beta- 
gamma coincidence spectrometer, previously described,* 
was employed. The instrument was adjusted for 5% 
transmission, 5°% energy resolution, and a coincidence 
resolving time of about 40 musec. Sources were prepared 
by liquid deposition on 0.25-mil Mylar film and were 
approximately 0.10 mg/cm* thick. The source material 
was obtained by bombarding EuQs, enriched to 95% in 
Eu’, with neutrons in the Brookhaven reactor. A 
lapse of eight months before taking data reduced the 
Eu’** fraction to a negligible amount. The small amount 
of Eu'®* present was not a problem, since only coinci- 
dences with the 123-kev gamma ray were recorded. 

The anisotropy, A = [.V (180°)— V (90°) ]/.V (90°), was 
measured at nine beta-ray energies from 800 to 1600 
kev with an accuracy of about 5%. The data taken at 
the lower energies were corrected for the presence of 
the 0.97-Mev beta group from a Fermi analysis of the 
coincidence data. As a by-product, the intensity of this 
beta group to the intensity of the 1.86-Mev group was 
found to be 0.61. The proposed decay scheme’ of Eu'* 
also suggests a beta group with an end point at 1.6 Mev. 
Since Langer and Smith? find no evidence for this first 


a 


Fic. 1. Energy dependence (mgc* units) of the measured correla 
tion coefficient for the outer beta group and the 123-kev gamma 
ray of Eu’. The solid curve is a theoretical one with x= —0.24, 
u=+0.05, and Y=0.76. There is no experimental evidence for 
the proposed inner group at 4.1. The arrow at 3.9 indicates the 
end-point energy of the Eu'® contaminant. 
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inner group, no corrections are necessary. Other cor- 
rections, control experiments, and data reduction pro- 
cedures are the same as those described in an earlier 
paper.’ 


RESULTS 


The beta-gamma angular correlation data are sum- 
marized in Table I. A plot of the correlation coefficient 
versus energy is shown in Fig. 1. The coefficient is 
negative, exhibits a rather small energy dependence, 
and is considerably smaller than in the Eu'® correlation 
involving the 1.48-Mev beta group and the 0.344-Mev 
cascade gamma ray. In this latter case* « was found to 
range from —0.25 to —0.37 in an energy span of 2.3 to 
3.5 moc. When the present data are analyzed according 
to the modified B,; approximation, one finds that the 
values of Y which result from each data point vary from 
2.5 to 2.9 over the energy interval 2.6 to 4.2 
instead of being energy independent as required. More- 
over, these values do not agree with Y= 1.29 which fol- 
lows from Langer’s shape factor measurement in this 
same approximation. It would, therefore, appear that 
the modified B;; approximation is not adequate in this 
case, and that contributions from x and w are required 
to explain the data. 

A clue as to how the modified B;; approximation may 
be relaxed is obtained by noting that Langer and Smith 
empirically fit the experimental beta-spectrum data by 
a shape factor of the form C(W)= 7; (Ai1p?+¢@)+D/12, 
where p and q are the electron and neutrino momenta, 
\; is a Coulomb correction factor, and D is an adjustable 
constant. More generally, C(W) has the form C(HW) 

k(1+aW+6/W+cW?), where the factors k, a, 6, and 
c are functions of the nuclear matrix element ratios 
u, x, and Y, in decays for which the spin sequence is 
3-(8)2*(y)O*. Inspection of Kotani’s theoretical ex- 
pressions’ shows that if the form of the shape factor 
reported by Langer is assumed to be valid then 


(mec*), 


$(40°+507)~0, 4uV/i bk~0. 


~0, 


Accordingly, we introduce a modified ‘‘modified B,; ap- 


proximation” in which certain quadratic terms are sup- 
pressed in C(W) and e(W), but first-degree terms are 


j 


TABLE I. Summary of the Eu'™ correlation data. 


FE, (kev) ” (moc? { € 


0.103+0.005 
0.116+0.006 
0.138+0.007 
0.118+0.006 
0.166+0.006 
0.161+0.008 
0.154+0.010 
0.154+0.006 
0.166+0.011 


800 567 0.147 +0.006 
897 a 0.165+0.009 
1014 0.194+0.011 
1103 0.167+0.009 
1207 0.230+0.008 
1302 0.223+0.010 
1401 0.214+0.013 
1503 0.215+0.008 
1598 0.230+0.016 
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retained. The theoretical expressions with these 
sumptions are’: 

&= 12, Rsk+ (ek)W ]/(up’+¢+D), 

&=elW/p’, 

R3k= — (A2/21)(2x+3)h1, 

f= ¥+ (u—x)(W)/3), 

ek= (1/42) (2x?/3+5u—2x—Aj), 

Ai =A0.8, 


6P+ (2We—1)a*2/9=D/12, Wo=4.63(mec*). (5) 


In these expressions, & is the “reduced” correlation 
coefficient, W is the beta-ray end-point energy, and 
\; and dX» are Coulomb correction factors which are 
essentially the same and constant over the energy 
region of the measurements. The quadratic term in (4) 
is retained because of the smallness of ek and in (5) 
because of the large numerical coefficient. A least- 
squares analysis of (2) using the data of Table I and 
retaining D/12 as an adjustable parameter yields 


R,k = —0.060(D/12)—0.0136, 
ek = +0.0039(D/12)—0.0078. 


(0) 


The values of u, x, and Y may be obtained immedi- 
ately from (3)-(6) if the measured value of Langer and 
Smith, D=20+5, is used. Because of the rather large 
error assigned to D, it seems advisable to first demon- 
strate that the values of x and wu, within the accuracy 
of our data and the approximations used, do not depend 
sensitively on D, The dependence of x on D/12, inde- 
pendent of the choice of « and consistent with the ex- 
perimental values of «, may be obtained by combining 
(3), (5), and (6). The dashed curve of Fig. 2 shows this 
dependence. It is seen that x has the value —0.20+0.07, 
for a variation of D/12 from 0.2 to 2.2. Hence, for a 


Fic. 2. Possible values of x and x, consistent with the experimen 
tal values of e, as a function of D/12. The dashed curve is obtained 
by combining (3), (5), and (6), given in the text. The solid lines 
yield possible values of x vs D/12 for several assignments of u 
and are obtained from (4) and (6). The dashed straight lines rep 
resent Langer’s quoted error in D/12. 


CORRELATION 





Fic. 3. Comparison of the theoretical shape factor and the 
measured shape factor of Langer and Smith. Kotani’s complete 
expression has been computed for the values in (7). The dashed 
lines represent the error, assigned to the experimental shape 
measurement. 


shape factor ranging from almost unique to almost 
statistical, « does not change markedly. The solid 
curves in Fig. 2 show the dependence of x on D/12 for 
several choices of u, as given by (4) and (6). The 
intersections of these curves with the dashed curve are 
the possible solutions of (3)—(6) for a given D/12. Again, 
it is seen that no rapid variation of u occurs, and that 
is a small quantity. Accordingly, it seems justified to 
adopt the values of # and x, and therefore Y, which 
correspond to D/12=20/12+5/12, namely: 


x=—0.24+0.05, u=+0.05+0.03, 


Y=+0.76+0.08. 


As a check on the validity of our assumptions, the 
theoretical shape factor has been calculated using the 
above values of x, w,and Y without suppressing amy terms 
in Kotani’s formulas; i.e., all quadratic terms, including 
those in 6, have been retained. A comparison of this curve 
with Langer’s experimental result is shown in Fig. 3. The 
agreement between the two curves is well within the 
experimental error denoted by the dashed curves. In 


W 
Fic. 4. Plot of the experimental “reduced” correlation coeffi- 


cient versus energy. The curve is Kotani’s theoretical expression, 
all quadratic terms included, with x= —0.24, u=+0.05, Y=0°76. 





SASTRY, FE 


TRY, AND 


WILKINSON 


rane II. Comparison of the nuclear parameters involved in the outer beta transitions of Eu'™* and Eu 


yr 
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Fig. 4 a comparison of the measured ‘‘reduced correla- 
tion coefficient,” «W’/p?, with Kotani’s theoretical pre- 
diction is shown. The curve is the theoretical energy 
dependence for (7) with all terms retained. It is of 
interest to note that according to (6), ek is essentially 
zero for D= 20, and hence the energy dependence shown 
in Fig. 4 is very small. The modified B;; approximation 
would require ek= —d,/42. This value, while small, is 
substantially different from the experimental result, 
ek = —0,0013+0.001. On the other hand, the £ approxi- 
mation, for which ek is zero, does not apply, since the 
shape factor is nonstatistical. This case thus appears 
to be one which is intermediate between the modified 
B,; approximation and the £ approximation. 

It should be pointed out that in principle the small 
value of « which we measure, and the consequent failure 
of the modified B,; approximation, could be accounted 
for by an attenuation effect. The half-life of the 123-kev 
level in Gd'* has been measured by Sunyar* to be 
1.2X10~° sec, so that 
results this alternative cannot be ruled out. When a 


without further checks on the 


modified B,; approximation analysis is applied to the 
data with an attenuation factor @ included (i.e., € is 
replaced by ae), the value a=0.61 is required to bring 
¥ into agreement with Langer’s result. Moreover, since 
these values of Y vary more widely with energy than 
for a=1, we conclude that the modified B;; approxima- 
tion is even less applicable. This fact, coupled with the 
rather unreasonably large attenuation (40%) needed 
for agreement with Langer, suggests that an appreciable 
washing-out effect is unlikely. Some support to this 
conclusion comes from Wiedenbeck’s’ gamma-gamma 
correlation measurements involving the 123-kev level. 


No appreciable attenuation is indicated in this case. 
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DISCUSSION 

The results of the previous section may be used to 
assign numbers to the matrix elements responsible 
for the transition, since the corrected ft value, ff 
=4,.2X10" (4=m=c=1), determines the standard 
matrix element, which in this case is taken to be B;; 
(s=1). For this purpose, the currently accepted rela- 
tions are employed: C4 = —1.20Cy, Cy=g=2.97X10-" 
(4=m=c=1). The matrix element values listed in 
Table II clearly indicate the lack of overlap of the initial- 
and final-state wave functions. For comparison, the 
corresponding magnitudes for Eu'® are presented.* In 
both cases B;; is dominant, but is much smaller (by 
a factor of from 25 to 100) than expected for a unique 
(AJ=2) transition. The relativistic matrix element 
appears to be of the same order of magnitude in the two 
cases and is also very small, about a factor of 1000 less 
than expected for perfect overlap. In Eu'® the remaining 
matrix elements are several orders of magnitude smaller 
than B,;. The rough upper limits given for these are 
based on the largest deviations of x and u from zero 
which experimental error allows. In Eu 
significantly larger contribution from //'r is indicated. 
In this case this matrix element is reduced only by a 
factor of 3 from B;;. It should be mentioned that these 
numbers are subject to some change if some attenuation 
of the correlation exists, or if values other than A;=0.8 
are used for the Coulomb correction factors. 

We conclude that a selection rule effect is operative 
on both of these decays, as suggested by Kotani,' and 


how ever, a 


that the effect is associated with a change in the defor- 
mation parameter which accompanies the beta decay. 
This change is expected to be somewhat less in the case 
of Eu'*4, since this nucleus lies two neutrons closer to 
the deformed region. The results given in Table II are 
consistent with this idea. More data in this region are 
needed for a detailed understanding of the selection 
rule effect. Work is in progress in this laboratory on 
other elements in this region. 
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Study of the Differential Cross Sections of Deuteron Stripping Reactions 
as a Function of the Incident Energy* 
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Angular distributions for the reactions C!(d,p) and O'*(d,p) to the ground and first excited states of C™ 
and O" have been obtained at deuteron energies of 10.2, 12.4, and 14.8 Mev. These results and those of 
previous experiments at other energies between 3 and 19 Mev are compared with the predictions of the 
usual plane-wave Born approximation theory, due originally to Butler. The assumption of plane waves 
leads to the prediction that the differential cross section is a function of energy and scattering angle only 
through the transfer momentum q: angular distributions at different energies should coincide when plotted 
vs g. It is found that this is only approximately true on the main stripping peak of the angular distribution; 
at larger angles the cross section is a more complicated function of energy and angle. Furthermore the 
stripping peak itself shifts as a function of g, principally in the deuteron energy range 10 to 19 Mev. 


I. INTRODUCTION 
A. General 


HE angular distributions from deuteron stripping 

reactions on light nuclei at intermediate energies 
(~6 to 20 Mev) show a prominent forward peak whose 
shape and position can be well accounted for by a 
direct interaction theory, due originally to Butler. At 
angles larger than that of the stripping peak the theory 
usually does not agree with experiment. Although 
many measurements of stripping angular distributions 
have been reported, the variation of the cross section 
with energy has not been studied very often so far 
mainly because no variable energy accelerators in the 
energy range of interest were available. Such measure- 
ments should be valuable because their comparison 
with theoretical predictions can help to elucidate the 
mechanism of the reactions. 

The present article reports on measurements on the 
C"(d,p) and O'*(d,p) reactions to the ground and first 
excited states of C’ and O', at deuteron energies of 
14.8, 12.4, and 10.2 Mev. These results and those of 
previous experiments at other energies (see Table I) 
are compared with theory. 

The (d,p) reactions on C” and O' are probably the 
stripping reactions most extensively studied so far. 
They were chosen for the present work because of 
general convenience and because the two fastest proton 
groups in each case can be separated with low resolution. 
Furthermore the closed shell structure of O'* should 
make the O'*(d,p)O" reaction a particularly favorable 
case for the validity of the simple theory. 


B. Theoretical Predictions 


The “crude”? stripping theory for the reaction 
V(d,p)¥ to a definite state of V is based on four main 


* Work partially done at the Sarah Mellon Scaife Radiation 
Laboratory and partially supported by the joint program of the 
Office of Naval Research and the Atomic Energy Commission. 

+ Permanent address: Dept. de Fisica, Faculdade de Filosofia, 
Universidade de Sao Paulo, Sao Paulo, Brasil. 

|S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

2 For a recent review of direct reaction theories, see N. Austern, 
in Fast Neutron Physics, edited by J. B. Marion and J. L. Fowler 
Interscience Publishers, Inc., New York, 1961). Sec. V.D. 


assumptions: 


(1) The cross section is calculated in Born approxi- 
mation using plane waves. 

(2) The proton-target interaction is neglected. 

(3) The neutron is captured into a state of definite 
orbital angular momentum / (shell-model assumption). 

(4) The matrix element integral is taken only over 
the region of configuration space where the proton is 
centered at the target 
nucleus; 79 is of the order of magnitude of the nuclear 
radius. 


outside a sphere of radius 7 


If we neglect the velocity dependence of the inter- 
action potential and if we assume that ro is energy- 
independent, then it follows from assumption (1) alone 
that the matrix element is a function of energy and 
scattering angle through only one parameter, the trans- 
fer momentum g= | K,— K,|, where K, and K, are the 
incoming deuteron and outgoing proton wave vectors.* 
The cross section has an additional weak energy de- 
pendence due to the phase-space factor K,/Ka which 
multiplies the matrix element.‘ 

The other assumptions, (2), (3), and (4), allow one 
to calculate the precise form of the dependence of the 
cross section on g. One finds a function which has a 
large peak at some small value of g, g~0.3° and smaller 
peaks at larger values of g. Now g is a monotonically 
increasing function of the scattering angle 6: 


g’?=K +-K ?—2K pKa cos6, 


and the peak at small g corresponds to a peak in the 
angular distribution at small @. When the deuteron 
energy is decreased, the 6 corresponding to a given q 
(and therefore to a 
consequently the angular distribution predicted by the 
theory shifts towards larger angles when the energy is 


given cross section) increases; 


The expression given for g assumes the target mass to be 
infinite; the correct expression, used in the computations in the 
present work, is g=|Kua—[A/(4+1)]K,|, where A is the mass 
number of the target 

4K,/Ka increases by 10° from E4=19 to 8 Mev, and by 25% 
from 19 to 4 Mev, for the C™ g.s. group, and changes much less 
for the other three groups 


» The unit of length is 10-" cm=1 fermi. 
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Fic. 1. Schematic diagram of the beam energy degrading 
system, target and Faraday cup. 


decreased, without changing its shape appreciably. For 
example, the C"(d,p)C™ ground-state (g.s.) angular 
distribution should shift by ~2.5° when the deuteron 
energy £4 changes from 14.8 to 12.4 Mev. However if 
the differential cross section is plotted vs q (qg plot) 
instead of vs 6, the cross sections measured at different 
energies should coincide. We emphasize again that this 


TasBLe I. Angular distribution measurements on the C™(d,p)C™ 
and O'*(d,p)O" reactions at deuteron energies above ~3 Mev. 


Refer- 
ence 


Deuteron lab 
energy (Mev) 


Quoted error in 
absolute o 


Authors 


C®(d,p)C8 

5-10% McEllistrem ef al. 

10°; Holmgren et al. 

not quoted Bonner et al. 

30% Zaika et al. 

not quoted Rotblat 

10% Green and Middleton 

30% Zaika et al. 

25% Present work 

30% Zaika et al. 

20°; McGruer e¢ al., Mayo 
and Hamburger, and 
present work 

20% Morita ef al. 

~5% Freemantle et al. 


O'* (d,p)O" 


10° Grosskreutz j 
10% Stratton et al. k 
~15% Baumgartner and | 
Fulbright 

Burge et al. and Holt m,n 
and Marsham 

Green and Middleton  f 


~6% 


absolute o 
not measured 


30% Present work 
7507 


5% Present work 
5% Keller and present 
work 


8% Freemantle et al. 


* M. T. McEllistrem et al., Phys. Rev. 104, 1008 (1956). 
mgren et al., Phys. Rev. 95, 1544 (1954). 
W. Bonner et al., Phys. Rev. 101, 209 (1956). 
4N. I. Zaika et al., J. Exptl Theoret. Phys. (U.S.S.R.) 39, 3 (1960) 
translation: Soviet Phys.—JETP 12, 1 (1961)]. 
J. Rotblat, Nature 167, 1027 (1951). 
‘T. S. Green and R. Middleton, Proc. Phys. Soc. (London) A69, 28 
1956 
«J. N. McGruer ef al., Phys. Rev. 100, 235 (1955). See also reference 8. 
6 S. Morita et al., J. Phys. Soc. Japan 15, 550 (1960). 
R. G. Freemantle et al., Phil. Mag. 45, 1200 (1954). 
i J. C. Grosskreutz, Phys. Rev. 101, 706 (1956). 
« T. F. Stratton et al., Phys. Rev. 98, 629 (1955). 
E. Baumgartner and H. W. Fulbright, Phys. Rev. 107, 219 (1957). 
E. J. Burge et al., Proc. Roy. Soc. (London) A210, 534 (1951). 
® J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) A66, 1032 
1953 
E. L. Keller, Phys. Rev. 121, 820 (1961). The data shown in the figures 
ire from the preliminary results of this work. The final results are slightly 
different, but for the purposes of this paper the difference is unimportant 
» R. G. Freemantle et al., Phys. Rev. 92, 1268 (1953). 


prediction of the theory is a consequence only of the 
plane wave assumption (1) and of the assumption of 
constant fo. 

The principal aim of the present work was to test 
this particular prediction of the theory and thereby 
test assumption (1). 


Il. EXPERIMENTAL PROCEDURE 


The external deuteron beam from the University of 
Pittsburgh cyclotron is focused and analyzed by two 
magnetic spectrometers before hitting the target. The 
reaction products are selected by a third magnetic 
spectrometer which can be rotated about the target, 
and are detected in nuclear emulsions.*:7 The emulsions 
were covered with aluminum foil so that deuterons and 
other particles were stopped and only protons produced 
tracks. 

The energy of the beam from the cyclotron varies in 
the range 14.7-14.9 Mev, according to the tuning. 
Previous experience indicated that the stripping cross 
sections do not vary appreciably in this interval. In 
order to vary the energy by larger amounts, tantalum 
absorber foils were inserted in the beam path. These 
foils cause two important side effects: (1) the energy 
spread of the beam is increased: the over-all resolution 
changed from ~70 kev at full beam energy to ~ 200 
kev at 12.4 Mev and ~300 kev at 10.2 Mev. (2) Mul- 
tiple scattering makes the beam fan out. In order to 
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DEUTERON 


have reasonable beam intensity the target must then 
be close behind the degrading foil. On the other hand, a 
collimator must be inserted between the foil and the 
target, in order to define the incident beam direction 
and to make possible the collection of the beam in a 
Faraday cup behind the target. 

Figure 1 shows the experimental arrangement. The 
foils could be changed without breaking the vacuum. 
The collimating slits were 1.6 mm wide, 12 mm high 
and ~50 mm apart, allowing maximum scattering 
angles of ~2° horizontally and ~14° vertically. The 
Faraday cup collected all particles scattered by less 
than 3° horizontally and 8° vertically. A few percent 
of the incoming particles were therefore not collected 
in the Faraday cup. The reproducibility of the data, 
and in particular the reliability of the cup as a monitor, 
were checked by making exposures with the degrading 
foils at different distances from the collimator. The 
results were consistent within + 10% in the carbon work 
and in the oxygen work at 12.4 Mev, but a difference 
of 20% appeared in one of the oxygen exposures at 
10.2 Mev. 

The collimator reduced the cross-sectional area of 
the beam by a factor 4 and insertion of the thicker foil 
reduced the intensity by another factor 5. However the 
cross sections are large and the total cyclotron running 
time was only a few days. 

The targets were ~ 2 mg/cm? thick. The carbon target 
was polyethylene sheet coated on both sides with 
~0.05 mg/cm? silver. The oxygen targets were NiO, 
prepared by J. C. Armstrong by completely oxidizing 
a Ni foil. The background produced by the nickel in 
the oxygen exposures was appreciable only at large 
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Fic. 3. Angular distributions for the C"(d,p)C* g.s. reaction 
at /a=14.7, 12.4, and 10.2 Mev, with theoretical stripping 
curves. 
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Fic. 4. Angular distributions for the C"(d,p)C 3.09-Mev re- 
action at £g=14.8, 12.4 and 10.2 Mev. The two theoretical curves 
at 14.8 Mev show that the data at small angles can be fit by a 
wide range of theoretical curves. 


angles. No background was observed in the carbon 
work, showing that proton production in the degrading 
foil was negligible, as expected for a heavy element such 
as tantalum. Typical spectra are shown in Fig. 2. 

The absolute cross section of the C"(d,p)C® g.s. re- 
action at Eg= 14.8 Mev has been measured previously 
to be 15.5 mb/sr+20% at the peak of the angular dis- 
tribution.2 The O'*(d,p)O" g.s. peak cross section, 
measured relative to the above, is 34 mb/sr+25%.? 
These two cross sections were taken as references in 
the present work, in which only relative cross sections 
were measured. The error in the relative cross sections 
is estirnated to be less than +10%for the carbon groups; 
for the oxygen groups it is estimated to be less than 
+15% at Ez=14.8 and 12.4, and less than +20% at 
10.2 Mev. 


III. RESULTS AND DISCUSSION 


A. Stripping Reduced Width and Radius 
as a Function of Energy 


Figures 3 to 6 show the data obtained at 14.8 Mev 
(data from references g and o in Table I and from the 
present work), 12.4 and 10.2 Mev. Theoretical stripping 
curves have been compared with the data and reduced 
widths ©? have been extracted.’ These parameters are 

8S. Mayo and E. W. Hamburger, Appendix A of reference 7. 

®The method of extracting reduced widths is discussed by 
M. H. Macfarlane and J. B. French, Revs. Modern Phys. 32, 
567 (1960). 





given 


in Table II with the uncertainties due only to the 
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TABLE II. Parameters of stripping curves. 


Ea=10.2 Mev 
oe ro 


I-a=12.4 Mev 
ey 
0.047 +0.004 


0.14 +0.02 
0.038+0.003 


0.034+0.003 5.6+0.. 
0.13 +0.02 5.3+0.. 
0.039+0.003 4.6+0.. 


=14.8 Mev 
’&- 
0.055+0.005 


0.16 +0.05 
0.034+0.003 


increasing energy, by ~ 40° from 10 to 15 Mev. How- 


ambiguities of the fits. No parameters were extracted 
for the C *(d,p)C® 3.09-Mev group: there are too few 
experimental points at small angles. 

The table shows that, for all groups ro increases as 
the energy is decreased. This is because the angular 


distributions do not shift toward larger angles as the 


energy is decreased (see following sections): instead of 
shifting, the stripping peak just grows as the energy 
decreases, in this energy region. The increase in fr» is 
10 to 20° when FE, changes from 15 to 10 Mev 

The reduced widths depend on the absolute cross 
sections and are therefore more sensitive to experi- 
mental errors. Within the quoted precision of the 
measurements the reduced widths of the O'’ 0.87-Mev 
and C® ground-state groups are constant, although ©* 
for the latter group seems to increase slightly with de- 
creasing energy (~ 10% from 15 to 10 Mev). The value 
0.039 for this group at 10.2 Mev agrees well with the 
value 0.042 extracted’ from the 9 Mev data (Table I, 
reference f 


The O" ground-state reduced width decreases with 
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Fic. 5. Angular distributions for the O'*(d,p)O" g.s. reaction 


at E£g=14.8, 12.4, and 10.2 Mev, with theoretical stripping 
curves 
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ever, the reduced width extracted’ from the 7.7-Mev 
data (Table I, m,n) is as large as that at 14.8 Mev, so 
that it seems that ©? goes through a minimum at ~10 
Mev. More accurate data are needed, however, before 
this conclusion can be definitely drawn. 


B. Positions of the Maxima and Minima in the 
Angular Distributions at Different Energies 


In this section we examine the energy variation of 
qualitative features of the angular distributions, viz., 
the positions of the peaks and valleys. Such a discussion 
has the advantage that it depends only on the shapes 
of the angular distributions and not on the comparison 
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Fic. 7. C®(d,p)C® g.s. Position of the peaks and valleys in the 
angular distributions as a function of deuteron energy. 





of cross sections measured at different energies (and at 
different laboratories), which are experimentally less 
certain. Furthermore the discussion can include data 


down to very low deuteron energies, where sharp reso- 
nances occur, because the resonances usually do not 
shift the positions of the peaks by more than 10°. 
Figures 7 to 10 show the positions of the maxima 
and minima as a function of deuteron energy for the 
four groups studied. References are given in Table | 
and some of the data are reproduced in Figs. 11-14; 


estimated uncertainties are given. Also shown are 
curves giving the angle of constant transfer momentum 
gy as a function of energy. If the “crude” theory outlined 
in the Introduction were correct, all points corresponding 
to a given maximum (or minimum) should fall on one 
such curve. The figures show that for deuteron energies 
between 3 and 9 Mev the points follow such a curve 
approximately. For energies above 10 Mev, however, 
all the peaks and valleys shift much less than predicted 
by the curves. Consequently curves which fit the points 
at low energies fall below the high-energy points. The 
QO" ground-state group is an exception, in which the 
lack of shifting above 10 Mev appears to be compen 
sated by a large shift between 9 and 10 Mev. 


C. Detailed Comparison with the Plane 
Wave Assumption 


In order to verify whether g is the only important 
parameter, we plot in Figs. 15-18 the measured differ 
ential cross sections from this and previous experiments 


vs g. Figures 11-14 show the same data plotted vs 
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Fic. 8. C#(d,p)C™ 3.09 Mev. Position of the peaks and valleys in 
the angular distributions as a function of deuteron energy 


center-of-mass (c.m.) scattering angle 0... References 
are given in Table I. Not all the available data are 
shown; in particular, the recent experiments of Morita 
el al. (Table I), and of Zaika ef al. (Table I) on 
C?(d,p)C were not included. 

A first glance at the graphs reveals two significant 
points: (i) the order of magnitude of the cross sections 
is the same at all energies, indicating the predominance 
of direct interactions over resonance processes. (ii) Al- 
though the data plotted vs g do not fall on a single line, 
as predicted by plane wave theory, they do tend to 
“bunch” closer together than on the @..., graph. This 
was to be expected, since plane wave theory yields ap- 
proximately correct results for the angular distributions. 

We now discuss each group: 


(a) The C"® ground-state group (/= 1), Fig. 15, shows 
good agreement with plane wave theory on the slope 
of the stripping peak, 0.3<q<0.5, for all energies. 
There are three sets of data which disagree with the 
“universal” curve obtained for this reaction at the 
stripping peak: (a) The data of Bonner e¢ al. (Table I) 
at 4.51 Mev; no error is quoted on the cross sections in 
this experiment. The data may be compared to that of 
Holmgren e/ al. (Table I) which give a cross section 1.6 
times larger than that of Bonner ef al. at 3.29 Mev and 
30°. If we accept the Holmgren e/ a/. (Table 1) measure- 
ment as being correct (the quoted error is 10%) and 
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Fic. 9. O'8(d,p)O" g.s. Position of the peaks and valleys in the 
angular distributions as a function of deuteron energy. 
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multiply the data of Bonner ef al. by a factor 1.6, very 
good agreement is obtained, as shown in Fig. 15. (8) The 
data of Rotblat at 8 Mev; again no errors are quoted 
on the absolute cross section. If we multiply the cross 
section by a factor 0.75 very good agreement is obtained, 
as shown in Fig. 15. (y) The data of Zaika ef al. (Table 
1); the quoted error on the absolute cross section is 
+30. The cross sections at the peaks of the angular 
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distributions are given as 13, 14, and 18 mb/sr for 
I 13.3, 12.1 and 9.55 Mev, respectively, about 30° 
lower than the values which would be expected at 
these energies by interpolation from the results of the 
present work. Such a difference is well within the quoted 
errors of the experiments. At the lowest energy, 7.15 
Mev, Zaika et al. (Table I) give a peak cross section 
which agrees with the data of Fig. 11 without the need 


of a normalization factor. In order to obtain agreement, 
therefore, we must suppose that the cross sections 
measured by Zaika e/ al. at their lowest energy are in 
error relative to their high-energy measurements by 
30%. 

In Sec. B we showed that the position of the stripping 
peak does not shift along a constant g curve (see Fig. 7). 
Therefore, the peak position must shift on a o vs g 
plot, as shown in Fig. 15. It is interesting to note, how- 
ever, that this shift of the maximum in Fig. 15 does 
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Fic. 12. O'(d,p)O" gs. ‘asured differential cross sections at 
several deuteron energie lotted vs center-of-mass scattering 
angle. References in T: 


not correspond to a shift of the peak as a whole; the 
slope, as we have just seen, remains fixed. It is only the 
point at which the data break away from the constant 
slope region that shifts, as illustrated in Fig. 19. The 
same behavior is responsible for the change in the value 
of the peak cross section, which in turn causes the change 
in reduced width with energy. 

At large g values, g>0.55, the agreement is much 
poorer. In general the cross section at a given g in this 
region tends to increase with decreasing energy. The 
secondary peak at g~0.8 shifts to lower g and increases 
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DEUTERON 
between 19 and 10 Mev but disappears at 8 Mev. At 
low energies the cross section shows a large backward 
rise which does not exist at 8 Mev or above 15 Mev. 
It does not seem to be related to the diffraction-like 
peak which appears at ~ 120° at 14.9, 13.3, 12.1 and 
9.55 Mev. This diffraction peak appears rather sud- 
denly between 8 and 9.55 Mev, as remarked by Zaika 
el al. (Table I). At higher energies it gradually dimin- 
ishes until it has essentially disappeared at 16.6 Mev. 
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Fic. 14. O!(d,p)O' 0.87 Mev. Measured differential cross sec 
tions at several deuteron energies plotted vs center-of-mass 
scattering angle. References in Table I 


(b) The O" ground-state group (/=2), Figs. 12 and 
16, shows good agreement with plane wave theory on 
the whole stripping peak (0.1 <q <0.6), for all energies 
(at 9 Mev no absolute cross section was measured; the 
data were normalized to agree with the neighboring 
energies). For energies above 8 Mev the agreement 
extends to g~1.0, although the 19-Mev data are 
systematically lower than the 8, 10.2, 12.4, and 14.8- 
Mev data, which approximately agree. The 8-Mev data 
show a secondary peak at g~1.2 which the other data 
do not show. The position of the main stripping peak 
shifts somewhat on the g plot because the peak in the 6 
plot does not shift enough (see Sec. B); in particular, 
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®(d,p)O" g.s. Data of Fig. 12 plotted vs 

transier momentum qg 
we see the sudden shift toward smaller g from 9 to 10 
Mev, and the gradual shifting back toward higher ¢ 
between 10 and 15 Mev. The slope of the peak also 
shifts: the behavior is different from that of the C* 
ground-state group discussed in the preceding paragraph. 

(c) The two /=0 groups corresponding to the first 
excited states of C® and O"”, Figs. 13, 14, 17, and 18, 
show similar behavior. The slope of the main stripping 
peak moves towards larger angles on the @ plot as the 
energy is decreased ; however, it does not move as fast 
as predicted by the theory, so that on the g plot it moves 
towards smaller g as the energy is decreased. 

The secondary peaks grow as the energy is decreased, 
principally at low energies. They also shift toward lower 
q Values from 19 to 10 Mev, but remain at about the 
same g (~0.5) below 10 Mev. The O' 0.87-Mev group 
shows a third peak at g~1.0, which also grows and 
shifts towards smaller g as the energy is decreased. 
Above 13 Mev the C'* group also has a third peak, at 
~ 100° (references d, h, Table I). This peak (not shown 
in Fig. 8) does shift to smaller angles as the energy is 
increased, approximately as predicted by the plane- 
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wave theory. It is interesting that for the /=0 transi- 
tions the structure in the angular distribution at large 
angles does not disappear when the energy is increased, 


as it does for the C™ ground-state group (/=1). The 


shifting of the peaks in the g plot is of course related to 
the lack of shifting in the @ plot, discussed in Sec. B. It 
can be approximately compensated for, in the crude 
theory, by an increase of the cutoff radius ry with de- 
creasing energy. The change in the height of the peaks, 


however, cannot be explained by this theory. 


D. Conclusion 


The transfer momentum g is the dominating pa- 
rameter on the stripping peak. At larger angles the 
cross section has a more complicated angular and energy 
dependence, principally at low energies. Two of the 
results seem specially significant: the lack of shifting 
of the angular distributions on the @ plots at energies 
above 10 Mev, and the growth of the cross section at 


large angles when the energy is decreased. The plane 





STERADIAN 


MILLIBARNS 











Fic. 19. Illustration of the behavior of the C"(d,p)C g.s 
differential cross section. 


wave assumption (1) appears to represent only a first 
crude approximation to the true wave functions. 
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\ calculation is made of the effect of a charge-dependent internucleon potential on the O"4(0*, T7=1 
N'(0*, T7=1) 8-decay matrix element. It is found that a not unreasonable strength and form for such a 


potential can lead to a reduction in the matrix element 


1% which is of the right order of magnitude to 


resolve the present ise repancy between the B- and yu dec ay polar vector coupling constants 


HE remarkable near equality of the polar vector 

coupling constant Gy in beta decay and _ the 
coupling constant G, in uw decay led Feynman and Gell- 
Mann,! in the context of a universal Fermi interaction, 
to propose that the strangeness-conserving polar vector 
part of the current responsible for the weak interactions 
should be conserved. It is then expected that when 
electromagnetic radiative corrections are taken into 
account? “an exact equality in Gy and G, is obtained. In 
spite of uncertainties in the evaluation of these correc- 
tions it has proved difficult, if not impossible, to obtain 
such an equality from the experimental data® and an 
outstanding discrepancy of at least 1-2% in G? seems to 
remain. 

Now Gy is most accurately determined from the 
0*(T=1, T.=1) + 0*(T=1, T.=0) beta transition of 
O'—> N", and it is conceivable that the above dis- 
crepancy from a deviation of the O4— N" 
nuclear matrix element from the usually accepted value 
of v2. The deviation can be a consequence of (a) charge- 


arises 


dependent effects leading to isotopic spin impurities, 
(b) relativistic effects, and (c) contributions from second- 
forbidden matrix elements. Estimates of (a) taking into 
account the Coulomb potential® and of (b)78 and (c)* 
have suggested, however, that these effects are an order 
of magnitude too small to reconcile Gy with G,. 

The purpose of this paper is to report a calculation of 
the additional effects stemming from a charge depend- 
ence of the internucleon potential. Such a charge de- 
pendence is to be expected both from the mass difference 
of the neutral and charged pions’ and the difference in 
the electromagnetic radiative corrections to the mv’, 
npr, and ppr® vertices." 
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Consider a charge-independent nuclear Hamiltonian 
Hy with eigenfunctions y, and eigenvalues /,, each 
eigenfunction corresponding to some definite isotopic 
spin 7. States of the same and different isotopic spin are 
then mixed in by a charge-dependent perturbation H’ 
which we take to be 


H’=H.+4H),, 


with 


| rl T- 


[ 
= 
jo’? -o'} exp(—ri7/u). 


H. is the charge-dependent part of the usual Coulomb 
potential and H, the most general (apart from radial 
dependence) static, charge-dependent, central potential 
that can be constructed. p, g, r, and s measure the extent 
of the charge dependence of the internucleon potential 
but H, is not to be regarded as the actual charge- 
dependent part of the potential. Rather it is an effective 
potential suitable for use in shell model calculations. Vo 
is the strength of the central part of the effective two- 
body charge-independent potential" and the remaining 
symbols have their usual meanings. 

In essentially the notation of MacDonald® the square 
of the Fermi matrix element for the O" — N" transition 
is given explicitly by 


M yr? =2(1 


where 


=>, [ (a, —b,)?+ (a,)?+ (a, 


+ (bh, )?—2v3a,b,™ J. 


Here a,‘” and b,‘” are the amplitudes with which states 
vy with isotopic spin T are mixed into the relevant zero- 
order states of N“ and O'7, respectively. They are 
calculated by first-order perturbation theory, treating H’ 
as a perturbation, and have the form (v7 H’'01)/AE,, 
where AZ, is an appropriate energy denominator and 
the zero-order states in O' and N" are labeled v=0, 
T=1. 

In shell model notation the zero-order states have the 
configuration (1s)4(1p)" and there are two types of 


" W.M. Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957). 
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admixed states to be considered : (i) states which involve 
just a recoupling of the 1p-shell nucleons, and (ii) states 
in which nucleons are excited out of the 1s and 1) shells 
into higher levels. We are con erned here with excited 
states of type (i) since such states have associated with 
them a much smaller energy denominator than those of 
type ii) and are therefore expec ted to give the dominant 
contribution to 6. There is, in fact, only one such state in 
N" and O'%7, namely, another 7=1, O* state. 

The two 7=1, 0* states can be written as linear com- 
binations of the 1S» and *Po 1p-shell states, the appro- 
priate combination being determined by the assumed 
nature of the charge-independent internucleon poten- 
tial. A treatment of these states has been given by 
Visscher and Ferrell" who obtain 


1 


fa 'Sot+B°P ]Xim-r, 


= 


1o Soa P» |X ImT’, 


where X spin triplet function with 
O' and m7r=0 to N*. The 
implitudes a and 8 can be determined either by 
diagonalizing the relevant matrix after assuming some 
form for Hy or semiempirically. Visscher and Ferrell" 
adopt both approaches but the values they obtain for 
« and @ are not significantly different. 

and 6° due to the mutual 
admixing of y,, and ¢,, by H’ is straightforward and we 
obtain finally 


= } 


is an isotopic 


My 1 corre sponding to 


The calculation of a 


AE(a ad{8(r—s)L+[10(qg—p)+6(r—s) JK}, 


where Land K are the usual 1p-shell direct and exchange 
integrals evaluated for a potential of strength V». There 
is no contribution from the Coulomb potential H since 
we are neutron 
neutron and a proton hole. Our results are not sensitive 
to the values of 1 and K and we take the values quoted 
by Visscher and Ferrell,"! 2 = —7.05 Mev and A = —1.12 
Mev to 


dex ling either with two holes or a 


vec 


a} 


AE ad —{ aB[ 63.1 fF —11.2(g—p 


LND J 


rTOURNEUX 

The main evidence regarding the charge-dependent 
nature of nuclear forces comes from the difference in the 
singlet scattering lengths for proton-proton and neutron- 
proton scattering. This difference can be accounted for 
if the pp and wp internucleon potentials differ by 
3%,"*:8 and we therefore assume that the parameters 
p, ---s may be of the order of magnitude 0.03. Clearly, 
the largest effect is then obtained if 7, has a strong spin 
dependence (s, r>p, g). Such a dependence is, in fact, 
obtained in the lowest order charge-dependent potential 
deduced by Riazuddin"” although such a low-order 
calculation is probably not very significant. Neverthe- 
less in order to obtain some estimate of the possible size 
of charge-dependent effects, we put g—p=0 and s—r 
=0.03. Taking AE=6.3 Mev, the experimentally ob- 
served separation between the two 0*, 7 


1 levels in 
N™ and afS=0.49, the semiempirical value used by 
Visscher and Ferrell,'' then gives 6~2°% which is an 
effect of the required order of magnitude. 

Admixtures of states of type (ii) due to H/’ could also 
lead to further small contributions to 6 but because of 
the associated large energy denominators are unlikely 
to be very appreciable. Calculations to estimate this 
additional effect are under way. 

Clearly the foregoing figures should be taken as order 
of magnitude estimates only. However the calculations 
reported here do indicate that the O™ decay is sensitive 
to a charge dependence of the internucleon potential and 
that a not unreasonable value for this dependence can 
which well be sufficient to 


lead to 6=1—2% may 


reconcile Gy with G,. 
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Measurements of delayed coincidences between 4 
excited by slow-neutron capture in various nuclei 


11.4 


rays were 
The half-lives found were: 
*2 nsec, second excited level 5.1+0.5 nsec; Rh, first excited level 2.6+0.2 nsec, 
< 0.6 nsec; Cu™, first excited level < 0.3 nsec, second excited level < 0.3 nsec; AP’, first excited level 2.34 
nsec; [28, 30-kev level 8.8+ 1.0 nsec, 137-kev level 8.0+ 0.6 nsec, 


half-lives of states 


first 


the 


Mn*, 


used to determine 
excited level 
96-kev transition 
0.2 


90-kev transition <0.7 nsec. Measurements 


of pulse-height spectra satisfying the condition of prompt and delayed coincidence and measurements at 


neutron resonances of iodine were used to establish the presence of excited states at 30 and 137 kev in I! 


A previously unreported neutron resonance was observed in I'?? at 


I. INTRODUCTION 


BSORPTION of a slow neutron by a nucleus 
usually results in the prompt emission of a cas- 
cade of y rays which appreciably populates low-lying 
states of both parities and various spins. The observa- 
tion of the low-energy part of a capture-y-ray spectrum 
thus sometimes reveals transitions inaccessible by 8 
decay because of spin considerations. In addition, many 
of the isotopes which can be excited by neutron capture, 
especially odd-odd nuclei, cannot be reached by 8 decay. 
In spite of the fact that y rays from capture of thermal 
neutrons in about 60 elements have already been 
studied, very few of these spectra, even among the light 
elements, are understood in detail.' This is especially 
true of the lifetimes of low-lying states, which depend 
on specific nuclear mechanisms—in contrast to internal 
conversion processes, which shotild not depend on the 
details of nuclear structure. Only one experiment on 
the lifetimes of excited states fed by neutron capture 
has, however, been reported in the literature. This was 
a determination of the half-lives of the 26-, 109-, and 
210-kev levels in Mn** by D’Angelo.* 

The present paper describes work done on the deter- 
mination of the half-lives for the 26- and 109-kev states 
in Mn*®, the 51-kev state and the state associated with 
a 96-kev transition in Rh, the 159- and 275-kev states 
of Cu®, the 32-kev state of Al’*, and two states in I'**. 
The y-ray spectra from neutron capture in these iso- 
topes were also studied, and in some cases it was pos- 
sible to obtain new data in connection with the energies 
of excited states. 


II. APPARATUS 


In determining the half-lives of the excited states 
studied, samples of the elements investigated were 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission and the South African Atomic Energy Board 

f Permanent address: South African Atomic Energy Board, 
Pretoria, Union of South Africa 

'G. A. Bartholomew, in Nuclear Spectroscopy, edited by Fay 
\jzenberg-Selove (Academic Press, Inc., New York and London, 
1960), Part A, p. 306. 


>N. D'Angelo, Phys. Rev. 117, 510 (1960 


a neutron energy of 10.7 ev 


bombarded by a beam of thermal neutrons from the 
Argonne CP-5 reactor. Gamma rays coming from the 
sample were observed in delayed coincidences by two 
scintillators and photomultipliers. The pulses from the 
photomultipliers were simultaneously fed to fast and 
slow circuits. The fast circuitry measured the time dif- 
ference between pulses coming from the two photo- 
multipliers by means of a time-to-amplitude converter. 
The slow circuitry selected the specific events of interest, 
an integral bias being used in the one channel to select 
the high-energy y rays from the capture events, whereas 
a differential pulse-height discriminator in the other 
channel selected pulses caused by y rays of a specified 
low energy. The equipment used was essentially the 
same as that described by D’Angelo,? the curcuit used 
for time-to-amplitude conversion being based on that 
developed by Green and Bell.’ 

To form a beam that consisted predominantly of 
subthermal neutrons, free of y rays and fast neutrons, 
the beam hole in the CP-5 reactor was solidly plugged 
by lead cylinders having a total length of 49 cm. The 
beam was further filtered by passing it through 10 cm 
of bismuth and then defined by a collimator consisting 
of two layers of boral 6 mm thick alternated with two 
layers of lead, 5 cm thick. The samples used for irradia- 
tion were made to be approximately a half thickness 
for the specific y ray to be observed, and were suspended 
from a light aluminum strip at an angle of about 45 
to the beam direction. 

A plastic scintillator 38 mm high with a diameter of 
50 mm was viewed by an RCA-6342 photomultiplier 
to form a zero-time signal by detecting the high-energy 
capture y rays; and a Nal(Tl) crystal 6 mm thick by 
38 mm in diam, mounted on an RCA-6810A_ photo- 
multiplier, detected the low-energy y rays originating 
from the transition whose lifetime was to be determined. 
Although the technique used here is similar to the de- 
layed-coincidence techniques used for studying the life- 
times of states excited by 8 decay, and although a plastic 
scintillator would give better time resolution than the 
Nal(Tl) crystal, the complexity of the y spectra from 
Bell, Nuclear Instr. 3, 127 


kK. Green and R. E 1958 
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slow-neutron capture demands the higher energy resolu- 
tion of a NaI(T)) scintillator. 

To obtain favorable coincidence counting rates, the 
scintillation counters were placed as close together as 
possible without intercepting the beam. The scintilla- 
tion counters were screened from general background by 
a minimum of 10 cm of lead enclosed in boral and cad- 
mium. The neutron beam passed through an opening in 
the back of the shielding and into a beam catcher. Care 
was taken to suspend the samples with a minimum 
width of masking tape to reduce neutron scattering as 
much as possible. The disappearance of the prominent 
137-kev line of I'S from the spectrum observed by the 
NalI(TI) crystal was used as a criterion for determining 
whether neutron scattering had been reduced to ac- 
ceptable limits. An internal gate on the reactor was used 
to adjust the intensity of the neutron beam so that the 
counting rates in the separate channels did not overload 
the amplifiers and discriminators. 

It was found that the 6BN6 tubes used in the time- 
to-amplitude converter’ showed fairly wide variations 
in characteristics from tube to tube. The characteristics 
of twenty tubes were determined and the two tubes 
showing the best characteristics were selected for this 
work. The pulses from the converter were amplified 
and recorded on a transitorized 200-channel analyzer. 

Any maladjustment of the timing of pulses arriving 
at the diode supervisory coincidence circuit* with re- 
spect to that of pulses arriving at the 6BN6 may cause 
distortion of the delay curve at either end. The time 
calibration of the time-to-amplitude converter also 
changes with aging of the 6BN6 tube. To eliminate 
systematic errors that might be introduced by these 
factors, a time calibration was done after each run by 
shortening the cable, marked 287 cm in the circuit of 
Green and Bell,® in at least 5 successive steps to cover 
the whole time range of the circuit. This could be done 
in our case because this cable had to be made 1236 cm 
long to compensate for the greater delay in the 6810A 
photomultiplier compared to that of the 6342 photo- 
multiplier used in the “prompt” channel. Changing the 
length of this cable has the effect of introducing the same 
artificial delay for pulses arriving from the 6810A 
photomultiplier at both the diode coincidence circuit 
and the 6BN6 circuit and, in addition to supplying a 
time calibration, also serves as a check on the time 
linearity of the circuit. 


III. RESULTS 
A. Manganese-56 


The functioning of the equipment was checked by 
repeating D’Angelo’s measurements of the half-lives 
of the first two excited levels of Mn**. First the spectrum 
of Mn°® was observed with the NalI(Tl) crystal and 
found to be identical to that observed by D’Angelo,’ 
including the line at 137 kev which he correctly ascribed 
to neutron capture in the iodine of the Nal(TI) crystal. 
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Fic. 1. Level schemes of Cu®, Cu®, Rh'*, and 1 

It was, however, possible to eliminate this line completely 
by eliminating from the sample mounting all hydrogen- 
ous material that could scatter neutrons. 

Half-lives of 11.4 and 5.1+0.5 nsec were 
found for the first and second excited states of Mn*®, 
respectively, in agreement with the results of D’Angelo.’ 
The result for the first excited level is significant be- 
cause it is free of a systematic uncertainty which may 
be present in D’Angelo’s result for this state. A con- 
tribution from the I' spectrum is contained in 
D’Angelo’s measurement, as is shown by the presence 
of the 137-kev line in the spectrum observed by him. 
In the present work it was found that I'** has a line at 
30 kev with a half-life of 8.8 nsec, which may have in- 
fluenced the previous determination of the half-life of 
the 26-kev transition in Mn**, However, since the 137- 


nsec 


kev line was completely eliminated from our spectrum, 


the half-life determination of the Mn transition was 
not influenced by contributions from I'** in the present 
measurement. 


B. Rhodium-104 


The y-ray spectrum of Rh', when excited by neutron 
capture in Rh", has been studied by a number of 
workers.‘ The results of this work are summarized in 
the decay scheme for the low-lying states of Rh' 
shown in Fig. 1. The scheme shown is based on that 
given in the Nuclear Data Sheets"’ and by Estulin ef al.* 

A 0.112-g/cm? rhodium sample was made of powdered 
rhodium mixed with sulfur and placed in an aluminum 
can with a wall thickness of 4.5 mg /cm?. The spectrum 
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observed with the Nal(TI) crystal during neutron 
bombardment showed the same lines observed by 
Draper,’ i.e., at about 51, 96, 131, 185, and 220 kev. 
The 51-kev transition, which presumably results from 
the decay of the first excited state of Rh™, showed up 
even more prominently than in Draper’s spectrum. 

The 51- and 96-kev lines were chosen for study. Decay 
curves were taken by consistently requiring that the 
“prompt” y ray spend more than 400 kev of its energy 
in the plastic scintillator and that the energy lost in 
the NaI(T]) by the ‘‘delayed”’ y ray be within a window 
that lets through the peak at either 96 or 51 kev, the 
limits of the window being set to pass the peak out to 
half its maximum height on each side. 

The time-distribution curves obtained were com- 
pared to prompt resolution curves obtained by re- 
placing the rhodium sample by a sample of mcrcury 
(in the form of Hg2S), a material for which the high- 
energy y-ray spectrum is similar to that of rhodium and 
for which almost all of the y rays are expected to be 
emitted with a negligible delay. Mercury was chosen 
because the isotope Hg™ is responsible for almost 100% 
of the neutron capture and the Hg™ formed is a nuclide 
about which we have considerable information.*:" In 
particular, the low-energy spectrum is dominated by a 
308-kev y ray with an intensity of 40 quanta per 100 
neutrons captured. The half-life of the first excited 
state responsible for this transition is known to be about 
6X 10-" sec, which is effectively “prompt” for our pur- 
pose. Since the 368-kev transition is from a 2+ state 
to the 0* ground state, and since most of the transitions 
from higher states would be of a similar character but 
of higher energy, one has every reason to believe that 
the time delay for these transitions would be even 
shorter. Other elements for which most of the capture 
y radiation is expected to be prompt are cadmium and 
platinum. These materials were used instead of mercury 
when it was desirable to have a different high-energy 
y-ray spectrum. 

Although the mercury sample gave no resolved lines 
near the energies of the two rhodium lines investigated, 
there were sufficient counts from the Compton tail of 
high-energy y rays to ensure a reasonable coincidence 
counting rate when the single-channel rates were kept 
the same as in the case of rhodium. This was done con- 
sistently because the functioning of the electronic cir- 
cuits used for selecting the energy on the delayed side 
was to a certain extent dependent on the singles count- 
ing rate in this channel. 

The decay curve obtained for the 51-kev transition 
to the ground state of Rh' is shown as curve A in 
Fig. 2. For comparison, the “prompt” resolution curve 
obtained with mercury is shown as curve B. The number 
of counts/channel refers to curve A and is in arbitrary 
units for curve B. 

As the time-resolution curve at this energy is fairly 

"1D. Strominger, J. M. Hollander, and G. T. 


Seaborg, Revs 
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Fic. 2. Decay curve for 51-kev transitions in Rh" (curve A) 
Curve B shows the prompt time-resolution curve taken with 
mercury. Counts/channel for curve B in arbitrary units. 


broad, a calculation was made to ascertain the influence 
of resolution broadening on the shape of the measured 
decay curve. The calculation consisted of the evaluation 
of the equation” describing the convolution of the 
prompt resolution curve with the decay function f(d), 
namely, 


x 


d s(t) [ /YP(t—t)dt’, (1) 


adh 


where d;(/) is the curve to be expected for a state 
decaying according to f(t) and P(t) is the resolution 
curve. The prompt curve was assumed to be a Gaussian 
distribution having a width determined from only the 
right-hand side of the experimental resolution curve, 
since instrumental cutoff may cause a deformation of 
the left-hand side. The function f(/) was taken as e~'’” 
and the value of + was determined from the straight 
portion of curve A. Under these assumptions the inte- 
gration showed that d;(?) becomes a pure exponential 
decay with a mean life + beyond about channel 50. 
Consequently, only data points for channel numbers 
greater than 50 were used for evaluating the experi- 
mental half-life. 

It will be noted that curve A (Fig. 2) deviates slightly 
from the pure exponential shape above channel 85. 
This occurred because a slight malfunctioning of the 
diode supervisory circuit® allowed a small number of 
pulses of more than maximum overlap in the 6BN6 
circuit to slip through. 

Using only channels 50 to 85, one obtains a half-life 
of 2.6+0.2 nsec for the first excited level of Rh'*, The 
uncertainty given is an estimate of the possible magni- 
tude of systematic errors and is not determined by 
statistics. 

In the case of the 96-kev transition, the delay curve 
and the prompt curve were of similar shape over a total 
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of 3.5 decades, except for a small shift probably due to 
instability in the apparatus. This places an upper limit 
of 0.6 nsec on the half-life of this transition, the limit 
being set by the stability of the equipment. 

According to an argument given in the Nuclear 
Data Sheets," the 51-kev excited state of Rh'*is charac- 
terized by spin 2 and negative parity. Hence, the state 
is expected to decay to the 1* ground state by an F1 
radiative transition. Because of the scarcity of experi- 
mentally determined widths of low-energy F1 transi- 
tions for heavy nuclides, it is of interest to compare 
the width for the 51-kev transition of Rh™ with the 
Weisskopf estimate.’ The mean lifetime r, for the radia- 
tive transition is r,=(1+a)r, where a is the total in- 
ternal conversion coefficient. Using a value a=0.95, 
as given by Rose,"* we obtain r,=7.4 nsec. This value 
corresponds to a width of 9.0X 10~* ev. Hence, making 
use of the Weisskopf estimate in the convenient form 
given by Wilkinson,'® one finds that the ratio of the 
experimental width to the Weisskopf estimate is 3X 10, 
a value which indicates that the transition is greatly 
retarded. However, when the number 3X 10~ is com- 
pared with the values for other £1 transitions in heavy 
nuclides, as summarized by Wilkinson,'® one observes 
that the #1 transition for Rh" is not abnormally slow. 
Indeed, it is one of the fastest 1 transitions yet re- 
ported for the decay of a low-energy state of a heavy 


nu¢ lide : 


C. Copper-64 


Using the Cu®(d,p)Cu®™ and Cu®(d,p)Cu® reactions 
on separated isotopes, de Figueiredo ef al.'® found 
excited states at 15948 and 277+8 kev in Cu®™ and 
at 18348 and 272+8 kev in Cu. The low-energy 
gamma spectra of Cu®™ and Cu® bombarded by thermal 
neutrons were studied by Skliarevskii ef al.,'7 who also 
used separated isotopes of « opper. In the Cu®™ spectrum 
they observed lines at 15545, 205410, and 276+10 
kev; and in the Cu® spectrum lines were observed at 
92+5 and 180+10 kev. Except for the 205-kev transi- 
tion, these lines can be 
between the low-lying 
ef al.,' 


explained as due to transitions 
states found by de Figueiredo 
as shown in Fig. 1. All five lines, but with some- 
what different energies, were also found by Urbanec 
ef al.'* in the neutron-capture y-ray spectrum of natural 
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Fic. 3. Singles spectrum of capture y rays from natural copper 
copper. The lines at 137, 88, and 33 kev in their pub- 
lished spectrum are presumably due to neutron capture 
in the NalI(Tl) crystal since, as seen in Fig. 3, these 
lines do not appear in the spectra measured in the 
present experiment. Our spectrum was taken with a 
10X10 cm Nal(Tl) crystal well shielded from neu- 
trons by using a B,C filter between the copper sample 
and the detecting crystal. 

As Fig. 3 shows, the only lines that appear promi- 
nently in the spectrum of normal copper are those at 
91+4 and 186+5 kev from Cu and at 159+2 and 
27543 kev from Cu™. The arrangement of the low- 
lying levels in Cu®™ and Cu® (Fig. 1) was taken from 
reference 6, except that the energies of the two lowest 
states in each case were altered to be consistent with 
the values of the y-ray energies found in this work. In 
the case of Cu, at least, the energies derived in this 
way are probably more accurate than those given by 
the (d,p) measurements." 

Delay runs were done on the 275- and 159-kev 
transitions in Cu®™. The time curve obtained for the 275- 
kev line was compared to a prompt curve obtained by 
bombarding a platinum foil in place of the copper 
sample. The prompt curves and delay curves looked 
alike and allowed an upper limit of 0.3 nsec to be 
placed on the half-life of the second excited level of Cu™ 

The decay curve taken for the 159-kev transition in 
Cu®™ was compared with prompt curves obtained by 
irradiating platinum, mercury, and cadmium. A total 
of 4 delay curves and 8 prompt curves showed the same 
form, with maximum centroid shifts equivalent to a 
half-life of 0.3 nsec. As the shift was not reproducible, 
this must be ascribed to instrumental instability and 
allows an upper limit of 0.3 nsec to be set on the half-life 
of the lowest level of Cu™. 


D. Aluminum-28 


The first excited state of Al’ is at 32 kev,'' and a 
32-kev line was the only low-energy line observed in 
the capture y spectrum of an aluminum source exposed 
to thermal neutrons. The Nal(Tl) well 


crystal was 
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shielded from thermal neutrons by means of a ByC 
filter. 

Figure 4 shows the decay curve of the first excited 
state, curve A, and a prompt curve B obtained by using 
the mercury sample. The data were analyzed as de- 
scribed for the 51-kev transition in Rh'*, This analysis 
showed that the shape of the decay curve is not in- 
fluenced by the width of the prompt resolution curve 
above channel 30. A weighted least-squares fit to the 
data above channel 30 gave a half-life of 2.322+0.03 nsec 
for the decay of this state. Observed changes in the 
position of the prompt resolution peak during the 
course of these runs lead us to assign a wider margin of 
error and to give the half-life as 2.3+0.2 nsec. This 
value agrees within the experimental error with the 
value 2.1+0.3 nsec found by Severiens and Hanna," 
who used a recoil technique. 


E. Iodine-128 


Although a number of papers have reported informa- 
tion about the low-energy y rays from neutron capture 
in I'*?, the data are incomplete and in some cases con- 
tradictory. Reier and Shamos*’ found a weak line at 
255 kev and indications of a very intense capture y ray 
at about 85 kev. Balzer ef a/.*' found low-energy lines 
at 260+15 and 130+10 kev, the intensity of the 130- 
kev line being no bigger than that of the 260-kev line. 
Draper,’ on the other hand, found a very prominent 
135-kev line and evidence of only weak transitions at 
80 kev and in the 240 300 kev region, in substantial 
agreement with Estulin ef al.7’> who, however, did not 
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Fic. 4. A. Decay curve for 32-kev transitions in AP*. B. Prompt 
time-resolution curve using mercury as source. Counts/channel in 
arbitrary units for curve B 
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Fic. 5. Neutron-capture y-ray spectra of I taken with Nal(T1 
crystal 6 mm thick. A. Singles spectrum with external sample. 
B. Singles spectrum with detector crystal as target. C. Prompt 
coincidence spectrum with crystal as target. D. Delayed coinci 
dence spectrum with detector crystal as target 


observe a line at 80 kev when their counter was shielded 
with B,C. In subsequent work, Kalinkin ef al.” re- 
solved the 135-kev peak and found I'** lines at 28+2, 
13543, and 158+4 kev with 23, 20, and 7.5 gamma 
quanta, respectively, emitted per 100 neutrons cap- 
tured in I'*’. The line at 28 kev was ascribed to charac- 
teristic A radiation caused by internal conversion of 
the y rays from the I(,y) reaction. 

In the course of this investigation it was found that 
the decay of I'** following neutron capture is rather 
more involved than had so far been recognized. The 
low-energy capture-y-ray spectrum of a 100 mg cm* 
sample of Nal irradiated by thermal neutrons is shown 
in Fig. 5, curve A. NaI was used for the target because 
it is in a convenient chemical form. Sodium is expected 
to contribute little to the observed spectrum because 
the thermal-neutron-capture cross section for iodine is 

21.. F. Kalinkin, A. S. Melioranskii, and I. V 
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almost 13 times as large as for sodium. A Nal(TI) crys- 
mm thick was used as detector and was well 
screened from scattered neutrons by using a B,C filter. 
Prominent lines appeared at 137 and 30 kev. The width 
and asymmetry of the 137-kev line indicates that it 
consists of at least two lines, in agreement with the 
results found by Kalinkin e¢ a/.” There is, however, no 
evidence of the line at 80 kev observed by Draper.’ The 
ines at 61 and about 70 kev are probably caused by 
background radiations. 


tal 6 


Figure 5, curve B, shows the same spectrum, but 
this time the 6-mm crystal itself was used as target 
in the thermal neutron beam. Again the lines at 137 
nd 30 kev appear, with the relative intensities altered 
in favor of the 137-kev line by a factor of almost two. 
\ line observed at about 90 kev under these conditions 
s discussed later. 

Since the 137-, 90-, and 30-kev lines are the most 
prominent in the y spectrum, the window of the dif- 
ferential discriminator in the ‘‘delayed” channel of the 
time-measuring equipment was set on these lines, and 
the half-lives were determined. Figure 6 shows the time 
distribution for the 137-kev decay. The sample used was 
the 100-mg/cm? Nal sample, and the NaI(TI) scintil- 
lator itself was well shielded from scattered neutrons by 
a B,C filter. The decay curve in Fig. 6 is actually a 
omposite of separate runs with various delays intro- 


ced in the prompt channel to enable the curve to be 


followed for longer delay times. The prompt resolution 
curve, given for comparison, was obtained by using the 
capture y rays from cadmium as a source of prompt 
coincidences. 

Figure 6 shows that the decay is complex, consisting 
of a part that is approximately prompt and a part 
with a half-life of 8.0+0.6 nsec. By extrapolating the 
exponential portion in both directions, deducting the 
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extrapolated curve from the experimental curve, and 
using the form of the prompt time-resolution curve as a 
guide, it is possible to estimate the ratio of prompt to 
delayed decays as 1.4:1. 

To obtain a favorable coincidence counting rate for 
the 30-kev transition, the 6 mm Nal(T! 
used as target. The decay curve is shown in Fig. 7 
together with a resolution curve obtained by irradiating 
mercury. In this case, too, the decay is complex, showing 
a prompt component and a component with a half-life 
of 8.8+1.0 nsec. The ratio of prompt to delayed decays 
is, however, much smaller, being 0.4:1 in this case. 

The line at 90 kev was investigated, again with the 
Nal(Tl) crystal as target. The time-delay curve ob- 
tained was effectively “prompt” and allowed an upper 
limit of 0.7 nsec to be placed on the half-life of this 
transition. 

It could be argued that the prompt component in 
the 137- and 30-kev decays was due to the prompt 
Compton base on which the lines are superimposed. 
To test this the output of the time-to-amplitude con- 
verter was fed to a differential discriminator, the output 
of which was used to trigger the 200-channel analyzer. 
Pulses from the NaI(T]) crystal were then fed to the 
analyzer, the crystal again being used as target. First 
the window of the differential discriminator was set 
on the prompt peak of the 6BN6 output. The resultant 
spectrum is shown in Fig. 5, curve C, The discriminator 
was then set to accept all 6BN6 pulses above the prompt 
peak and Fig. 5, curve D, was recorded. This curve 
shows that only the 137- and 30-kev lines contribute 


crystal was 


delayed coincidences with delays above ~12 nsec. 
Similar results were found when using the external Nal 
target and screening the crystal from neutrons. At the 
same time the 137-kev line appears prominently in the 
prompt coincidence spectrum C, whereas the relative 
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intensity of the 30-kev line is greatly reduced. Even if 
we assume that the 30-kev decay is a pure exponential 
with a half-life of 8.8 nsec and that the presence of the 
30-kev peak in spectrum C results from the earliest 
part of this decay, we are forced to conclude that the 
137-kev transition shows a composite decay, one com- 
ponent having a very short half-life and a comparable 
fraction having a half-life of 8 nsec. It may be pointed 
out that this technique of obtaining a delayed coinci- 
dence spectrum can be used to obtain a quick indication 
of which lines in a spectrum contribute y rays with a 
measurable delay, before studying the decay of the 
specific y transition in detail. 

\s expected, the 90-kev line appears in the prompt 
coincidence spectrum C, In addition, curve C empha- 
sizes the presence of a line at about 160 kev, although 
lack of resolution and uncertainty about the number of 
y-ray lines that form the observed peak still make it 
difficult to obtain an accurate determination of the 
energy. The line at 160 kev may be identified with the 
158+4 kev line reported by Kalinkin ef al.” 

In an effort to understand the origin of the lines for 
which delayed time distributions were measured, the 
pulse-height spectra from capture of neutrons in Nal 
were studied under a wide variety of conditions. One 
of the first problems that needed to be solved was the 
identification of the nuclide responsible for each line. 
lo help obtain this information, the Argonne fast 
chopper® was used to study the pulse-height spectra 
that result from capture of neutrons in the resonances 
of iodine. At these resonances the neutron-capture cross 
section of iodine is so high that, even when the target is a 
Nal(Tl) scintillator, one can be sure that almost all 
of the neutron capture takes place in iodine. 

The target used in the measurements of the spectra 
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for resonant capture was a 5X5 cm NalI(TI) scintillator. 
The electronic system employed to select the neutron 
time-of-flight corresponding to the desired neutron 
energy and to record the pulse-height spectra has been 
described by Carpenter and Bollinger.** This system 
was used in measurements with neutrons of 8 different 
energies within the range from 8 to 30 ev and also for 
neutrons of thermal energy. 

The singles spectrum obtained at the well-known 
resonance at 20 ev is given in Fig. 8. In these data a 
correction was made for the contribution from back- 
ground radiations, as measured at a slightly higher 
energy than the resonance. The most significant fea- 
tures of the spectrum are the lines at about 30 and 90 
kev and the system of lines beginning at about 137 kev. 
These same lines, with the same relative intensities, 
were also observed at a previously unreported resonance 
at a neutron energy of about 10.7 ev. For thermal 
neutrons, the spectrum is likewise similar to Fig. 8, 
insofar as the lines at 30 and 137 kev are concerned, 
but the 90-kev line is about twice as strong as the 
corresponding line observed at the neutron resonances. 

In Fig. 8 we observe that, in addition to the promi- 
nent lines at 30+1, 88+2, and 137+2 kev, there is 
evidence for lines at 182+5, 220+5, 240+5, 300+5, 
390+10, and 430+10 kev. Also, the asymmetry of 
the peak at 137 kev again indicates that it is formed by 
at least two y rays. The spectrum from capture of ther- 
mal neutrons also has structure which indicates the pres- 
ence of lines at approximately the energies given above. 

The close similarity of the spectra from capture of 
neutrons at thermal and resonance energies indicates 
that, for the thermal neutrons also, a large part of the 
intensity of the lines at 30 and 137 kev results from 
capture in iodine. The greater relative intensity of the 
90-kev line for thermal neutrons might be explained 
in one of two alternative ways. Either some source other 
than 1'*5 also contributes to the 90-kev line in the ther- 
mal spectra or the intensity of the 90-kev line, which 
might be formed by the summing of pulses, depends 
on the proximity of the position of neutron capture to 
the surface of the scintillator. The latter interpretation 
must be rejected because the relative intensity of the 
90-kev line is found to be 
regions (such as at a neutron energy of 15 ev), where 
the capture takes place in the interior of the crystal, 
as it is at the resonance, where neutrons are captured 
at the surface. Thus we conclude that the peak at 
about 90 kev in the thermal spectrum is formed by lines 
from two independent sources. This conclusion is rein- 
forced by the observation that the energy of 92+1 kev 
for the line in the thermal spectrum differs significantly 
from the energy of 88+2 kev for the line in the spec- 
trum for resonant capture. 

One would expect the additional source for the 90-kev 
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line to be capture in Na. This conjecture tends to be 
confirmed by the results of a measurement of the spec- 
trum from neutron capture in a target of NaNOs, in 
which Na is the only nuclide that is expected to give 
low-energy gamma rays. The only line observed 
was a weak one at 93+3 kev. This line probably results 
from a decay from the second to the first excited state of 
Na*‘, for which states the reported difference” in energy 
is 9<2+12 kev. If so, our measurement of the decay curve 
for the 92-kev line from a Nal target setsa limit of 0.7 nsec 
to the lifetime of the 564-kev state of Na** as well as to 
some as yet unknown state of I'**. According to the 
above argument, some influence of the Na y ray must 
be present in spectrum A of Fig. 5. However, the back- 
ground contribution to the spectrum is great enough 
to obscure a small effect. 

Before the background correction was made, the 
spectrum for resonant capture exhibited a distinct line 
at 62+1 kev. However, as is observed in Fig. 8, this 
line is removed by the background correction, It is 
probable that the line results from the excitation of the 
first excited state of I'*7 by inelastic scattering of fast 
neutrons present as a contaminant in the beam of slow 
neutrons from the chopper. Perhaps some of the lines 
near 60 kev in the spectra of Fig. 5 are also caused by 
fast neutrons. 

Having determined the isotopic origin of the lines 
for which delayed curves were obtained, we now attempt 
to fit the lines into a decay scheme. The first step is to 
establish that the 30-kev line, which might be thought 
to be from A x rays of iodine (27 kev), results mainly 


from a y ray. This conclusion follows from the fact that 


the line is observed even when the Nal scintillator itself 


is used as the target. Under this condition an x ray 
ould not give a pulse of about 30 kev because its pulse 
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would be added to that from the electron originating 
in the same process. 

The close similarity of the half-lives measured for the 
lines at 30 and 137 kev, namely, 8.8+1.0 and 8.0+0.6 
nsec, respectively, suggests that both of the lines origi- 
nate from the decay of a single long-lived state. Two 
possible modes of decay are available for such a state 
but both modes are inconsistent with the data presented 
above. The emission of the 30- and 137-kev y rays in 
cascade is excluded because, when the Nal scintillator 
is the target, the summing of pulses would cause the 
lines associated with the long lifetimes to have energies 
of 30 and 167 kev. As is shown in Fig. 5D, a delayed 
167-kev line is not observed. The emission of the 30- 
and 137-kev gamma rays in parallel paths is rejected 
because there is no evidence for the delayed emission 
of the 107 kev of energy that would necessarily be in 
cascade with the 30-kev gamma rays. Thus it is con- 
cluded, in spite of the similarity of the two life-times, 
that the delayed y rays at 30 and 137 kev result from 
the decay of different states. Since no other delayed 
lines are observed, these two states must be placed at 
energies of 30+1 and 137+4 kev. In view of the ap- 
parently high density of the low-lying states of I'* 
and the complexity of the pulse-height spectra, no at- 
tempt is made to fit the other observed lines into a 
decay scheme. 
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The method of Eberhard and Good, for using decay angular distributions to determine the spins of 
unstable systems, is developed. Their inequality, which expresses the impossibility of getting too symmetric 
a decay pattern from an asymmetric initial state, is tightened. The results are generalized to include spin 
ning decay products. The Adair analysis is generalized in the same framework. 


1. INTRODUCTION 


NGULAR distributions of decay products have 

long provided an important, but seriously 
limited, means of investigating the spins of unstable 
systems. Suppose an object of spin s decays into two 
parts. In the rest frame of the unstable object, the 
angular distribution of either product has the form 


a 
1 (0) > da(L,M)yV, (Oo), 


L=) M 


(1.1) 


where 


2s 25. (1.2) 


However, there is no direct path from the measured 
1(6,0) to S, 
orientations is known and not isotropic. Otherwise, 
possible ‘accidental’ vanishing of many a(L,M) leaves 
open the inequality (1.2). 

Recently, Eberhard and Good' have proposed an 


unless the distribution of initial spin 


ingenious way of bounding s from above, in a special 
case. They consider the angular distribution of r* from 


K°o xrt+r, (1.3) 


where the A" emerge in a fixed direction from 


a +p— A°+K®, (1.4) 


as a means of determining the A° spin. The essence of 
their observations is that the orientation distribution of 
the A’ sample from (1.4) contains too few pure quantum 
states to result in isotropic decay if s24 (or s2 2 if the 
\ spin is observed). Quantitatively, they obtain an 
inequality which, in our notation, reads 


a(L,M) ? 


Be dW 
~ bot 


LM Go(s,L)? 


(3.5) 


0, Gols,L) is 
given by (3.11), and Q is the number of spin states, of 
particles other than the A", which enter (1.4). Thus 
Q=4 if the protons are unpolarized and the A° spin 
direction is not selected, and Q=2 for unpolarized 
protons but selected A° spin direction. Inequality (1.5) 


where >>’ denotes the exclusion of L 


can be used to eliminate too high s if the measured £ 
is nonzero. If L is possibly zero, but the statistics are 


*Work performed under the auspices of the U. S. Atomic 


Energy Commission. 


P. Eberhard and M. L. Good, Phys. Rev. 120, 1442 (1960). 


poor, the sum in (1.5) provides a quantitative sta- 
tistical test which may be used to reject some or all 
of the values of s that are equal to or greater than Q. 

Our principal purpose is to extend the method of 
Eberhard and Good to cover spinning dec ay produc ts, 
and to tighten the inequality (1.5) in their special case. 
We hope, in addition, to elucidate their idea by our 
more geometric approach. 

In Sec. 2, we describe the distribution of spin orien- 
tations of the unstable objects in terms of the statistical 
matrix p. The limitation to Q spin states is expressed as 
an inequality between p and Q. In Sec. 
p into irreducible tensor components. 


3, we analyze 
These are ex- 
pressed in terms of the measured angular distribution, 
for spinless decay products, to give two asymmetry 
theorems. Section 4+ contains the generalization to 
spinning decay products. In Sec. 5, we specialize to 
consider the cylindrically symmetric case, obtaining a 
slight generalization of the Adair analysis.? The possi- 
bilities for extending the present work are remarked 
upon in Sec. 6. 

Our notation for angular momentum quantities is 
that of Rose.’ In statistical matrix matters, 
ano. 


we follow 


2. THE SPIN DISTRIBUTION 


For economy of language, we continue to refer to the 
particles in (1.4), but we regard the spins as arbitrary. 
The final state of (1.4) is an incoherent mixture of pure 
states a corresponding to the different initial spin states 
of r+ p. The wave functions have asymptotic form 


o(a) =>. A (ajuym) Agu sm: (2.1) 


A,, and A,,,, are spin wave functions for spins o and s, 
and for magnetic quantum numbers yw and m. -1 depends 
upon the orbital variables. Since different uw states do 
not interfere when measurements are made on the A” 
mesons in a 

incoherent 
mixture of pure states g whose spin wave functions are 


or its decay products, the “beam” of A° 


fixed direction may be described as an 


+... Bi 


x(yYv=Xin Bla, (2.2) 


where ¢ replac es @ and Mi. The different gq states are nol 
2? R. K. Adair, Phys. Rev. 100, 1540 (1955 
3M. E. Rose, Elementary Theory of Angular \lomentum 
Wilev & Sons, Inc., New York, 1957). 
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necessarily orthogonal, and they need not enter the 
beam with equal weights. 

The number of g states is not greater than Q, the 
number of admitted a times the number of 
admitted y states. 

The K°® spin distribution, for the beam in a fixed 
direction, is described by the statistical matrix p, whose 


states 


elements are 

Pmn= 29 P(g) B(q,m)*B(q,n). (2.3) 
The quantity P(g) is the weight of state g in the 
mixture, normalized to one, so that 


Ir{p}=1. (2.4) 


purity of the beam is measured by Tr{p*}. We 
ow prove that when O< 2s+1, 


Mr{p*}21/0. 


The 


(2.5) 
The states x(q) lie in a Q-dimensional subspace of the 
2s+1)-dimensional spin space. A unitary transfor- 
mation will then change the statistical matrix into p’, 

matrix with nonzero elements in only the first Q 
rows and columns, 


(2.6) 


yy 
Tr{p?} = Tr{ (o’)?} =X (p59’)”. 


Since the pgs’ are Q positive numbers whose sum is 
one, (2.6) implies (2.5). 

Equation (2.5) simply says that the K° spin distri- 
bution is not less pure than a mixture of Q orthogonal 
states with equal weights. 


3. THE ASYMMETRY THEOREMS 


We wish to relate (2.5) to the measurable 
intensity a(L,M). For clarity, we first 


assume that the decay products are spinless. In that 


now 
coefficients 
case, (2s+1) is odd. 

The statistical matrix may be written in terms of 
irreducible tensor operators as 


> b(L,M)T iw, 
Vv 


, is defined by its matrix elements,’ 
2L+1,\3 
) C(sLs;nM )6n+.19 m- 
2s+1 


are the usual orthogonal 
with the Condon-Shortley 


The vector coefficients C 
transformation coefficients, 
phase convention. 


Tiwt=(—1) 
Tr{TiwT uw} =611 
b(L,M)=Tr{pT m'}, 

b(0,0 2s+1) 


OwM’, 


* The Tz are discussed further by M. Peshkin, Phys. Rev 
121, 636 (1961). The normalization is different. Equations (2.16 
should read 0.=?/2—3/? 
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Since p is Hermitean, 
b(L, —M) 


Tr{p?} =>0 1.4) 6(L,M) \?. 


(—1)”6(L.M)*, 


a(1,M)= f V1 u(0,6)*/ (0,6)dQ 


= Tr{pV, u*} 
2s+1 


- s)b(L.M). 
2L+1 


(3.9) 


By use of the reduced matrix elements (s | ¥ given 


by Rose,® this becomes 


a(L,M)=Go(s,L)b(L,M), 3.10) 


where 
2s+1\ 3 
Go(s,.L)= Cishs: OO). 
dor 


} 


The quantity Go(s,/) vanishes for integral 
with odd values of L. 

We define the even-/ and odd-Z parts of p, called 
p* and p’, according to (3.1). The intensity coefficients 
completely determine p* through (3.10 


values of s 


a(L,m—n 
a2 
ro(s EB 


While there is no way to measure p’, its contribution 
$ f 

to (3.8) can be given an upper bound. The bound can 

be understood from 


negative matrix, whose even and odd parts under time 


the condition that p is a non- 


*¢ 
inversion’ are p* and p®. Then p’® must be smaller than 


e e 


p* in the sense that (|p?! u)<(u p 
function uw. Otherwise, even if (mu! p?| 
can be reversed by replacing u with its time-inverted 


u) for every spin 


is positive, it 


spin function, to make (u/p| u) negative. 
Quantitatively, the nonnegative condition yields 


Tr{(p°)?} S 2 (Mime Maat + + + + oes 1He 


where the uw, are the eigenvalues of the measured p’, 


written in descending order, i.e., 

12 pir mer *** 2M Mei 29. (3.14) 
rhis is proved in the Appendix. While formal use is 
made of time inversion, no dynamical assumptions are 
introduced. 

Inequality (3.13 
metry theorem, 


leads directly to the first asym- 


1/O $< (uit pe)? + (usta? + 
+ (Merit oe) Tw 
® Reference 3, p. 89 
7A. R. Edmonds, An 


Princeton Universit 
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It is advantageous for some purposes to isolate the 
isotropic contribution to (3.15) by introducing 


Ve=Me— (2s+1)-74. (3.16) 


4s+1 
+- ( V1 +-ys)?+ cee 


'  Qs+1 


QO (2s+-1)° 


+ (Vog—1 +26)? +2647. (3.17) 
The right-hand side of (3.17) vanishes for isotropic 
I (6,), and is otherwise positive. 

Theorem (3.15) can be weakened by 
Cauchy inequality to obtain 


using the 


1/O<2 Tr{ (p*)*} —pee41’, 3.18) 


t 


and again by discarding the last term to leave the 
inequality (1.5) of Eberhard and Good. 

The only characteristic of the A® spin distribution 
used so far is (2.5). A stronger result than (3.15) can 
be obtained when p possesses a mirror symmetry. We 
choose the quantization (s) axis perpendicular to the 
production plane in (1.4). Then, if any polarization of 
the initial state of (1.4) is in the s direction, that state 
is invariant under space inversion followed by 180 
rotation about the s axis. If the production reaction 
conserves parity, and if additionally any selection of 
the A® spin is made with reference to the g axis, then p 
must share the invariance property of the initial state. 
Since p deals only with angular momentum, it is 
automatically invariant under space inversion. Under 
the rotation, 


Tim — (—-1)"T Ly. (3.19) 


Then the invariance requires that only even M con- 
tribute to p in (3.1). 

Because of this mirror symmetry of p*, its eigenspin 
functions contain only even or only odd m, and the 
equally mirror-symmetric p° does not mix the two kinds. 
We call the eigenvalues of the odd-m functions x,: +k, 
in descending order, and those of the even-m functions 
.1, in separately descending order. The proof 
in the Appendix applies separately to the two 
sets, and results in the second asymmetry theorem, 


Ket1’* ‘Ko 
given 
1 Vv 1 tks)’ Koegt" (3.20) 


(kites)? ++ (Ko 


for even 5s, or 


1/OS 


(ki tk P+ te(K, oT Ka 1)°-+ kK," 
“Tt (Ke317TK po)? +++ (Kost Koe41)” 


The second theorem can be written in a 
form analogous to (3.17), through the analog of (3.16). 

\s a practical matter, it is evident that the asym- 
metry theorems are stronger than the inequality (1.5) 
of Eberhard and Good, but more troublesome. ‘The 
second theorem, when applicable, is stronger than the 
first, and less troublesome, since it involves diagonal- 
izing smaller matrices. If 7(0,6) is isotropic with good 


(3.21) 


for odd =. 
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statistical accuracy, (1.5) gives s<Q, and (3.17) shows 
that the asymmetry theorems do no better. In case of 
isotropic [(@,p) with statistical the 
asymmetry theorems have a quantitative advantage. 
Suppose, for example, that (2,0) appears to be negative 
in the O=2 experiment, and that all other nonisotropic 
terms are negligible. Then the maximum probable 
value of |6(2,0)|? which still rejects s=2 
use of the Eberhard-Good inequality, 0.08 by use of 
the first asymmetry theorem, and 0.11 by use of the 
second asymmetry theorem. 


poor accuracy, 


is 0.05 by 


4. SPINNING DECAY PRODUCTS 


The asymmetry theorems are easily generalized to 
include spinning decay products, provided that the 
resultant spin 7 and the orbital angular momentum / 
of the decay products are both definite. These conditions 
are necessarily met in the important case 
decay product has spin one-half and the other is 
spinless, if the decay process conserves parity. An 
interesting example is the Q=2 experiment, 


A +-)- 
i 


where one 


> st 


>rt+)*, 
followed by 


to determine the }* spin.’ We again consider all the 
spins to be arbitrary, but refer to this special case for 
brevity. Q always refers to the production process, and 
does not include the 27+1 states of the decay products. 

The even-Z reduced matrix elements are given in 
the coupling scheme /+7 


VY p\\l-+r=s)=(-—1)! (2I+1)(2s+1) ]} 
XWIslss cL)U|V ri), (4.3) 


-¢ by® 


y | = 
(+T=S 


where W is the Racah and 


replaced by 


coefficient, Go(s,L) is 


G,(s,L) = (—1) + 8(2s +1) (sls; rh 


+1)! 
x( ) caisson (4.4) 
bir 
G,(s,L) = 


(l+-s+}3)(1+s5+3 


In particular, 
2s+1 


s\(J+s—L+}) 


(2/+1)(7/+s+L- 
x 


tor 


<XC(I1L1:.00). (4.5) 


For integral values of s, (4.4) replaces (3.11), but 
the asymmetry and the Eberhard-Good 
inequality are otherwise unchanged. For half-integral] 


theorems 


8 This experiment has also been considered by R. H. Capps, 
Phys. Rev. 122, 929 (1961), and private communication, and 
by R. Gatto and H. P. Stapp, Phys. Rev. 121, 1553 (1961). 

’ Reference 3, p. 119 
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values of s, (1.5) is again unchanged except that Go is 
replaced by G;, but the first asymmetry theorem 
becomes 


1 VS (Mite) tee et (poet posg)”. (4.0) 


For half-integral values of s, the spin eigenfunctions 
of p* separate according to even and odd values of 
m+ 3). In mirror symmetry, the 


case of second 


theorem gives 


1 OK (mite) + + + (Kost e2641)” (4.7) 


for even (s+), and 


° 


P+ Kay 
tke.) + ko64 * 


IT Ks 


(4.8) 


“Tt (Ka, 


for odd (s+ 4). Inequality (4.7) is stronger than (4.6) 
because all the x, are not in descending order. 

The results in this section may be used to test / as 
well as s in some cases, as may the condition 


£7. (4.9) 
which replaces (1.7). For example, suppose reactions 
4.1) and (4.2) are observed with polarized protons, 
so that Q= 1, and that the decay distribution is isotropic 
except for a suspected L=2 contribution. Then, 


> wv a(1,M) 2<1 208 (4.10) 


Che unpolarized Q=2 experiment can 
only eliminate spin 3. 


eliminates s= 3. 


5. THE CASE OF CYLINDRICAL SYMMETRY 


\dair® pointed out some time ago that there is an 
advantage to taking the unstable particles in the 
forward or backward direction. In the reaction (1.4), 
for example, the magnetic quantum number of the A’ 
is determined by those of the proton and the A”, if the 
beam direction is taken as the quantization axis. Quite 
generally, Q is reduced to Q,, that of the initial state of 
the production process, as long as any polarization is 
in the direction of the beam. 

The cylindrical symmetry of the problem guarantees 
that only M=O0O terms the statistical 
matrix. Then p* and p” are simultaneously diagonal in 
the repre sentation 


contribute to 

(2.3 > Be 

P—m.—m* = Pmm' 

pa, —a° = —Pan’ 

The non-ne gative condition reduces to 

Pmn Pmm* 

and the first asymmetry theorem becomes 

1 O,< 2 Trf (p*)2} — (poo*)? (5.4) 


for integral values of s. For half-integral values of s, 


the last term is absent. 


PESHKIN 


The qualitative advantage of (5.4) over (3.15) or 
(4.6) lies in the reduction of Q. For integral values of s, 
there is an additional quantitative advantage if poo is 
not the smallest matrix element of p’. 

In case of mirror symmetry, p” vanishes. Then the 
second asymmetry theorem becomes 


1 a(L.0) 
oS es 


2s+1 


1/Q.< Trt ("3 


G,(s,1 2 


where again >>’ excludes L=0. Restriction (5.5) is 
evidently much stronger than any of the previous 


results. If QO; =2, the equality holds in (5.5). 


6. POSSIBLE EXTENSIONS 


It is natural to inquire whether the asymmetry 
theorems presented here can be tightened further. 
Since p’ is constructed in (A.12) of the Appendix to 
realize the equality, they plainly cannot be improved 
upon without additional physical assumptions about p’. 

Somewhat different theorems can be constructed in 
the same spirit by using 1, Q0*< Tr{p*}. These, however, 
involve p® in a complicated way, and the chance of 
obtaining an improvement over the present results 
seems remote. Expression (5.5), which applies when p 
vanishes, is not improved by using p*. 

Finally, if the decay goes through more than one / 
value, or into more than two particles, we anticipate 
that the asymmetry theorems will be weakened, but 
still useful. Analogous results for the charge distribution 
in isospin-invariant processes'’ encourage this expec- 
tation. 
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APPENDIX 


For given non-negative p‘, it is desired to choose p* 
so as to maximize Tr{(p’)?}, subject to the constraint 
that p be non-negative. 

The antilinear ‘‘time reversal’? operator / is defined 
by 
(A.1 


(A.2) 


IK m= (—1)**"K 


T(au+ rv) =a*lut+,* le, 

where a, 8 are numbers and u, ¢ 
I p*] = p*, 
I p°l 


spin functions 
(A.3) 
oes! at (A.4) 


From (A.3), the eigenfunctions of p* can be chosen to 
be even under J. Then, if « and v are eigenfunctions of 


” Reference 5, Eq. (4.12). 





\NGULAR ASYMMETRY 


p*, (A.4) results in 


(u| p"|v)= (ul Ip’ | Iv)* 


—(v| p"|u). 


(A.35) 


Thus, p’ is skew symmetric in a diagonal representation 
of p*. 

Suppose first that all the eigenvalues, ux, of p* are 
positive. Then p can be expressed as 


p= (p*)*[1+H ](p*)', (A.6) 


where H is also skew symmetric in a diagonal repre- 
sentation of p*. The eigenvalues of H, called \;, appear 
in equal, opposite pairs, so that for integer s at least 
one of the A, must vanish. The non-negative condition 
results in 

ACS 5 


A ij= don Ur’ y*, 


where U’ is a unitary matrix. 
In these terms, it is desired to choose imaginary 
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This is achieved by taking 
: Hy Hs, 


where the yu, are written in the descending order (3.14), 
and taking all other independent H,; equal to zero. 
With this choice, Tr{(p’)*} is given by the equality in 
(3.13). 

If some we vanish, then the non-negative condition 
requires that, in a diagonal representation of p*, 


Pia’ = Pak’ =0 


for such @ and all &. The rows and columns containing 
such a can be removed from p without affecting the 
remainder of the proof. 
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Interactions of 1.0-, 2.0-, and 3.0-Bev Protons with Ag and Br in Nuclear Emulsion* 
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Stars produced in insensitive nuclear emulsions by 1.0-3.0 Bev protons have been classified into different 
groups depending on whether light fragments and/or fission fragments are emitted. Alpha particle spectra 
and angular distributions are presented for each of the various groups. The probability for light-fragment 
emission increases rapidly with increasing beam energy up to 2.0 Bev. The angular distribution of the light 
fragments is peaked forward but also shows a preference for emission at 90° to the beam. Fission events 
increase from ~3°, of the interactions with Ag and Br at 1.0 Bev to ~11% at 3.0 Bev. Ranges and angular 
distributions are also given for the recoil and fission fragments 


INTRODUCTION 
SURVEY is presented of the various types of 
nuclear interactions observed in silver and_ bro- 


A 


mine when emulsions of low sensitivity are irradiated 
by 1.0-3.0 Bev protons. Numerous studies have been 
made in the past with nuclear emulsions exposed to 
rays! 


cosmit ’ and to accelerator beams below the Bev 


region.’ ® Recently, there have been several investiga- 
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tions of similar nature in which emulsions have been 
exposed to beams with energies up to 9 Bev.7~" 

The emphasis in the present investigation is on events 
of high excitation in which multi-charged particles are 
produced. The distributions in energy and angle of a 
particles, the distributions in range and angle of recoil 
and fission fragments, and angular distributions of 
light fragments (2<Z<6) are presented. Data are also 
given on the types of events observed, on @ and light- 
fragment multiplicities, and on how both vary with 
bombarding energy. These data are compared with 
existing evaporation calculations when applicable. In 
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Fic. 1. Yields of 
various types of 
events from Ag and 
Br as a function of 
incident proton en 
ergy. I, with 
only alpha particles 
anda recoil; LI, stars 
with light fragments, 
but excluding fission 
events; III, fission 
events. The dashed 
line represents the 
estimated fraction of 
events not observed 
because no alpha 
particles were emit 


stars 


ted 


general, most calculations of high-energy nuclear inter- 
do not consider fission or light-fragment 
Recently, however, there have appeared" 
two Monte Carlo evaporation calculations which con- 
sider the emission of light fragments (up to Be’) and 
which show fair agreement with certain experiments. 
Other experimental data," 


ictlions 


emission. 


’ however, on energy spectra 
i Li® fragments do not show good agreement with 
eV iporation cal ulation. 
EXPERIMENTAL 
Ilford D.1 


he Brookhaven Cosmotron in the manner described 


200 1 nuclear emulsions were exposed at 


previously.’ The proton beam entered the emulsions 

an angle of 10° to the surface. The plates were pro- 
cessed so that only @ particles and heavier fragments 
vere recorded and the interactions with Ag and Br 
nuclei were selected by the same criteria as those used 
before. Tracks were accepted with dip angles up to 50° 
in the undeveloped emulsion and suitable corrections 
were made for the rejection of tracks with larger dip 

gles and aving the emulsion. As before, 
these corrections did not assume angular isotropy of 
he tracks. Some of the results 
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were also calculated 
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from those tracks whose dip angles were no greater 
than 30°. No appreciable differences were found outside 
of statistical uncertainty. Calibration curves for both 
«@ particles and Li’ “hammer” tracks were used in the 
identification of the emitted particles. Alpha particles 
were visible up to energies of 50 Mev whereas the detec- 
tion of light fragments was restricted only by the limits 
of the emulsion thickness. 

In routine area scanning 803 stars were observed at 
1.0 Bev, 633 stars at 2.0 Bev, and 514 stars at 3.0 Bev. 
These were classified into three types of events: group I, 
in which only @ particles and a recoil were observed ; 
group II, in which light fragments (2<Z<6) were ob- 
served in addition to the alphas and recoil; group ILI, 
in which the fission events are represented. The latter 
are characterized by two short, very heavily ionizing 
tracks instead of a single recoil. Group III was then 
divided into two subgroups depending on the ratio of 
the fission fragment ranges. The events in which the 
ratios were /;/lq<2 were called near-symmetric fissions, 
or subgroup III,,. Those events in which the ratio of 
ranges, 2</;/l~<5, were called asymmetric fissions, 
or subgroup III,,,. In order to improve the statistics 
on the fission events the plates were further scanned for 
~ 200 additional events of each of the two subgroups, 
at each of the three proton energies. Detailed data on 
the fission events will be presented in 
publication.'® 


a forthcoming 


RESULTS AND DISCUSSION 


A summary of the various particles emitted, the types 
of events, and their relative abundances are presented 
in Table I and Figs. 1 and 2. Although the absolute 
numbers of protons that passed through the emulsions 
were not measured in these experiments, approximate 
cross sections can be estimated since the average total 
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‘TABLE I, Summary of data from stars produced by 1.0-3.0 Bev protons 


Corr. 
No. of 
events 
537 
544 
218 
1299 
41 
1340 


Stars 
observed 


544 


157 
351 
234 
742 

48 
790 


5 
/ 
/ 


506 


65 


Fraction 
of total 
events 


0.40 
0.41 
0.16 
0.97 
0.03 
1.00 


0.20 
0.44 
0.30 
0.94 
0.06 
1.00 


0.10 
0.48 
0.31 
0.89 
0.11 
1.00 


No. of 
alphas 


Alphas 
per 
event 


S6+0.0060 
62+0.09 
05-+40.05 
S6+0.08 
OS +-0.06 


12+0.09 
.90+0.10 
6040.07 
94+0.08 
62+0.09 


38+0.11 
30+0.13 
08+0.08 
39+0.09 
2.11+0.12 


No. of 


light 


fragments 


Light 
lragments 
per event 


1.26+0.08 
0.21+0.02 
0.71+0.04 
0.23+0.01 


1.49+0.09 
0.47+0.03 
0.63+0.03 
0.48+0.02 


1.67+0.10 
0.58+0.03 
0.63+0.04 
0.59+0.03 


Light 
fragments 
per alpha 


78+0.09 
20+-0.02 
38-+-0.04 
2140.02 


79+0.08 
.29+0.02 
31+0.03 
30+0.02 


7340.07 
28+0.02 
26+0.03 
28+0.02 


inelastic cross section for Ag and Br is ~1000 mb. 
Estimates based on Monte Carlo evaporation calcula- 
were made of the events missed when no a 
particles or light fragments were emitted. The fractions 
not included at 1.0, 2.0, and 3.0 Bev are 0.4, 0.2 and 0.1, 
respectively. These unobserved events in which only 
singly charged particles are produced were assigned 
to group 0. The alpha particle yields, of course, include 
He’ and He®. Since there is some difficulty in distinguish- 
ing Li tracks from the more numerous a tracks, the 
light fragment yields are somewhat uncertain. The 
errors given for all the data are only statistical standard 


tions!? 14.19 


deviations. 

It may be seen from Fig. 1 and Table I that the proba- 
bility for fission increases rapidly from 1.0 to 3.0 Bev. 
The probability for the light fragment emission in 
non-fissioning nuclei (Fig. 2 and Table I) also increases 
rapidly with bombarding energy to 2.0 Bev and some- 
what more slowly to 3.0 Bev. The probability for a 
particle emission in this group also increases from 1.0 
to 3.0 Bev, and parallels the rise in average excitation 
energy.'' This may be seen by the dotted curve in Fig. 2. 
Since the fission events tend to be associated with higher 
excitation, they show more a particles and light frag 
ments per event than do the non-fission events. In the 
fission events the a@ particle yields increase more slowly 
with bombarding energy and the light fragment yields 
may actually show a slight decrease. Figure 3 shows the 
alpha and light fragment prong distributions for all 
events combined and, separately, for near-symmetric 
fission events (I[Jgym). It is again seen that in the com- 
bined data the multiplicities of both a prongs and light 
fragment prongs increase with bombarding energy, but 
for the IIT... events little change in prong multiplicities 
is evident. 


% J. Hudis (private communication) 


Since the distributions in energy and angle of a 
particles and the distribution in angle of the light 
fragments showed no significant variations with bom- 
barding energy, the data from 1.0, 2.0, and 3.0 Bev 
have been combined. Figure 4 shows the @ spectra in 
the laboratory system for events of groups I, I, and III. 
It has been shown in a previous paper’ that the a energy 
distribution in non-fission events may be made consist- 
ent with evaporation calculations, if one makes center- 
of-mass transformations assuming the direction of mo- 
tion to be generally along the recoil] path and using a 
velocity of 0.015—0.02 c. Center-of-mass motion accounts 
for the apparent excess of a particles well below the 
Coulomb barrier for emission from Ag and Br. Although 


tions for alpha particles (solid lines) and 
| from all events and, separately, 
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many of the extremely low energy a particles observed 
in the fission events may also be accounted for in the 
an appreciable number of 
‘“sub-barrier” @ particles in the center-of-mass system. 


same manner, there is still 
A more detailed discussion of a emission from fissioning 
nuclei will be presented in a forthcoming paper. Figure 
5 shows the angular distribution of a@ particles in 
the laboratory system for each of the three groups 
data for 1.0, 2.0, and 3.0 Bev combined. It 
has also been shown in reference 7 that this distribu- 
tion for non-fissioning nuclei is consistent with the 
random emission of @ particles from a moving system. 
Forward to backward ratios and mean angles derived 
from the angular distributions are given in Tables II 
and III. The increase in forward peaking from groups I 
and II to group III indicates the corresponding increase 
in momentum transfer from the incident proton. 
Figure 6 shows the angular distribution of the light 
fragments for non-fission and fission events. The cor- 
responding forward to backward ratios and mean angles 
are given in Tables II and III, respectively. The ex- 
pected forward peaking in the laboratory system is 
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1.11+0.11 
1.23+0.16 
1.22+0.16 
0.89+0.13 


1.20+0.13 
0.94+0.12 
1.42+0.17 
1.30+0.17 
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Fic. 5. Angular distributions of alpha particles for group I, II, 
and III events combined for the three bombarding energies 


again observed, but in addition there also appears to 
be a preference for emission near 90°. As seen from 
Fig. 6, the angular distribution is essentially unchanged 
when the limiting dip angle for accepting light fragments 
is reduced from 50° to 30°. The total corrected number 
of light fragments from data at the two limiting dip 
angles agreed within 8 percent. Thus there does not 
seem to be appreciable experimental bias in which 
steeper tracks are more likely to be incorrectly identi- 
fied. Such preference for sidewise emission was also 
observed in cosmic ray produced stars by Perkins* for 
light fragments with energies below 9 Mev per nucleon. 

This kind of angular distribution suggests that an ap- 
preciable fraction of the light fragments is produced in 
a fast process occurring at about the time of the nuclear 
cascade rather than in the slow evaporation process. 
Their emission appears to be associated with high excita- 
tion and large momentum transfer. Since these frag- 
ments are likely to have a very short mean free path 
in nuclear matter they must be produced near the sur- 
face where an inelastic collision may have occurred be- 


to backward ratios* for alpha particles, light fragments, recoils, and fissior 


Recoils or fission fragments 


2.0 ; 1.0 2.0 3.0 


+05 
t0.4 
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INTERACTION OF 1.0-, 2 


AND 3.0-Bev PROTONS 


TABLE III. Average angle per unit solid angle to the beam 


Bev Alphas 
Group 1.0 2.0 3.0 


I 84°44 
II 88 +8 
So 73 +7 
i= 73 +9 


88°+5 
81 +7 
82 +7 
88 +7 


81°+5 
83 +6 
72 +6 
80 +5 


tween the incident proton and one of the nucleons. 
The resulting meson may be re-absorbed in the im- 
mediate vicinity and part of its energy transferred to a 
newly formed aggregate of nucleons—the light frag- 
ment. Such a fragmentation process” would be less 


) 40 80 120 160 

60 1-1 60 
GROUP II 

or I. 0-308ev 5° 


f 


40 + mys 1 40 
30 et - s Ly 30 


20+ == + 20 


oh 
VE ane, ot Lf. 
10 aeetose* N00 O16 “E=t4 10 
— —— = - ———e (@) 
GROUP IIL 
1.0-3.0 Bev 


SOLID ANGLE 


UNIT 


- 50 
40 


=F 


Lh 


+ 30 
Lo 20 


— EE SE ee 


x 
ee) 
a 
>» 
oO 
2 
WwW 
— 
o 
WW 
x 
a 


eo. ° 
Ne) AT +0.15 
N (90°-180°) 


Oo 40 80 120 160 
LABORATORY ANGLE IN DEGREES 


Fic. 6. Angular distributions of light fragments (1.0-3.0 Bev 


for non-fission and fission events. Solid line, dip angle < 50°; 


dashed line, dip angle < 30°. 
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probable at the forward surface of the nucleus because 
the incident proton after traversing most of the nuclear 
diameter is considerably degraded in energy. Thus there 
would be a deficiency of fragments ejected at small 
angles and a sidewise peaking is produced. Of course, 
that fraction of the light fragments which comes out by 
nuclear evaporation is expected to show only forward 
peaking. 

The average lengths of the recoil tracks from group I 
and group II events and for fission fragments from group 
III.ym events are plotted in Fig. 7 as a function of 
bombarding energy. The group II curve lies above the 
group I curve because of the greater momentum transfer 
and because of the larger mass of the ejected particles. 
Figure 8 shows the distributions of recoil ranges from 
group I and group II events and of the fission fragment 
ranges from group III,,.,,, events at the three bombarding 
energies. As expected the distributions are broader for 
group II than for group I. At 2.0 Bev bombarding 
energy an average recoil of mass 70 has a range of 
~3.5 win nuclear photographic emulsion corresponding 
to a velocity of ~0.02c and an energy of ~14 Mev. 
Fission fragment ranges (group III...) average about 
9 and vary from ~3y4 to ~20 4. 
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The angular distributions of recoil and fission frag- 
ments are shown for the three bombarding energies 
in Fig. 9. The corresponding forward to backward ratios 
and mean angles are given in Tables II and III, re- 
spectively. The dashed lines are from calculations by 
Porile derived from earlier Monte Carlo cascade 
calculations of Metropolis ef a/." and do not include 
the effect of nuclear evaporation. The calculated dis- 
tributions, therefore, should show more forward peaking 
than the observed distributions since the evaporation 
of particles would tend to weaken the correlation be- 
tween the direction of the recoil and that of the incident 
beam. This is clearly evident at 2.0 Bev; at 1.0 Bev the 
agreement between the calculated and the observed 
distributions is probably fortuitous. The angular dis- 
for the recoils from group II events are 
broader because of the larger recoil momenta of the 
emitted light 


tributions 


fragments. 
CONCLUSION 


It appears that at least several different processes 
are involved when protons of a few Bev in energy 
interact with medium weight nuclei such as Ag and Br. 
The nuclear cascade and evaporation mechanisms cer- 
tainly play a major role, but fission also occurs, and 

21N. T. Porile 
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Fic. 9. Angular distributions of 
recoil and fission fragments at each 
of the three bombarding energies 
The dashed lines are from calcu 
lations which do not include the 
effect of evaporation. 

GROUPIE. 
3.0 Bev 


“fragmentation” as described above seems to contribute 
in some cases. The evidence from emulsion data indi- 
cates that the majority of alpha particles are emitted 
by evaporation. However, the light fragments may come 
from both evaporation and fragmentation. This kind 
of overlap among different mechanisms makes it diffi- 
cult to determine the extent of each one. It should prove 
useful to study a given phenomenon by different tech 

niques since each may emphasize a given process to a 
different extent. For example, radiochemical analyses 
give cross sections for producing specific products 
from the interaction of Bev protons with Ag, but they 
may give little information on the fission cross section 
of Ag, since many of the products can be formed either 
by fission or as spallation residues. Analysis of nuclear 
emulsion stars does give an estimate of total fission 
cross section of Ag and Br although the mass and charge 
can be determined only roughly. Further work is in 
progress by both of these techniques. 
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Cross sections have been measured for the production of isotopes of uranium, protactinium, thorium, and 
actinium in the irradiation of U8, U5, and Th* with 0.68- and 1.8-Bev protons. In addition, some yields 
were determined at other bombarding energies ranging up to 6.2 Bev. Calculations of the cross sections at 
1.8-Bev bombarding energy were made, based on recent Monte Carlo calculations of the knock-on phase of 
the interaction, combined with published systematics of nuclear evaporation, and several assumptions as to 
fission-evaporation competition. Even without fission competition the calculated yields are considerably 
lower than the experimental ones, indicating a failure of the model for the knock-on phase of the reaction 
to predict sufficient probability for simple processes with low deposition energy. In view of the better agree- 
ment with experiment that previous workers have obtained with this type of calculation for 0.34-Bev protons 
on uranium, it is suggested that the present discrepancy may be due to an overemphasis of meson processes 
in the proliferation of the knock-on cascade in the calculation. 


INTRODUCTION 


IGH-ENERGY nuclear reactions may be con- 

sidered to take place in two steps!:?: a knock-on 
cascade in which a distribution of excited nuclei is 
produced, and subsequent de-excitation by nuclear 
evaporation with fission as a competing process. The 
extent to which fission competes with evaporation has 
been the subject of several studies. Experimental data 
concerning fission-evaporation competition in heavy 
nuclei excited to 8-35 Mev have recently been sum- 
marized by Vandenbosch and Huizenga.’ Experimental 
studies of the competition at higher energies include 
those with thorium bombarded with protons of energies 
up to 100 Mev‘ and the study by Lindner and Osborne® 
of the spallation products from the bombardment of 
uranium and thorium with protons of up to 340 Mev. 
A number of analyses of the experimental data, particu- 
larly those of Lindner and Osborne,®> have been pub- 
lished. Among the earlier treatments was that of 
Batzel® who concluded, from studies using a very simple 
model for the knock-on cascade and the available data 
for the ratio of fission to neutron evaporation in systems 
excited to about 10 Mev, that the fission-evaporation 
competition was essentially independent of excitation 
energy. On the other hand, an alternate analysis of the 
same data® by Shamov,’ also by means of a simple, but 
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different model, for the knock-on cascade led to the 
conclusion that fission competition was unimportant 
until the nucleus had been almost completely de- 
excited by evaporation. In more recent years, more 
accurate analysis of the data has become possible since 
detailed calculations via the Monte Carlo technique of 
the knock-on phase of high-energy nuclear reactions 
have been published. The work of Metropolis ef al.* is 
the most sophisticated treatment published so far. The 
agreement between experimental spallation cross sec- 
tions and the results of calculations, when 
combined with a simple model for the evaporation 
process, has been good, although the calculations 
generally underestimate the cross sections for the (p,pi) 
and (p,2p) reactions. The predictions of this calcu- 
lation’ as to the distribution in charge, mass, and 
excitation energy of the products from the interaction 
of heavy nuclei with high-energy protons has recently 
been employed by Lindner and Turkevich’ in a further 
and more detailed analysis of the Lindner and Osborne 
data. The analysis employed data on low-energy 
fission-evaporation competition from a recent summary,’ 
several assumptions as to the variation of the compe- 
tition with energy, and a simple neutron evaporation 
model. The conclusions, in agreement with the con- 
clusions of Batzel,® were that the competition between 
fission and evaporation is independent of excitation 
energy up to about 100 Mev. 

The results of Metropolis ef al.§ have also been used 
as the starting point for further calculations by 
Dostrovsky, Fraenkel, and Rabinowitz." Fission proba- 
bility as a function of nuclear type and excitation energy 
was derived on the basis of the Bohr-Wheeler model, 
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rather than from low-energy experimental data. The 
results obtained are compared with experiment later 
in this paper. 

The present paper presents experimental information 
on the spallation reactions of U8, U**, and Th*” with 
protons at higher bombarding energies. It also extends 
the calculations to these higher bombarding energies by 
means of a model similar to that used by Lindner and 
Turkevich,’ but with the inclusion of charged-particle 
evaporation. 


EXPERIMENTAL 


Bombardments were begun at the Brookhaven 
National Laboratory Cosmotron at proton energies of 
1.0, 2.0, and 3.0 Bev, and were continued at the 
Lawrence Radiation Laboratory at Berkeley, at the 
184-in. synchrocyclotron with 680-Mev protons and at 
the Bevatron with 1.8- and 6.2-Bev protons. 

The target foils used were 0.002-in. thick natural 
uranium, 0.001-in. enriched uranium (93.2% U**, 
1.0% U**, 0.5% U***, 5.39% U5), and 0.002-in. thorium. 
The beam intensity was determined by the activation 
of a 0.003-in. aluminum monitor foil intercepting the 
same flux as the target foil. The Al?’(p,3pn)Na*™ cross 
section was taken to be 11.0 mb at 680 Mev" and 10.5 
mb for 1.0 Bev and above." The recoil loss of spal- 
lation products from both the target and monitor foils 
was expected to be less than 2%. 

The elements uranium, protactinium, thorium, and 
actinium were separated chemically from the irradiated 
targets. Outlines of the chemical procedures and 
methods of sample preparation are given in Appendix I. 
Three methods of radiometric assay were employed: 
alpha counting in a windowless 2x proportional counter 
or ion chamber (U*’, Pa®’’, Th?*, Th?**), alpha pulse- 
height analysis with a Frisch grid ion chamber (U™, 
U™, U9, Pa”, Pas, Pa? Ths, Th®7, Ac?6 Ac, 
Ac*4), and beta counting with an end-window propor- 
tional counter (U*’, Pa®7, Pa, Pa Pa? Pas 
Th, Th**, Th**'). In addition, some nuclides (Np**, 
Np”**, Ac***) were assayed by alpha-pulse analysis of a 
long-lived daughter activity. Beta counting was per- 
formed through an aluminum foil (~8 mg/cm’) to 
absorb alpha particles, and the efficiency for this system 
was determined with samples calibrated by 42 counting'® 
or with beta activities in equilibrium with long-lived 
alpha-active parents. The counting efficiencies of the 
alpha counters were determined by standards calibrated 
by 4x counting to be 50-53% depending on a energy. 

"K. Goebel 
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The counting efficiency of the gridded ion chambers for 
resolved alpha groups was determined in the same way 
to be 45-49%. 

Chemical yields of elements other than that of the 
target were determined by the addition to the solution 
in which the target was dissolved of known amounts of 
long-lived alphe-active isotopes of the elements to be 
separated. The nuclides used for this purpose were 
Np”, Pa™!, Th”, and Ac”’. In the case of Ac”? a small 
correction was necessary for the amount of this isotope 
produced during the bombardment. The correction was 
estimated by assuming the Ac”? cross section to be the 
mean of the Ac”® and Ac**s cross sections. 

For several of the elements studied, the presence of 
certain naturally occurring isotopes in the target foil 
had to be taken into account. The appropriate correc- 
tion was determined by assay in an unirradiated foil or 
by calculation from the known composition of the foil. 
These corrections were necessary for Th?! and Th* in 
natural uranium, Th®’, Th, Th*"!, Th?*, and U2" in 
enriched uranium and Th*** and Th* in thorium. 

The measured cross sections are presented in Table I. 
These represent independent yields unless otherwise 
indicated, and the U*** yields have been corrected for 
the 5.3% U*® content. Half-lives and decay branching 
ratios given by Strominger ef al.'’ were used. However, 
the beta activity of protactinium samples separated 
from bombarded U*** targets showed no evidence of a 
39-minute half-life as reported'* for Pa®*’ although it was 
expected that the 39-minute activity would have been 
formed with a substantial yield were the assignment to 
Pa”? correct. The 10-minute activity that was observed 
was assumed" to be due to Pa**”. 

The errors shown are generally the mean deviations of 
duplicate determinations. When the duplicates showed 
fortuitously good agreement or when a duplicate 
determination was not made, an estimate based on the 
compounding of the errors of measurement was em- 
ployed. Generally this type of estimate was of the same 
order as that obtained from the agreement of duplicate 
determinations. 

In Fig. 1, a contour plot on a table of isotopes is pre- 
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Fic. 1. Cross sections in millibarns for production of the 
indicated isotopes from U** bombarded with 1.8-Bev protons. 
The target is indicated by the shaded box. Contour lines are drawn 
a factor of three apart. 
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TABLE I. Cross sections in millibarns for production of the indicated isotopes with protons. 
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sented for the yields from U*** bombarded with 1.8-Bev 
protons. The yields with a “‘~”’ sign are actually from 
0.68-Bev data and those in parentheses from a U** 
target. The contours were drawn to be an estimated 
factor of three in cross section apart. The general mass 
and charge distribution of spallation products of a 
target bombarded with Bev-energy protons is evident. 
Also obvious is the strong effect of fission in sharply re- 
ducing the yields at high Z*/A, indicated by the crowd- 
ing of the contour lines in the upper left part of the 
figure. 
CALCULATIONS 


In common with the calculations of Lindner and 
Turkevich,’ the present analysis used as a starting 
point the results of the calculations of Metropolis 
et al.® for the charge, mass, and excitation energy of the 
products of about 750 individual intra-nuclear cascades 
for the interaction of 1.8-Bev protons with U*** nuclei." 
In the calculations for the reactions of U*** and Th** 
with 1.8-Bev protons, the assumption has been made 
that the distribution of Z, A, and excitation energy 
would be similar to that for U*** but shifted in Z and 4 
by an amount corresponding to the difference in the 
charges and masses of the target nuclei concerned. A 
program was written for the Brookhaven National 
Laboratory Merlin computer to perform an analysis 
of the de-excitation of the nuclei resulting from the 
Metropolis calculations. It used the results of un- 
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published calculations” due to Dostrovsky et al.*° as to 


the relative probability for the emission of neutrons, 
singly-charged and doubly-charged particles, as a 
function of the excitation energy and neutron deficiency 
or excess of the evaporating nucleus. The average 
de-excitation per emitted nucleon was derived from the 
calculations of Dostrovsky ef al.2° as a function of 
deposition energy. The actual de-excitation per emitted 
nucleon was varied in a linear manner for successive 
evaporation events so as to preserve this average and to 
give a value of 8 Mev per nucleon near zero excitation. 

Several modes of fission-evaporation competition were 
considered : (a) no fission competition with evaporation, 
(b) fission competition only at excitation energies above 
100 Mev, (c) fission competition at all times. In all cases 
where fission competition was included, the probability 
for fission relative to that for evaporation was taken 
from the summary of low-energy data of Vandenbosch 
and Huizenga.’ The exact input parameters are de- 
scribed in Appendix II. The calculation was in no sense 
a full statistical analysis, since for example, average 
de-excitation per nucleon emitted was used rather than 
the appropriate distribution in energy predicted by 
evaporation theory. It was also limited by the small 
number of followed in the Monte Carlo 
calculation’ of the knock-on phase of the interaction, 
which led to poor statistical accuracy for these results. 
A procedure” was adopted to add one to the number of 


cascades 
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with those calculated wit 


h various assumptions as to fission- 
evaporation competition. 


l 


cascades that would lead to a certain product and then 
renormalize so that the total reaction cross section 
remained the same. This had the effect of smoothing the 
data and making the calculated curves upper limits in 
the regions where the knock-on calculations had the 
smallest statistical accuracy. 


DISCUSSION 


The present study, while performed at higher 
bombarding energies than that of Lindner and Osborne,*® 
deals with the same product nuclides from the same 
targets, probably formed from knock-on cascades with 
similar deposition energies, namely of less than 100 
Mev. Thus the conclusions of previous workers, such 
as Lindner and Turkevich,’ that the fission-evaporation 
competition is independent of excitation energy up to 
about 100 Mev should apply to the interpretation of the 
present data. 


In Fig. 2 experimental yields of uranium nuclides, 


from a U*** target plus 1.8-Bev protons, are compared 
with the present calculations. The use of a constant 
de-excitation per emitted nucleon of 10 Mev instead of 
the more detailed assumption described above was 
found not to affect appreciably the calculated yields. 


The curve labeled Dostrovsky comes from some 
unpublished results of the calculation described by 
Dostrovsky, Fraenkel, and Rabinowitz," which used a 
Bohr-Wheeler formula for the variation of fission 
probability with excitation energies. Qualitatively this 
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formula has the effect of making the fissile nuclei under 
consideration here less fissionable at high excitation 
energies. One concludes from Fig. 2 that a fission- 
evaporation competition independent of excitation 
energy is the only formula among those tried that 
reproduces even the general trend of the yields with 
mass number. However, even in this case one observes 
a discrepancy in the magnitude of the yields, not only 
for the (p,pm) product (as observed by previous 
workers)’:*?:?3 but also for mass numbers up to ten units 
below that of the target. This is in sharp contrast to the 
excellent agreement with experiment obtained by 
Lindner and Turkevich® at 0.34 Bev for yields of the 
same nuclei from the same target. 

In Figs. 3 to 6 experimental yields from U?*, U**, and 
Th** targets plus 1.8-Bev protons are presented 
according to reaction type. [The designation of a 
reaction (p,pxn), for example, is intended to describe 
a product-target relationship rather than a reaction 
mechanism. | Also presented are yield data calculated 
under the assumption of fission-evaporation compe- 
tition being independent of energy. It must again be 
pointed out that the calculated yields are subject to 
large uncertainties, since the number of cascades 
followed in the calculations* of the knock-on phase was 
small. The resulting poor statistical accuracy of the 
cross sections from which these curves were drawn make 
them reliable only as to their gross features. 

In Fig. 3, where the (p,pxm) reaction cross sections 
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ic. 3. Cross sections at 1.8 Bev for the reactions p,pxn) 
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are plotted, it is seen that the large discrepancy between 
the calculated and the experimental yields is common 
to all three targets. However, the general trend and 
ordering of the curves according to target leads one to 
believe that qualitatively fission competition may have 
been introduced correctly, and that the main part of the 
discrepancy is in the calculation for the knock-on 
phase. 

In Fig. 5, the (p,362n) product yield seems anomal- 
ously high when compared to those of the other (p,3pxn) 
products and one might be tempted to ascribe this to 
high yield from a (p,pa) reaction, with a single-collision 
mechanism analogous to the (p,pm) and (p,2p) re- 
actions. However, when the yield of this product is 
compared with the yields of products with atomic 
number one higher in Fig. 2, the anomaly is not as 
pronounced. It does not seem that there is clear 
evidence at present of a (p,pa) reaction with anomal- 
ously high cross section. (The large error on this cross 
section is due to the large correction for the natural 
amount of Th in the U** target. The cross section at 
1.8 Bev is large compared with the values at the other 
bombarding energies.) 

Figure 6 is the only one in which the calculated yields 
are larger than the experimental ones. This is even more 
surprising when it is considered that Lindner and 
Turkevich® observed just the opposite. That is, they 
obtained good agreement between calculated and experi- 
mental yields for (p,pxn) and (p,2pxn) reactions but 
found that the calculated (p,3pxn) cross sections fell 
below the experimental ones and the (p,4pxn) cross 





T 


(p,2pxn) 1.8 Bev 








0.01 3 5 





Fic. 4. Cross sections at 1.8 Bev for the reactions (~,2pxn) as 
a function of x for the indicated targets. Broken lines calculated. 


AND Th NUCLEI 





100 - 


50 (p,3pxn) 1.8 Bev 


a Lisl 


l 


FCT TT] 
eee ney 


l 








i 
ie) 





Fic. 5. Cross sections at 1.8 Bev for the reactions (~,3pxn) as 
a function of x for the indicated targets. Broken lines calculated. 


sections fell still further below. They pointed out that 
the discrepancy became worse at the lower bombarding 
energies and attributed it to the emission of charged 
aggregates in the knock-on phase of the interaction, in 
reactions like the (p,pa) mentioned above. The pro- 
cedure described in the last section of adding one to the 
calculated number of knock-on cascades leading to a 
certain nuclide would have its greatest effect for those 
isotopes furthest from the target. The lowest of the three 
calculated curves in Fig. 6 was obtained without using 
this procedure and it is seen that the discrepancy. with 
experiment is reduced, but not so much as to bring the 
calculated yields below the experimental ones. The 
corresponding effect in Figs. 3-5 would have been less 
severe but generally in the direction of making the 
observed discrepancies bigger, rather than smaller. The 
present calculation differs from that of Lindner and 
Turkevich,’ since it took into account charged particle 
evaporation. Lindner and Turkevich estimate that the 
effect of proton evaporation on their (p,3pxn) yields 
was small. In the present calculation, it is estimated that 
the introduction in the analysis of the evaporation of 
singly and doubly charged particles has raised by about 
a factor of two the (p,4pxn) yields shown in Fig. 6. 
It is concluded that the difficulty mentioned by Lindner 
and Turkevich, of being unable to account for the 
yields of isotopes far from the target, is not apparent 
in this work. 

With the help of Fig. 1, cross sections for unmeasured 
nuclides were estimated and summed to obtain the 
mass-yield curve shown in Fig. 7 as a histogram. While 
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Fic. 6. Cross sections at 1.8 Bev for the reactions (p,4pxn) as 
a function of x for the indicated targets. Broken lines calculated. 
See text for explanation of lower broken line. 


there is considerable uncertainty in interpolating un- 
measured yields it is thought that the existence of two 
maxima in the curve is real. The lower heavy curve in the 
figure calculated assuming fission-evaporation 
competition independent of excitation energy, and the 
upper heavy curve assuming no fission competition at 
all. It is seen that both curves, even the one assuming 
no fission in the calculation, fall significantly below the 
experimental data. This can probably be interpreted 
as a failure of the calculations of the knock-on phase* 
to predict sufficient probability for simple processes 
leading to low deposition energy. This is in contrast 
to the good agreement (except for p,pm and p,2p 
reactions) obtained between this type of calculation 
and experiments with 0.38-Bev protons on bismuth,” 
0.36-Bev protons on copper,' the experiments mentioned 
above with 0.34-Bev protons on uranium,’ and even 
those with 1.8-Bev protons on copper.'> However, 
recently, Winsberg”* has found that this type of calcu- 
lation predicts low yields for (p,pxn) and (p,2pxn) 
reactions with 2-Bev protons on iodine and indium. 
Thus it appears that the apparent failure in the calcu- 
lation of the knock-on phase is greatest at the highest 
bombarding energy for the targets of highest atomic 
number. It has been a common assumption**”.* that 
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introduction of a diffuse nuclear surface’’ into the 
knock-on calculations, in place of the sharp dis- 
continuity used, would lead to better average agree- 
ment with measured yields of (p,pm) and (p,2p) 
reactions. However, it is still necessary to explain why 
the discrepancy for uranium between calculation and 
experiment for reactions with AA greater than one 
exists at 1.8-Bev bombarding energy but not at 0.34. 
Another way of looking at this discrepancy is the 
following. Knock-on calculations’ predict that the 
probability of cascades of a given small AA, irrespective 
of deposition energy, goes through a maximum and 
decreases rapidly as the bombarding energy increases. 
Also the calculations predict that the spectra of de- 
position energies of particular cascade products are not 
very sensitive to bombarding energy. Thus, the calcu- 
lations indicate much lower yields of simple spallation 
products at the higher bombarding energies, while 
experimentally the excitation functions do not decrease 
with increasing bombarding energy. Any modification 
of the cascade calculations that would raise the proba- 
bility of small cascades at the higher bombarding 
energies, while not necessarily changing the present 
spectra of deposition energies of particular cascade 
products, would improve agreement with experiment. 
This type of modification also would, in effect, reduce 
the average deposition energy. Indeed the calculations 
of the knock-on phase* for uranium predict an increase 
of a factor of four in both the average deposition energy 
and number of cascade nucleons in going from 0.34- to 
1.8-Bev bombarding energy. This is probably due to 
the increasing importance of mesons for the proliferation 
of the cascade. The corresponding ratio for a copper 
target is less, indicating less sensitivity to this effect. It 
was pointed out in the paper on the knock-on® calcu- 
lations that the details of meson production and inter- 
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1c. 7. Mass yield curves for the bombardment of U™* with 1.8 
Bev protons. Histogram—from experimental data; upper curve 
calculated with no fission competition; lower curve—calculated 
with fission-evaporation competition independent of excitation 
energy. 


27 R. Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 (1957 
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actions were treated somewhat crudely, and it is 
suggested here that the importance of mesons in the 
proliferation of the cascade may have been over- 
estimated, causing the discrepancy for uranium at 1.8 
Bev but not at 0.34 Bev. 
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APPENDIX I 


Chemical Procedures 


The anion and cation exchange resins used in the 
procedures below were Dowex-1 and Dowex-50, respec- 
tively. All TTA extractions were carried out with 1 to 2 
ml volumes, in a 15-ml centrifuge cone, with emulsifi- 
cation by means of a transfer pipette. Usually the 
organic phase was evaporated directly on the sample 
plate, with a device for keeping the edge of the plate 
hotter than the center. The organic residue was then 
removed by igniting the plate at red heat. All samples 
were mounted on 0,010-in. platinum. Most of the 
following procedures were adapted from standard refer- 
ence works,?*:?9 


Uranium from Uranium 


The uranium foil target was dissolved in concentrated 
HCl with the addition of hydrogen peroxide and 
adsorbed on a large anion column. After the column was 
washed with concentrated HCl, the protactinium 
activities were eluted with 3.V HCl, and then the 
uranium was eluted with LV HCl. The 1.V HCl eluate 
was saturated with ammonium nitrate, and the uranium 
extracted into ether. The uranium was back-extracted 
into water and electrodeposited on platinum from 6M 


NH,CI solution at pH 5. 


28 EF. K. Hyde, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, p. 281. 

29 A. M. Poskanzer and B. M. Foreman, Jr., J. Inorg. & Nuclear 
Chem. 16, 323 (1961). 
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For faster separation in studies of short-lived activi- 
ties, the ether extract was evaporated on a platinum 
sample plate and ignited. 


Protactinium from Uranium 


The protactinium eluate from above was made 6N 
in HCl and was extracted into a 0.25M TTA benzene 
solution. The organic phase was evaporated on the 
sample plate. For faster separations, the target solution 
in concentrated HCl was diluted to 6N and extracted 
directly. 

For beta activity measurements in which zirconium 
fission products constituted an interference, the 
protactinium was separated from the column eluate via 
coprecipitation with MnO, or extraction into di- 
isopropy] ketone prior to TTA extraction and mounting. 


Protactinium from Thorium 


The thorium metal target was dissolved in concen- 
trated HCl with addition of (NH4)2SiF, and the acid 
diluted to 6. Extraction into a benzene solution of 
TTA and mounting of the organic phase was then 
accomplished as above. 


Thorium from Uranium 


The uranium target was dissolved and adsorbed on 
an anion column as above. The HCl washings were 
evaporated, and the thorium was adsorbed on a very 
small (13 mm by 3 cm) cation column. The column was 
washed with 6N HCl and 6V HNO; and the thorium 
desorbed very slowly with 0.5M oxalic acid. The eluate 
was evaporated, the oxalic acid sublimated, and the 
residue taken up in 0.1M HNO;. The thorium was 
then extracted into 0.2M TTA in benzene and the 
organic phase evaporated directly on the sample plate. 

For a faster procedure, the solution in which the 
target was dissolved was passed directly through the 
small cation column. The thorium was eluted with 
oxalic acid directly on to a platinum plate on a hot plate 
and ignited. Since a small amount of uranium ac- 
companied the thorium in this procedure the column 
was washed before elution with a U*** solution when a 
U** target was used. 


Thorium from Thorium 


The target was dissolved in concentrated HNO; with 
the aid of (NH,)2SiF¢, the acid diluted to 8.V, and the 
thorium adsorbed on a large anion column. The column 
was washed with 8.V HNOs, and the thorium was eluted 
with 6N HCl. The solution was evaporated, neutralized, 
and extracted with a 0.2M benzene solution of Dagmar.”* 
The organic phase was scrubbed twice with 0.1M acid 
and the thorium back extracted with 6N HCl. The 
solution was evaporated to dryness and the thorium 
vacuum vaporized onto a platinum plate (with low 
yield). 
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For a faster procedure, the solution in which the tar- 
get was dissolved was evaporated, neutralized, and ex- 
tracted into a benzene solution of Dagmar. The organic 
phase was scrubbed with 0.1.V acid. The benzene was 
evaporated off in a shallow boat, leaving an infinitely 
thick sample of thorium and Dagmar. From range- 
energy data for alpha particles, it was calculated that 
the alpha-counting efficiency of the 8-min Th was 
1.10 times that of the 30-min Th*”*, 


Actinium from Uranium 


The target was dissolved in HCl with the addition 
of H,Os, the solution evaporated, and passed through 
a cation column. The column was washed with 2.V 
HNO; and the actinium eluted with 4V HNO;. The 
elute was neutralized, buffered with ammonium acetate- 
acetic acid, and actinium extracted into 0.2M TTA in 
benzene. The organic phase was washed with distilled 
water, and the actinium back-extracted with 10“°M 
acid. The aqueous phase was again buffered and the 
actinium reextracted. This time the organic phase was 
evaporated to prepare the sample plate. This procedure 
did not purify the sample from rare earths; no beta 
counting was done on the sample. 


Actinium from Thorium 


The 8.V HNO; effulent from the anion column of the 
thorium-from-thorium procedure was evaporated. The 
rest of the procedure is the same as the actinium-from- 
uranium procedure, beginning at the cation-column 
step. 

APPENDIX II 
Merlin Calculations 

From the published Monte Carlo calculations of 
Dostrovsky ef al. the average de-excitation per 
evaporated nucleon in the heavy-element region was 
taken as 

D/SA=8+3.2(D/A)}, 


where D is the deposition energy in Mev of the knock-on 
cascade product. 


A. 
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From the unpublished” calculations, of the same 
authors, for eleven different A, Z, deposition-energy 
combinations, it was concluded that, in the region of 
interest, the relative probability of emitting singly- and 
doubly-charged particles, T;, and I'.,, to the total 
particle evaporation probability, [',, could be repre- 
sented by 


Pi r,=[5.5+0.65(Z—Z.4) |X 10 ‘Ff, 
l's,/P,=[1+0.2(Z—Z,) ](1.5—0.001£) X 10-E, 


where E is the excitation energy in Mev when the 
particle is evaporated. The charge-value for beta 
stability, Z4, was taken as 0.3544 +9.1. In order to take 
account qualitatively of the emission of deuterons and 
tritons in addition to protons, the de-excitation per 
singly-charged particle emitted was taken as 1.5 times 
the de-excitation per nucleon. The relative probabilities 
of fission and particle evaporation were obtained by 
fitting parallel lines of slope 0.130 to the data of Fig. 2 
of the paper of Vandenbosch and Huizenga,’ where 
logio(’,/I's) is plotted vs mass number. 

The calculation was carried out for each knock-on 
cascade product by first calculating the fractions 
undergoing fission and emitting each of the three types 
of particles. In turn, for each of the products of particle 
emission, the fractions of these going into each of the 
four branches was again calculated. The branching of 
the chains was followed until the residues were de- 
excited, and the remaining fractions were stored and 
summed according to Z and A. The process 
repeated for each knock-on cascade product. Certain 
limits were built into the calculations, so that if any 
of the fractions along the chain fell below a certain 
value, usually set at 0.01, then this fraction was added 
into that of one of the more probable products at this 
branch point. 

Because of the many average quantities used in the 
analysis, it was not expected that the excitation energy 
at the act of fission would be calculated very accurately. 
However, the number of chances at fission during. the 
de-excitation process and, therefore, the A, Z distri- 
bution of final products, should not be strongly affected 
by the averaging processes used. 


was 
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Search for Positive Particles of Masses about 500m, and 1400m, 
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The mass spectrum of positive particles in a secondary beam from the Bevatron has been measured at a 
distance of 90 ft from the internal target. At a confidence level of 93% the proportion of particles with mass 
between 420m, and 630m, in the 1-Bev/c beam is estimated to be <6X10~%. An upper limit of about 
3X10 is obtained for the proportion of particles of mass approximately 1400m, in the 2.3-Bev/c beam. 


HE purpose of this article is to report experimental 

results of a search for positive particles with 
masses in the regions 420-630 m,! and 1050-1500 m,.* 
The bearing of these results on the existence of such 
particles clearly involves a discussion of particular 
models of production and decay, which will not be 
attempted here. 

Positive particles of known momentum emitted at 
26.5 deg from an internal heavymet target in the 
Bevatron were selected according to velocity by a 
coincidence between two high-pressure methane gas 
Cerenkov counters’ and two pairs of time-of-flight 
scintillation counters 40 ft apart. These counters are 
constructed so that Cerenkov light at different angles 
is collected into one of two zones. One zone extends from 
0 deg to 6.7 deg, and the other from 7.4 to 20 deg. In 
this way different groups of particles were detected 
concurrently and beam purity was improved by anti- 
coincidence methods. Further beam purification was 
cbtained with the use of a scintillation counter which 
discriminated between the pulse height produced by a 
single particle and that produced by two particles 
arriving within 50 musec of each other. 

To obtain the mass spectrum of the beam, the pres- 
sure in the Cerenkov counters and the tuning of the 
time-of-flight counters were varied. Measurements of 
the mass spectrum 90 ft from the Bevatron target can 
be summarized as follows. 

At a momentum of 1 Bev/c, the beam was tuned for 
particles of mass between 420 m, and 630m, in steps 
of about 50 m,. For each setting, about 3X10? particles 
(76% protons, 24% w+ mesons, and 0.1% K+ mesons) 
passed through the channel without any coincidence 
count occurring in the Cerenkov and _ scintillator 
system. Figure 1(a) shows the upper limits to the 


*On leave from the Rutherford High-Energy Laboratory, 
Harwell, England. 

' 1958 Annual International Conference on High-Energy Physics 
alt CERN, (CERN Scientific Information Service, Geneva, 1958). 
p. 153 ff. 

2 Proceedings of the 1960 Annual International Conference on 
High-Energy Physics at Rochester, (Interscience Publishers, Inc., 
New York, 1960) page 393 ff. T. Yamanouchi, Phys. Rev. Letters 
3, 480 (1959). 

B. Cork, D. Keefe, and W. A. Wenzel, Proceedings of the 196 
International Conference on Instrumentation for High Energy 
Physics, Lawrence Radiation Laboratory, Berkeley, California, 
September, 1960 (to be published), Ila, 10; V. Cook, B. Cork, 
lr. F. Hoang, D. Keefe, L. T. Kerth, W. A. Wenzel, and T. F. 
Zipf, Phys. Rev. (to be published). 


relative intensities of components with different mass 
values. At a confidence level of 93% the proportion of 
particles with any mass in this region is estimated to 
be <6X10~* in the secondary beam described. 

At a momentum of 2.3 Bev/c the beam (96% protons, 
4% a+ mesons, and 0.2% K+ mesons) was tuned for 
particles with masses between 1050 and 1500 m,. Here, 
however, there was a significant background counting 
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Fic. 1. Coincidence rate in the Cerenkov and scintillation 
counters normalized to the total flux of particles in the selected 
beam. (a) results at 1 Bev/c; no count was recorded for any mass 
selection between 420m, and 630m,, as indicated by the arrows. 
The bar at the tail of each arrow indicates the rate if one count 
had been obtained. (b) Results at 2.3 Bev/c; the background coin- 
cidence rate rises with pressure because of proton-induced delta 
rays. 
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rate at each point studied. At 2.3 Bev/c a proton can 
create delta rays above the Cerenkov threshold in the 
gas counters and so cause a spurious coincidence, since 
its velocity is also high enough to be acceptable to the 
time-of-flight circuit. This background rate increases 
with increasing gas density in the counters, as can be 
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seen from Fig. 1(b). Assuming that a counting rate 
corresponding to any particular mass value of three 
standard deviations above background would have been 
interpreted as significant, one arrives at an upper limit 
of about 3X 10~* for the proportion of particles of mass 
approximately 1400 m, in the secondary beam. 
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Pion Production in Electron-Positron Collisions* 
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The properties due to the presence of symmetries in pion production processes in elec tron-positron col 
lisions are discussed. Cross sections are calculated for the production reactions e*+e w++, et+e- —> 


et+e-+-2°, and e*+e 
calculated. 
discussed 


—2r+r. 


I. INTRODUCTION 


HE prospect of clashing electron-positron beams 
is certainly an attractive one.’* The electron- 


positron system possesses simplifying features because 


of its high degree of symmetry. In addition, many 
interesting ‘particle production processes occur with 
cross sections proportional to the same order of the 
electromagnetic coupling constant as the cross section 
for e++e~ elastic scattering. Examples of such processes 
are the production of uwt+y-, w*+a-, and A*+K- 
pairs. Further, such experiments offer an unambiguous 
way of studying certain strong interactions between 
pairs of particles in situations which are not complicated 
by the additional strongly interacting 
particles. 

Because of the presumably fundamental role of the 
pion in strong interactions, perhaps the most funda- 
mental of these possible experiments are those involving 


presence of 


* Supported in part by the Atomic Energy Commission. 
The major portion of this mo was done while the author was a 
National Science Foundation Predoctoral Fellow at the University 
of Chicago. A version of this work was submitted as a thesis to the 
faculty of the Department of Physics of the University of Chicago. 

+ Present address: Department of Physics, University of 
Washington, Seattle, Washington. 

1 Yung Su Tsai, Phys. Rev. 120, 269 (1960). For experimental 

details related to proposed electron-electron scattering experi 
ments, see W. C. Barber, B. Richter, W. K. H. Panofsky, G. K. 
O'Neill, and B. Gittelman, High-Energy Physics Laboratory 
Report, Stanford University HEPL-170 (unpublished). Addi- 
oe information on the electron-electron experiment is given 
by W. K. H. Panofsky and Yung Su Tsai, Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960), pp. 
769, 771. For plans for electron positron colliding beam experi 
ments and details of the Frascati storage ring see B. Touschek 
et al., Nuovo cimento 18, 1293 (1960). 

2N. Cabibbo and R. Gatto, Phys. Rev 313 
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The photon spectrum for the reaction e*+e— + 2*+27>+y is 
The role of form factors and some of the possible effects of resonant strong interactions are 


also 


pion production. Some of the symmetry properties 
relevant to these pion production processes are dis- 
cussed in Sec. II. In Sec. III the results of calculations 
of x® production cross sections are given. Section IV 
contains the results of calculations for #++2~ pair 
production and the associated process of r++2~+7 
production, i.e., radiative pion pair production. Some 
discussion is given of the most likely effects of strong 
interactions, such as the introduction of form factors 
and the occurrence of resonances. Since the techniques 
of quantum electrodynamics are now well known,’ 
calculational matters are only sketched, and this: is 
done in the Appendix. The conventions used are those 
of Feynman.’ 


II. SYMMETRY CONSIDERATIONS 


Since the electron and the positron form a particle- 
antiparticle pair, one has the possibility of charge 
conjugation invariance in addition to the 
metries such as space inversion, rotational invariance, 
and Lorentz invariance. It will be seen that this addi- 
tional symmetry is of prime importance in most of the 
examples to be discussed, just as it is extremely useful 
in positronium.’ ® 

For high-energy scattering problems t 
formalism, which involves an analysis int 
orbital angular momentum states, is inconvenient. A 


usual sym- 


he conventional 
) spin and 


> 


*?R. P. Feynman, The Theory of Fundamental Processes (Cornell 
University, Ithaca, New York, unpublished). 

‘J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Flectrons (Addison-Wesley Publishing Company, Inc., Cambridge, 
1955). For a discussion of positronium see Chap. 12, Sec. 5. 

5 L. Wolfenstein and D. G. Ravenhall, Phys. Rev. 88, 
(1952) 
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ABLE I. Eigenstates of P and C and their eigenvalues. 


State a Cc 


#,J4¥=2-4(|JIM;+—-)+|JM; 
tJM=2-4(/JM; +—)—|JM; - 
bo =2-4(|JIM;++)+|JM; 
s/M=2-4(|JM;++)-|JM; 


(—1)/ 
‘—8)""* 
(—1)/ 
(—1)/ 


(—1)4 
(—1)/*! 
(—1)/ 
(—1)/* 


formalism based on states of total angular momentum 
and helicity, such as that of Jacob and Wick,® is 
especially suitable for relativistic particles. In this 
formalism the two-particle state in the barycentric 
frame is expressed as a direct product of one-particle 
states of opposite momenta and with their spins 
quantized only along their momenta, i.e., states of 
definite helicity. These plane-wave product states are 
then decomposed, using the familiar representation 
coefficients Day,7,7 into a sum of states | JM; Ade) for 
which the total angular momentum is J, the z com- 
ponent of angular momentum is M, and the total 
helicity is AX=Ai—Az. To describe a two-particle state 
in some other frame, it is only necessary to apply the 
appropriate rotation or Lorentz transformation oper- 
ator. In constructing two-particle states for the electron- 
positron system in the usual Dirac formalism, one 
should remember that while the electron is represented 
by the Dirac spinor ¥1(qi), the positron is usually 
represented by an adjoint spinor ~y2(—qz). 

The behavior of the states |JM;A,A2) under the 
parity operator P, and the charge conjugation operator 
C, is given by 


P JM ;X1d2) =(—1)/|\JM; —\i—)z), 
and 


G JIM ; \yA2)= (— 1) JM ; 21). (2) 


Relation (1) is given by Jacob and Wick.® Relation (2) 
can be derived by explicitly examining the result of C 
on a state (remembering to use w for the positron) or, 
more easily, by examining the triplet and _ singlet 
helicity states in Table I and recalling that in posi- 
tronium CP=-+1 for triplet states and CP=—1 for 
singlet states. 

The combinations of | JM; 2) that are eigenstates 
of P and C are listed in Table I along with the corre- 
sponding eigenvalues for P and C. Note that the states 
t.4™” and t)/“ have the same eigenvalues. The same 
situation occurs in the analysis of positronium. Also 
note that the four states satisfy the usual conditions of 
orthonormality. 

Table I can be used to decide which of the four states 
can possibly contribute to a reaction resulting in various 
particles in a state of total angular momentum J. 

The process 


? 


e+e — +7 (3) 


*M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 
‘E. P. Wigner, Group Theory (Academic Press, Inc., New York, 
1959), Chap. 15 
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Fic. 1. Feynman diagrams for 7° meson production: (a) 
e*+e° — w°+7; (b) and (c) ef+e° — et+e 


7°. 
results in a w® mseon and involves only two particles 
in the final state. The x°+7 system has C=—1 re- 
gardless of the value of J. If J is odd and P= —1, then 
Table I indicates that the possible initial states are 
t.7™ and to/™; if P=+1, then only s’™ can contribute. 
Alternatively, if J is even, then only the state ¢_Y™” can 
contribute, which necessarily requires that P=—1. A 
Feynman diagram representing the lowest-order con- 
tribution to this process is shown in Fig. 1(a). The 
phenomenological interaction is discussed in Sec. III. 
Notice that interaction takes place through a single 
virtual photon. Consider a virtual photon associated 
with four-momentum, &. In the barycentric frame of the 
emitting or absorbing particle-antiparticle pair, k=0. 
Thus the gauge condition, koA»>—k-A=0, implies that 
Ay=0 and only a vector potential is possible. Thus the 
initial state is a vector, i.e., J=1, P=—1. Annihilation 
into a single virtual photon also requires C= —1. From 
Table I it is evident that t,”” and t&’™” have the 
quantum numbers P= —1, C= —1 for /=1. However, 
it will be explicitly shown later in this section that the 
states fo’” do not, in fact, contribute to an electro- 
magnetic interaction such as that of Fig. 1(a). Thus 
the initial state is necessarily 4.4” with J=1. 
Another 7° meson production reaction is 

et+e »et+e +7”. (4) 
The initial state is best analyzed in its barycentric 
frame, while the final state is best analyzed in the 
barycentric frame of the final e++e~ pair. The total 
eigenvalues of P and C are the same, of course. Since, 
for the 7° meson, C=+1 holds, the value of C for the 
final state is simply the value of C for the final e++e 
pair, which depends on the total angular momentum j 
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of this pair. The value of P in the final state is the 
product of the parity of a x meson with orbital angular 
momentum L, and the parity of the final e++e7~ pair. 
Since parity and charge conjugation must be conserved 
in electromagnetic processes, the relation between the 
eigenvalues of the initial and final states can be written 
as 
(J|\C|J)=(j|C!} 9), (Sa) 

and 

(J|P|J)=(—1)*(7|P| j). (Sb) 
The four states of Table I are collectively represented 
and | j), for the initial and final states, respec- 
tively. Since each of these four states is an eigenstate 
of P and C, the relations (5) just present the re- 
strictions on the eigenvalues for the possible initial 
and final states. These restrictions constrain J+ 7 and 
L to be even or odd. The results are summarized in 
Table II. Only the upper half of the table need be 
written, since the relations (5) hold whether |/) is the 
initial state and | /) the final state or conversely. Even 
and odd are denoted by 0 and 1, respectively. 

The diagrams representing the lowest-order con- 
tributions to the reaction (4) are shown in Fig. 1(b) 
and 1(c). An attempt to apply symmetry considerations 
to Fig. 1(b) gave no useful qualitative information. 
This diagram corresponds to the emission of virtual 
photons by both the electron and the positron, and 
many initial and final states are possible. The contri- 
bution of Fig. 1(b) will be discussed quantitatively in 
Sec. III. Explicit calculation showed that there was 
no interference between diagrams 1(b) and 1(c) in the 
pion spectrum or total cross section (after integration 
over electron and positron phase space). The diagram 
of Fig. 1(c) involves features discussed above. Since 
each e*+e~ pair is connected to a single virtual photon, 
the argument given above applies to each pair in its 
barycentric frame. The electron-positron states corre- 
sponding to Fig. 1(c) are both vectors, i.e., J=1 and 
j=1. Again, the interaction is of a type that excludes 
the possibility of 47 contributing, as will be seen later. 
Inspection of Table II indicates, therefore, that the 
initial and final must be the same (except 
possibly for the 2 component of angular momentum). 


as |J) 


states 


TABLE II. Even and odd restrictions on J+ j and resulting parity 


of L for the reaction e* +e — e*+e° +7". 


Initial Final state 


state Or a _ bo?” 
 -7 
{JM 


bo? M 
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Thus the possible transitions are (4,7 — 4,™, LJ” — 
tm, and s/¥— s™, with J= j=1. 

Perhaps the most important capability of clashing 
electron-positron beams is the production of other 
particle-antiparticle pairs. These pairs will be produced 
electrodynamically without the other 
strongly interacting particles which would make the 
analysis of interactions ambiguous. For instance, the 
process 


presence of 


e+e attr (6) 


would produce a pair of pions without the presence of 
nucleons and would furnish a very clean way of studying 
the r—- interaction. As a contrast, consider the diffi- 
culties which are present* in obtaining precise infor- 
mation on the m—7 interaction from the reaction 
a +2— 9° +29 +72. 

A wt-+a- meson pair in a state of definite angular 
momentum J has P=C=(—1)/, since the pion is 
spinless. Thus, only the initial states 4.7” and &/™ 
can contribute. The lowest-order contribution to this 


/ 
4 


_< 
—* 
ff 


i 


Fic. 2. Feynman diagrams for r*+7 
radiative pair production 
pair production. 


pair production and 
a) pair production; (b)—(f) radiative 


process is represented by the diagram, Fig. 2(a). Just 
as we have seen before, in the discussion of the ampli- 
tude for Fig. 1(a), the initial state must have J=1, 
P=—1, and C=—1. Thus the initial state must be 
t,7™ with J=1. 

A w*++2~- meson pair can also be produced with a 
photon, 

e+e — at +9 +7. (7) 

The analysis is best carried out for the initial state in 
its barycentric frame, and for the final state in the 
barycentric frame of the meson pair, in a fashion 
similar to the analysis of reaction (4). A pion pair with 
angular momentum j and an L-pole photon have 
C=(—1)*', and P=(—1)’*” for electric multipoles, 
or P= (—1)*"*' for magnetic multipoles. Using Table 
I, we obtain even and odd restrictions on J+ 7 and L 
for the various possible initial states of the total 

* G. Chew and F. Low, Phys. Rev. 113, 1646 (1959); S 
and F. Zachariasen, Phys. Rev. Letters 5, 66 (1960) 
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angular momentum J. Table III lists these even and 
odd restrictions. 

Figures 2(b)-(f) present the Feynman diagrams cor- 
responding to the lowest-order contributions to radi- 
ative pion pair production, reaction (7). The meson 
pair in Figs. 2(b) and (c) is produced by a single virtual 
photon. This implies that j7=1 for these diagrams. 
Since C= —1 for photons, the value of C for the process 
corresponding to Figs. 2(b) and 2(c) is +1. However, 
the final state corresponding to Figs 2(d)-(f) is pro- 
duced by one virtual photon, indicating that C= —1 
for these diagrams. However, since the photon in the 
final state has C= —1, this is only possible if these three 
diagrams correspond to even values of j. Since the 
meson states for different 7 are orthogonal, the inte- 
gration over pion phase space will eliminate any inter- 
ference between the terms corresponding to Figs. 2(b) 
and (c) and the terms corresponding to Figs. 2(d)-(f). 

It is worthwhile at this point to consider the symmetry 
properties of some other possible final states involving 
mesons, even though no quantitative considerations 
are to be given in this paper. Since pions satisfy Bose- 
Einstein statistics, a system consisting of two 7° mesons 
must necessarily have even angular momentum in their 
barycentric frame; such a system would have C=-+1 
and P=+1. From Table I it is clear that only the 
initial states 4,7" and to’ can possibly contribute to 
the production of two r° mesons, and only for even J. 
Note that a single virtual photon could not be an 
intermediate state resulting in the production of two 
x mesons. The detailed mechanism of 7° pair production 
need not be the same as the phenomenological inter- 
action between the ® meson and the electromagnetic 
field. For instance, one can imagine a process in which 
a m++~ pair is produced and interacts strongly to 
produce a pair of 7° mesons. In terms of isospin, this 
would indicate that the 7=0 and 7=2 amplitudes were 
not equal. 

The three-pion system 2*+2~+7° also has simple 
symmetry properties. If the **+-2~ meson pair have a 
relative angular momentum j;, and the 2° meson has 
angular momentum je, relative to the center of mo- 
mentum of the w++2~ pair, then the system has 
P= (—1)8teH, C=(—-1)" and CP=(-—1)*'. How- 
ever, these are not quite enough quantum numbers to 
uniquely determine the state of the r++-2~+-7° system. 
A possible complete set of observables for this system 
would be the total angular momentum J, the z com- 
ponent of angular momentum, C, P, the total energy 
and momentum of the system, and a quantity specifying 
the relative distribution of energy between the 7° meson 
and the #++ 7 pair. 

A muon pair w++y~ would have the same symmetry 
properties as the incoming electron-positron state. The 
lowest-order process would proceed through one virtual 
photon and the muon and electron-positron states 
involved would be 4,4” with J/=1. 
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TABLE ITT. Even and odd restrictions on J 
parity of L for the reaction e* +¢ 


+7 and the resulting 


os TF Ty. 


State L-electric L-magnetic 


I+j 
t.JM 0 
tJM 0 
f Q 
1 


In practice, one is not so much interested in the 
properties of initial states of definite J as those of 
plane-wave states. In a fashion analogous to the 
definition of the eigenstates of P and C, one can define 
helicity-correlated plane-wave electron- 
positron pairs. These states are combinations of two- 
particle plane-wave states of definite helicity |q;A1\2), 
where the electron has momentum q and helicity A;, 
while the positron has momentum —q and helicity Ao. 
The four states are 


states for 


t;(q)=2-4(\q; +— 


t_(q)=274(\q; +—) 


to(q)=2-4(\q; ++ 


s(q)=27(\q; ++) 

Using relations provided by Jacob and Wick® one can 
expand these states (8), as a sum of the states of 
definite J, M given in Table I. Since the states t(q) 
and s(q) have zero total helicity, A=0, they may be 
expressed as sums over the states 4’ and the states 
s/™\ respectively. On the other hand, ¢,(q) and ¢_(q) 
have parts of total helicity A= +1, and are each equal 
to a sum including both t,/ and t_/™ states with total 
helicities +1. This is quite understandable from another 
point of view. The plane-wave state corresponds to an 
electron of momentum q and helicity \;, and positron 
with —q,As. But the charge conjugate state would 
have an eléctron with —q, Az, and a positron with q, Ax. 
If A\1=Az2, then the charge conjugate state is the same 
as a state which has had only the space-dependent parts 
reversed. However, if 4\;=—Azs, then the charge con- 
jugate state is the same as a state which has had both 
its space dependence and helic ity reversed. 

The expectation value of the helicity operator 
vanishes for all the states (8). The states ¢,(q) and 
t_(q) correspond to “linearly polarized’? combinations 
of |q;-+—) and |q; —+), which have helicities +1 
and —1, respectively, and could appropriately be 
denoted ¢,1(q) and ¢_;(q), respectively. 

To study the details of the electron-positron system 
in interaction, such as behavior in the relativistic limit, 
or in order to determine which of the states (8) can 
contribute through a given mechanism for interaction, 
it is sufficient to proceed in a pedestrian fashion and 
construct the explicit solutions to the Dirac equation. 


Since states of definite helicity are desired, the rela- 





660 FRANK 


tivistic representation? of the y matrices is used, 


Y O— ¥-q. 
Taking q along the z axis, the solutions for the electron 


are 
= = O+qos+m 
¥(q1)=[2(0+m) | ( Js, (10) 
Q—gost+m 


where y= 2m, while those for the positron are 


J (—g2)=[2(0-+m) Huns'(O-+gost+m, 
~(Q—gos+m)), (11) 


where Yy= —2m, gi=(Q,q), g2=(Q, —q), and mai, tr2 
are Pauli spinors whose components correspond to heli- 
city +}. Any amplitude involving the electron-positron 
system will always contain both ¥(g:) and ¥(—q2) 
together. But since >,, ¥-4,.~.=TryA] for any 
matrix A, one can consider the electron-positron 
system to be represented by the 4X4 state matrix, 
¥(gi)¥(—qg2), in spin space. To form any bilinear 
combination one simply takes the trace (paying careful 
attention to order). Actually, a 4X4 matrix is not 
necessary; attention could be confined only to a 2X2 
matrix, since the electron and positron each have only 
two spin states. In fact, it is easy to verify that for the 
states (8) ma @,2' forms a matrix which is just one of 
the Pauli matrices or the unit matrix. However, the 
Dirac theory is most familiar in its four-component 
form, instead of its two-component form, and shall be 
treated in that fashion here. 

Selecting electron states from (10) and positron 
states from (11), forming the Kronecker products 
¥(q:)¥(—g2), and combining in the manner required 
by (8) gives a 4X4 matrix for each of the four states 
. These 4X4 matrices can then be expressed in terms 
of the y matrices to give 


Vv 
8) 


t.(q)=24(Qyitgivaiyst myer), 
t_(q)=2 


to(q) = —2-3(Qiyst+ qrovstyst myot7s), 


4(Oiy2+ GyitV¥a Tt mMyoty2), 


s(q)=2-'(Ovovst+ql+my 


Note that the last term is always mO~'y» times the 
first term. The three terms in each state matrix have 
different numbers of y matrices (note that ys=yryev3s7o 
is a product of four y matrices); therefore each will 
contribute to a given amplitude in a different way. 
Behavior in the relativistic limit is quite clear; the last 
term is of order m/Q compared to the first two terms, 
~ 9D. R. Yennie, D. G. Ravenhall, and R. N. Wilson, Phys. Rev. 


95, 500 (1954); J. Hamilton, The Theory of Elementary Particle 
Oxford University Press, New York, 1959), Chap. 3, Sec. 10. 


-HEIELTON 


TaBLe [V. Explicit forms for the bilinear covariants.* 


State 

t.(q) ~QV. giB, 
t(q@ OiA, gB 

ty q) mB 
s(q) 1A3 0 


* Each entry in t 
t cng 


le 


and can be neglected. In the relativistic limit 4,(q) and 
t_(q) have an odd number of y matrices while fo(q) 
and s(q) have an even number of y matrices. 

The bilinear covariants for the electron-positron 
system in their barycentric frame are easily con- 
structed; it is only necessary to take the appropriate 
trace. Table IV is a list of the bilinear covariants. 
Note that the state 4(q) cannot contribute to the 
current ¥(—g2)yV(q:). Since the state fo(q) is equal 
to a sum over the states fo’, this implies that initial 
states 47 cannot contribute to interactions such as 
those shown in Figs. 1(a), 2(a), 2(d) or 2(e). The 
relativistic limit for Table IV is evident. All terms 
multiplied by m are of order m/Q compared to the others 
and can be ignored. 

The state matrices (12) and Table IV can be used to 
analyze the electron-positron part of a Feynman 
diagram. In the relativistic limit, only the matrices for 
t,(q) and ¢_(q) have an odd number of y matrices. 
Thus, only these two states can contribute to diagrams 
such as Figs. 1(a), 2(a), 2(d) or 2(e), which have 
amplitudes proportional to YJ, or other annihilation 
type diagrams such as Figs. 2(b) and (c), which have 
amplitudes containing an odd number of y matrices 
in the relativistic limit. This conclusion is obtainable 
from another point. of view. In the relativistic limit, 
+ (1Fiys)¥(q1) represents an electron with helicity +3, 
while ¥(—q2)}(1Fiys) represents a positron with 
helicity +3 (chirality anticommutes with charge 
conjugation)."° Commuting the matrix iy; through the 
amplitude, it is clear that, in the relativistic limit, 
only states of opposite helicity can contribute to an 
annihilation type of diagram. 


Ill. *° MESON PRODUCTION 


The process of lowest order in the electromagnetic 
coupling constant that results in x°® meson production 
is the reaction (3). The Feynman diagram describing 
this process is shown in Fig. 1(a). The differential cross 
section was calculated using a phenomenological vertex 
for the coupling of a neutral pseudoscalar particle to 
two photons." The matrix element for this coupling 
was taken as 


M= (2g/p) Fh, Esk,’ E,’, (13) 


Particle 


Jersey to be 


0 J. J. Sakurai, Invariance Principles and [lementary 
[Princeton University Press, Princeton, New 
published) ], Chap. 2. 

WR. H. Dalitz, Pr 


. Phys. London) A@A, 667 (1951 
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where g is a phenomenological coupling constant, u is 
the mass of the 7° meson, ¢*8#” is the totally anti- 
symmetric four-tensor density, and & 3 and &,’ repre- 
sent the photon polarizations, while k, and k,’ represent 
their respective four-momenta. After a calculation is 
completed, the coupling constant g is eliminated in 
favor of the lifetime 7, which is given by the relation 


1/r= g’u/16r. (14) 


The expression for the differential cross section in the 
barycentric frame of the e++e~ pair, for the reaction 
(3), in lowest order is [#=c=1, a= (137) ] 


(da /dQ) = (a/2arp*)[1— (u/2Q)? #(1+cos*@), (15) 


where ( is the electron (or positron) energy. The limit 
m?=( (vanishing electron mass) is taken, an excellent 
approximation at such high energies. The total cross 
section is 


o = (8a/3ry*)[1— (u/2Q)? f. (16) 


Note that this cross section has an asymptotic upper 
bound in the high-energy limit. Numerical values of 
this cross section (16), are shown in Fig. 3(a). Since 
the lifetime of the x° meson is not yet known precisely,” 
the convenient value r= 10~'® sec was used. The prin- 
cipal region of interest for 7° meson production processes 
would presumably be for 0.5u<Q< Iu, i.e., below the 
threshold for production of 7° pairs. 

The reaction (4) is the x° production process which 
results in a cross section of next-lowest order in the 
electromagnetic coupling constant. It will be seen 
shortly that the cross section is actually substantially 
larger than (16). Figures 1(b) and 1(c) are Feynman 
diagrams showing the lowest-order contributions to 


20, —«iB P?A 
n— + 
m L40°P?A 


RC 
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do | 2a° FP | 
; 
2G 2H? 
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d’a 8 a 
mars =— — — (1+), 
dPdQ! 0) 3 Ty® OP R°E 
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Za Fe | 
— ——} (40°— R2) In 
r 7 OPRE| 


P2A 


= | 20°- 
GH ( 


da | 


dPAQ| che) 7H 
where £=cos#, A=1—6%, R’=(20—E)'—P*, 
G=20—E+P#, H=20—E-—P#, and B=(R?+40)? 
+160°P?#. In Eq. (17), 8=¢/Q is the electron mo- 


2R. F. Blackie, A. Engler, and J. H. Mulvey, Phys. Rev. 
Letters 5, 384 (1960); H. Ruderman, S. Berman, R. Gomez, 
A. V. Tollestrup, and R. Talman, Bull. Am. Phys. Soc. 5, 508 
1960). A. V. Tollestrup, et al. and R. G. Glasser, et al., Pro- 
ceedings of the 1960 Annual International Conference on High 


ECTRON 


P?A 
n |— ——r J+ 
R+4V GLA? G. 


Rt || 


POSIT TRON COLLISTONS 





/ ff 
ik 


/ / 
Ps 


/ 


o inunits of 10°35 cm? 











5 wo... : 5 
Qin units of u 


Fic. 3. Cross sections for x® meson production: (a) e*+e7 > 
m+y7; (b) et+e" — e*+e-+7° including all logarithmic terms; 
(c) e++e — e++e~+7° including only terms in [In(2Q/m) F. 


reaction (4). Some of the details which occurred in the 
calculation are discussed in the Appendix. For the 
barycentric frame of the electron-positron pair, the 
contributions to the spectral-differential cross section 
of the mesons produced are presented separately for 
diagrams 1(b), 1(c) and their interference in Eq. (17a), 
(17b), and (17c), respectively, 


B R‘4P*A? 
+ In 
160?P?A 


2R? 


+ 
PPA (R!+-40°G?) (R!+-40°H?) 


1(R+Pe)2—Pt 4 


R°H: rea ¥é 
ee peer, 
ie Ht 2 G*H? 


n— 
R'4+40°P 


cr II’ _ 


mentum-to-energy ratio. The pion momentum and 
energy are P and E, respectively. Of course, the limit 
m?=() is taken, except where it would result in a 
singularity in the cross sections. Then a first-order term 
Energy Physics at Rochester (Interscience Publishers, Inc., New 
York, 1960), pp. 27, 30. For attempts to set limits on the lifetime 


see G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957); 
M. Jacob and J. Mathews, ibid. 117, 855 (1960). 





662 FRANK 
in m? is also kept. The total spectral-differential cross 
section is the sum of (17a), (17b), and (17c). 

The interference contribution Eq. (17c) is odd in 
cos@ (@ is the production angle with respect to the 
forward direction); thus there will be no interference 
in the meson spectrum or total cross section. 

Not all of the integrals over the meson angles in Eq. 
(17) can be performed in terms of tabulated functions. 
However, as discussed in the Appendix, a good approxi- 
mation can be obtained by separating those terms 
which contribute as [In(2Q0/m) ? and In(2Q/m) to the 
total cross section. 

Integration over pion angles, for the logarithmic 
terms only, yields the pion spectrum, normalized as a 


cross section, 


> ) 
( { 2U 
In 
th El m 


207 2R 


B, 
802 P? 
‘ 


20-—E Gy 
In 


Hy, 


(oF 


The subscript 1 indicates that the quantity is to have 
its value when €=1. The last term in Eq. (18) is the 
only contribution corresponding to Fig. 1(c). 

Not all of the logarithmic terms in the spectrum are 
integrable over the momentum in terms of tabulated 
functions. However, it is possible to extract the terms 
proportional to [In(2Q/m) } 


) 


Tin 


P 


ml 
Ps g P 
9 H,! 


160° ]” B, 


F in the total cross section. 
This leading term of the cross section is 


16a? {In[ (u/m)n |}* 
a - [ (2n?+-1)? Inn 

Tue n* : 

— (n’—1)(37°+1) ], (19) 

where 7=20/u. The integration is from P=0 
Pmax=O—p?/(40). This leading term of the cross 
section was correctly given by Low,” using an approach 
similar to the Weizsiacker-Williams method.** 

Figure 4(a) presents some graphs of the pion mo- 
mentum spectrum normalized as a cross section, for 
different values of the electron energy, (r=10~"* sec). 
The curves are extended to the origin. For comparison, 
the curves for the [In(20/m) ? terms are presented 
separately, in Fig. 4(b). Notice that the [ln(2Q/m) 
terms are almost canceled by the In(2Q/m) terms 
near P=0. As expected, the Weizsiacker-Williams ap- 


to 


+ F. E. Low, Phys. Rev. 120, 582 (1960) 

*K. F. Weizsacker, Z. Physik 88, 612 (1934); E. J. Williams, 
Phys. Rev. 45, 729 (1934); Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 13, 4 (1935); W. Heitler, The Quantum Theory 
of Radiation (Oxford Ur New York, 1954), Ap 
pendix 6. 
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Fic. 4. Pion spectrum for e*+e— — e*+e-+4+ 


: r®: (a) including 
all logarithmic terms; (b 


including only the leading term. 


proach applies more accurately for higher energies. 
Numerical integration of (18) gi the 
section, which is shown in Fig. 3(b). For comparison, 
the leading term of the total cross section (19) is shown 
in Fig. 3(c). Note that these cross sections are ap- 
preciably larger than Fig. 3(a) which corresponds to 
reaction (3). This is primarily due to the presence of 
the forward scattering pole in the contribution of Fig. 
1(b) to the cross section. The contribution for this 
pole alone, which corresponds to real photons, is given 
by the Weizsicker-Williams approach. It is interesting 
to note that the total cross sections seem to be nearly 
linear even at moderate energies above threshold. 
Since the contributions corresponding to Fig. 1(b) 
dominate the cross section, expressions (17a), (18), 
and (19) are fairly good approximations for 7° meson 
production in electron-electron collisions. In fact, when 
the contributions due to Fig. 1(c) and its interference 
are omitted, expressions (17a), (18), and (19) corre- 
spond to a calculation ignoring exchange effects. The 


total cross 


ves 
I 
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numerical results of Figs. 3 and 4 are also fairly ac- 
curate, since the contributions corresponding to Fig. 
1(c) did not become important until near P= Piax, 
where they were only a percentage of the total spectrum. 

Some work has been done on what possible effects 
strong interactions,'® particularly various conjectured 
resonances, might have on the interaction of the 7° 
meson with the electromagnetic field. Quite generally, 
such interactions would necessitate the introduction 
of a form factor F(k,*,k?), in the interaction (13), 
where k; and k, refer to the two photon lines. This 
form factor would, of course, be a symmetric function 
of ki, ke since the photons are identical bosons. The 
neutral pion decay would correspond to F(0,0)=1. 

The study of reaction (3) corresponding to Fig. 1(a) 
would provide, in principle, a way of directly measuring 
the form factor for large timelike momentum transfers 
since the cross section (16) would then be multiplied 
by |F(4Q*,0)|*. Although Fig. 3 shows that the cross 
section for reaction (3) is less than one-half of the cross 
section for reaction (4) for the energy region of interest, 
0.5u<O0<1p, reaction (3) is a two-body reaction. 
Experimentally, the subsequent decay of the 7° meson 
would give the unique signature of three high-energy 
y rays of possibly wide angle and known energy 
relationships. 

The role of the form factor in the cross section for 
reaction (4) is more complicated since the momentum 
transfers are not uniquely determined by kinematics 
in this case. As Low has pointed out," the leading term 
of the cross section Eq. (19), corresponds to F(0,0)=1. 
The evaluations of other terms would require the 
inclusion of the form factor in the integrations. 


IV. ~*+72~ PAIR PRODUCTION 
Pion pair production is an example of a process which 
takes place in the same order of the electromagnetic 
coupling constant as elastic electron-positron scattering. 
The Feynman diagram for process (6) is shown in 
Fig. 2(a). The differential 
calculated.) 7)!" 


cross section is easily 


da /dQ= (e2/32) | F(4Q*) |?0(0?—?)3/Q* ] sin’@. (20) 


While the presence of the form factor makes Eq. (20) 
quite general, it is included here, primarily in order to 
include the effect of possible interactions between the 
two pions. Integration of (20) over angles gives the 
total cross section, 


o = (wa?/12)| (40%) \20(02—w2)4/0%]. (21) 


Figure 5(a) gives the value of the cross section, Eq. 
21), assuming that only lowest-order quantum electro- 
dynamics is necessary, i.e., /(40?)=1. Figure 5(b) 
gives values for the same cross section if there is a r—7 
16S. M. Berman and D. A. Geffen, Nuovo cimento 18, 1192 
(1960); How-sen Wong, Phys. Rev. 121, 289 (1960). 
7A. I. Nikishov, Soviet Phys.—JETP 36, 937 
translation). 
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Fic. 5. Cross sections for +*+2~ pair production: (a) from 


lowest order quantum electrodynamics only; (b) including a r—z 
resonance. 


resonance. Note the change of scale in the latter. The 
resonant form factor used was that of Frazer and 
Fulco,'’ which corresponds to a resonant energy 
Ores 1.64 and a half-width approximately equal to u. 
Of course, the parameters used here for the resonant 
cross section are intended primarily for illustration. 
The effect of the resonance is accentuated by the 
accidental circumstance that the peak of the Frazer- 
Fulco m—z resonance has the same value for the 
momentum transfer as the maximum of the cross 
section obtained by a lowest-order quantum electro- 
dynamics calculation. 

Should a m—7m resonance exist, it will distort the 
photon energy spectrum for the radiative pion pair 
production process (7). For reactions (6) and (7) the 
momentum transfer to the pion pair is 40? and 
40(QO—w), respectively ; w is the photon energy. There- 
fore, in reaction (7) the position of the resonance is a 
function of both Q and w. 

The Feynman diagrams for the various contributions 
to radiative pair production are shown in Figs. 2(b)- 
(f). In Sec. IT it was shown that the contributions from 
diagrams 2(b) and (c) do not interfere in the photon 
spectral differential cross section with the contributions 
from diagrams 2(d)—(f). Also the pions in the process of 
diagrams 2(b) and (c) are ina J=1 state, the particular 
state for which Frazer and Fulco conjectured a resonant 
interaction, while the pions for diagrams 2(d)—(f) are 
only in states of even angular momentum for which no 
one has (yet) had reason to conjecture any particular 
strong interaction. 

The values of the photon spectrum normalized as a 
cross section for the two sets of diagrams are given 
separately, 


do oa 20/R Sw 
= F(R?) |? In ( -+2)—1 oe 


(22a) 
dw 30? m R® 


aw 


18 W. Frazer and J. Fulco, Phys. Rev. 117, 1609 (1960). Also 
see M. Baker and F. Zachariasen, ibid. 118, 1659 (1960). 
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Fic. 6. Photon spectrum in radiative pion pair production: 
a) from lowest-order quantum electrodynamics only; (b) in- 
cluding a x—- resonance. 


R R’ 





for Figs. 2(d)—(f). In these expressions, 
R=[40(0—«) }!, S=[40(0—w)—4y?}}, 


and w is the photon energy with wmax=Q—yu?/Q. The 
total spectrum is just the sum of (22a) and (22b). 
Intuitively, one might expect that the contribution 
from (22a), which corresponds to radiation from 
electron lines, would be larger than the contribution 
from (22b), which corresponds to radiation from pion 
lines by approximately a factor of In(u/m)~6. This is 
more or less the case. It was found that near w=0, the 
ratio went from about 15 to 6 as Q increased from 1.1 u 
to 2.5 u, while for w near wmax the ratio went from 4 to 
3 for the same values of Q. Figure 6(a) presents the 
spectrum given by Eqs. (22a) and (22b) with F(R?)=1 
for four values of Q. Note that as soon as the energy is 
substantially above the threshold, the shape of the 
dominate part of the spectrum (low w) does not change 
appreciably with increasing Q. This is due to the 
dominance of the infrared divergent terms which do 
not change appreciably with Q. Most of the other terms 
remained constant or insignificant until past dwmax. 
Figure 6(b) shows what could possibly happen to the 
spectrum if a m—zm resonance in the J=1 state does 
exist. The Frazer-Fulco form factor was used in ex- 
pression (22a) in the calculation of the spectra in Fig. 
6(b). 

The distortions in the photon spectrum, should a 
m—m resonance exist [Fig. 6(b)], could appreciably 
increase the inelastic radiative corrections to pion pair 
production for some experimental situations. As an 
example, consider an experiment in which all charged 
pions are detected, without energy discrimination. 
Cutting off the photon spectrum and integrating over 
photon energy gives the result that at electron energies 
well past resonance, say Q=2.5 yw, the inelastic cor- 
rections to pion pair production are as large as the 
cross section at that energy. However, as has been 
appropriately emphasized,' the inelastic radiative cor- 
rections are sensitive functions of experimental con- 
ditions and must be considered with a given experiment 
in mind. 

For comparison, the cross sections for the similar 
process of w*++p™- pair production are included here. 
The differential cross section in the barycentric frame 
of the electron-positron pair is'-'”-’® 


19 V. B. Berestetskii and I. Ia. Pomeranchuk, Soviet Phys 


JETP 29, 580 (1956) (translation). 
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da/dQ= (e?/16)[(Q?—p?)*/0* | the extreme relativistic limit ¢,/o,= j- Comparing the 

xX [1+cos*0+ (u2/Q*) sin’@], (23) differential cross sections Eqs. (20) and (23) indicates 
that (20) has a maximum for 6=90° while (23) has a 
minimum at the same value for 6. Thus the ratio of 
o = (wa?/3)[(0®—p?)!/O*][1+ (u2/202)], (24) _ the pion differential cross section at 6= 90° to the muon 
differential cross section at €=90° is twice as large as 
the ratio of the total cross sections, Eqs. (25) and (26). 
However, m—7m interactions could alter the pion-to- 
muon ratio substantially. 


and the total cross section is 


where w is the muon mass and Q is the electron or 
positron energy. The ratio of the pion pair production 
cross section (21) with F(4Q?)=1 to the muon pair 
production cross section (24), is 


2 /72\"] ACKNOWLEDGMENTS 
Or 1 [1— (u,?/ Q*) }! 
a Pr «= Ser (25) The author is indebted to Professor R. H. Dalitz 
~ 1. oe ican i Ss . H. Dalitz 
o, 4(1—(u,?/Q*) LI+ (u,7/20") ] for many helpful suggestions, and to Professor S. C. 
Since us/u,~4, for energies well above threshold Wright for a helpful discussion. 
Eq. (25) can be expanded in y?/Q* to second order to 
give the more convenient approximation 


o7/ou~ 4 L1—3 (ue?/O*) +3 (ux*/O*) J. (26) 


APPENDIX 


To illustrate the procedures of calculation, the calcu- 
lations for reaction (4) are briefly described in this 
Since Eq. (26) vanishes at the pion threshold, it becomes appendix. The Feynman diagrams are Figs. 1(b) and 
a Satisfactory approximation to Eq. (25) even fairly 1(c). Using Feynman’s conventions,’ the matrix element 
near to threshold. For Q=1.5yu,, ¢,/0,~0.1, while in corresponding to Fig. 1(b) is 


, Sire-g ¥(q1' yh (gi) (— ge)y H( — go’ )et®”(gi— qu’) a(g2— qe’) 
W,=- . pcan emer S ’ 


{ "\2/( Y 2 
xu (qi— 91’)? (q2— 2’) 
while the matrix element corresponding to Fig. 1(c) is 


Sme?g W(—qe)y wh (qu (qi yb (— ge’ ee?" (qit-qe)algi +42’) 
MM, : (A.2) 
Mu (qitqz)?(qi' +92’) 


where gi(g2) and qi’(qg2’) are the initial and final four-momenta for the electron (positron). The matrix element 
for reaction (4) is the sum of (A.1) and (A.2). 

In the usual way, the cross section is obtained by squaring the matrix element, averaging over the initial spin 
states, summing over the final spin states, and integrating over phase space (8=c=1), 


c= 


5(qit+gqe— qi’ — qe’ — p)b(qi'2— m?)5 (go? — m?)6 (p> — pw?) ——— (A.3) 
40,02 (27) 


1 f (|9|*)(2r)? d'g,'d*qz'd'p 


? 


The factor } is the flux factor appropriate for these relativistic energies. The approximation m?=0 is used except 
when it would result in a divergent cross section. In this last case the lowest-order term in m? is also kept. 

It is most convenient to do the integrations over the electron-positron phase space in their barycentric frame in 

terms of the variables r=q,'+q2’ and s=q,'’—q2’. The phase space expression in (A.3) is modified by the relation 

5(qi'?— m?)6(q2’"?— m) = f4(r-5)6(r? +8? —4m?). (A.4) 

The momentum-energy conservation delta function is eliminated in the integration over r. The delta functions 


(A.4) are eliminated by two of the integrals over s, leaving the angular integrations of s. Two important integrals 
over angle that occur are of the form 


=-— In 


f dQ, 2x 1 +B 18241 . Got K} 
(1—B,$-G:)(14+BoS-G:) K! 14+6:B.d1-G.—K? 


f (G1 X Ge: §)*dQ, 4 2 1 +6B18291-G2+K! 
( 


rg 2r 

~~ ~~ ——= — (91 X G2)? ——(91 X 92)? (1+ B1B2g1° G2) In— - : (A.6) 
1—8,§-G,)?(14+B05-G.)? K K3 14+-8:829;-G.—K? 

where 


K = (14+B:8241-42)?- 
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After the integrations have been performed, one must 
perform a Lorentz transformation parallel to the 
momentum of the pion, P, in order to return to the 
barycentric frame of the initial electron-positron 
system. The parameter for this Lorentz transformation 
is 
B= P/(20-—E). (A.7) 

Eliminating the remaining delta function by integrating 
over the meson energy variable & results in the spectral- 
differential cross section, Eq. (17). 

It was found that not all of the integrations over 
meson angles in Eq. (17) were possible in terms of 
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tabulated functions. However, when the terms were 
collected according to whether they would contribute 
as [In(2Q/m) ¥, In(2Q/m), or unity, to the total cross 
section, it was possible to do the integrations over 
meson angles for the terms proportional to [In(2Q/m) 
and In(2Q/m). Since In(2Q0/m) <6, 
terms are also the most important. In order to verify 
this, the nonlogarithmic contributions to the pion 
spectrum were evaluated numerically for Q=1.0u and 
P=0.1p, 0.4u, and 0.74u. The values obtained for the 
nonlogarithmic corrections relative to the logarithmic 
contributions were +0.2%, —1.3%, and +5.4%, 
respectively. 


these two sets of 
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Optimal Measuring Apparatus 


Mutsvo M. YANASE* 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
Received March 6, 1961) 


An upper limit for the accuracy of the measurement of a simple quantity which does not commute with 
a conserved quantity is obtained in terms of the “size” of the apparatus. The “size” of the apparatus is 
defined as the mean square value /*./? of the conserved quantity for the apparatus which is, in the example 
chosen, the z component of the angular momentum. The measured quantity is the projection of a spin in a 


perpendicular directior 


1. INTRODUCTION 


T was shown recently that a quantum mechanical 

operator which does not commute with the operator 
of a conserved quantity can be measured only approxi- 
mately. There is a finite probability that the meas- 
urement is unsuccessful, but this probability can be 
very small if the measuring apparatus contains a large 
amount of the conserved quantity.’ It was shown, in 
particular, that if the product of the probability of an 
unsuccessful measurement and of the maximum value 
of the conserved quantity which is present in the meas- 
uring apparatus exceeds a certain value, no contradic- 
tion with the conservation law occurs. The objective 
of the present article is to find the “best” measuring 
apparatus for a given “‘size.”” The conserved quantity 
will not have an upper limit in the initial state of this; 
rather, we specify the mean-square value of the con- 
served quantity and ask for the minimum probability 
for an unsuccessful measurement, consistent with the 
prescribed mean square of the conserved quantity and, 
of course, the validity of the conservation law. 

We require that the operator of the conserved 
quantity for the apparatus commute with the operator, 
by which the final state of the apparatus is measured. 
This condition is necessary because otherwise—-as a 

* On leave of absence from Sophia University, Tokyo, Japan. 

1E. P. Wigner, Z. Physik 131, 101 (1952); H. Araki and M. M. 
Yanase, Phys. Rev. 120, 622 (1960 


It is found that the probability of an unsuccessful measurement is at least 1/8M!?. 


consequence of the result of our previous work—we 
cannot ascertain the result of the measurement exactly. 

The condition to be obtained will be only a necessary 
one. In other words, for the given mean square of the 
conserved quantity, the probability of a malfunctioning 
of the apparatus cannot be smaller than the value 
to be calculated. Whether an apparatus with the speci- 
fied properties is actually possible will not be decided. 
All that can be claimed is that the existence of such an 
apparatus is not in conflict with the conservation law 
considered. 

The quantity to be measured and the conservation 
law to be considered will be the same as in the first 
publication on this subject: The quantity is the com- 
ponent of the spin of a particle in a given direction; the 
conserved quantity, the angular momentum about a 
direction perpendicular to the aforementioned direction. 
It will be shown in Sec. 2 that the minimum probability 
for the malfunctioning of the apparatus is inversely 
proportional to the mean square of the conserved quan- 
tity, and the proportionality constant will be deter- 
mined. Section 3 will contain a discussion of the results. 


2. MINIMIZATION OF THE MALFUNCTIONING 
PROBABILITY 


We measure the x component of the spin ofa partic le 
with spin 4; the s component of the spin of this particle 
is the additive conserved quantity. To make the compu- 
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tation simpler, we choose the eigenvalues of the z com- 
ponent as 0 and 1 and denote the corresponding eigen- 
states Yo and yi, respectively. Then eigenstates of the 
« component are 2-}(Yo+y1) and 2-}(Yo—y1). The state 
of the measuring apparatus before the measurement 
will be denoted by &. The measurement will result in a 
unitary transformation U in the Hilbert space of the 
combined system of the object and the measuring 
apparatus: 


UlL2A4otdiE]= 2-7 (Yotyi)X+2-4(Yo—vi)n, (2.1) 
U[24 (Yo—WiEJ= 24 (YoY) X’+24(Yotyr)n’, (2.2) 
where X, X’, n, »’ are the states of the measuring 
apparatus after the measurement. 
From (2.1) and (2.2) we have 
U (Wok) = Youtyi, 
UMhih=puwtyis, 


where 
u=3(X+X'+n+7’), 
v= 3(X—X'—n—1)), 
w=}(X—X’+n-1’), 
o=3(X+X'—n-7’). 


(2.4a) 


It follows from the conservation law for the zs component 
of the angular momentum that 
U (Wok,) =Wou,+y¥ 12-1, 
l (y 1S, 4) 3 Yous ty 13y—1, 


where we decomposed £&, u, 2, w, 2, 


? , 
U=)) hy, =) My, W=), Wy, Z 


the eigenvalues of the s 


into &=)>° é,, 
=> s,, the index pu being 
component of the angular 
momentum of the apparatus, and the &,, u,, etc., cor- 
responding eigenstates. We normalize 


(g,£)=1. (2.7) 
After the measurement, the apparatus is separated 
from the object, and subject to the second measure- 
ment to distinguish the states corresponding to the 
states of the measured object. For this second measure- 
ment we require the following conditions. First, the 
two states XY and X’ should be the two orthogonal 
eigenstates of the operator V of the second measure- 
ment, 1.e., 

(X,X’)=0. (2.8) 
Secondly, V should commute with the operator L, of 
the conserved quantity for the apparatus, otherwise 
we cannot measure .V exactly,! i.e., 


[N,L.]=0. 


This leads to the relation 


(X,,X,')=0, 


(2.9) 


(2.10) 


the X, being eigenfunctions of both NV and L,. Because 
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of (2.4a) this can be written also as 

(UyASy, UptSy) = (Vp +twWy, M+w,). 
In an ideal measurement, both 7 and 7’ would be zero. 
It is not possible to accomplish this, but we shall try 


to find the minimum e of the probability that the 
measurement was unsuccessful, i.e., the minimum of 


e= (n,n) + (n',n’) 
= $[(u—z)?+ (v—w)* ] 
=3((X m—-X 2)?+(S u—-DdX w,)*], 
consistent with a definite “size” of the measuring ap- 
paratus, to be defined below. 
The conservation law, together with (2.5), (2.6), 
(2.7), and the unitary nature of U gives 


(é,,€) = (tysMy) + (dp 1,Uy 1) 


(Wy+1,Wy41) + (SusZy) 3 


(u,u)+ (v,0)=>. (uy,My) +>, (2,2) 
(w,w)+ (2,2)=)>> (wy, wy )+Dd, (Zy,2,) 3 


(2.10a) 


(2.11) 


and 


(t4,,@,) + (%y-1,2,.—1) = 0. (2.14) 


We define the “size” of the measuring apparatus as 

the mean square of the additive conserved quantity 

which we denote by M? 
(¢,L,7E)= > 


2 we? = M?. (2.15) 


The problem is, therefore, to obtain the smallest value 
of € consistent with Eqs. (2.12) to (2.15), the &, m, v%, 
Wy, Zu, being otherwise arbitrary eigenstates of L, to 
the eigenvalue wu. The & can be eliminated from (2.13) 
by means of (2.10) and one obtains 


> w?(u2+2,-7)=>. w?(wy_-?+2,?) = M?. 


We note that (2.14) can be always satisfied because no 
equation depends on the angles between the u, and w,, 
or the vy, and z,, except (2.14). It is easy to see that, in 
order to obtain the smallest possible € at given ||m,||, 
Vyll, 3, ||, the Hilbert vectors u, and zs, must be 
parallel for all » and the same applies for the vectors 
v%, and wy. 
To solve the preceding equations, we note that, be- 
cause of (2.10a) and (2.12), 


Ut lp= pty, (2.17) 


(2.16) 


Wall, 


° 


Uy— y= 


—7 | 


(Wy41" Uu—1 (2.18) 


( Ut U bu)» 

where the “,, 3, are now the lengths of the corresponding 

vectors (which are parallel), and the same applies to 
v, and g,. 

We introduce new variables s,, /, such that 

Sy (2.19) 

Wyu— Vp tye (2.20) 

If € is small, M is large and the s,, ¢, can be considered 

to be continuous functions of uw. It can be verified from 
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the solutions to be obtained that 
s,=O(M-}), as,/du=s,=O(M-4), 


t,.=O(M-4), 


SiC. 5 


dt, /du=t,=O(M—), 


etc. 
Using these estimates, we obtain from (2.18), 
(2.20) 
Uy,—Zy=8,+l,+O(M 7). 

whereas (2.11) becomes 

e=3{> [8,+¢,+0(M7”") P+5 1,2} 

=3D [8,24+-2t,?+28,t,+0(M-) ]. 
The s and ¢ are still subject to the conditions (2.13) 
and (2.14): which now read 


1S [s,2+0(M—) ]=1, 
Ly” w*[s,2-+O0(M-) |= M?. 


(2.24) 


(2.25) 
(2.26) 


Since the / do not occur in these equations, the deriva- 
tive of (2.24) with respect to /, will be zero at the mini- 
mum for e: 

t= —s,+0O(M 7/2) 


Hence e becomes 
e=>> [487+0(M-5) }. 


Using —A and 2m? as the Lagrange multipliers for 
(2.25) and (2.26), we obtain the Euler equation for s, 


—§,+ (4m?y?—2Xd)s,=0, (2.29) 


b 


where terms of lower order of magnitude have been 


omitted. The solution of (2.29) is 


Sy=c exp(— my"); C=2(m/x)!. (2.30) 


This already satisfies the normalization condition (2.25). 
The condition (2.26) gives 

M?=1/4m, 
and this gives, finally, for the probability ( 
an unsuccessful measurement 

e=1/8M?, 32) 


for a given M. Tracing through the omitted low-order 
terms, one finds that (2.32) is accurate up to terms of 
the order 1/M’*. 


3. CONCLUSIONS AND DISCUSSIONS 
(1) The relation (2.32) tells us that the probability 
of an unsuccessful measurement is 1/8M?, if one uses 
the “best possible” apparatus with given M?. Therefore, 


YANASE 


neglecting terms of the order 1/M°*, the inequality 
e>1/8M? (3. 


holds. In other words, with given M?, we cannot make 
the probability of unsuccessful measurement smaller 
than #?/8M? (in dimensionless units). This limitation of 
the measurement is not the consequence of an uncer- 
tainty relation for the simultaneous measurement of two 
noncommuting operators, but the consequence of the 
existence of the additive conserved quantity whose 
operator does not commute with the single operator to 
be measured. 

(2) We required the condition (X,,X,’)=0, (2.10), 
so that the conservation law does not interfere with the 
possibility of distinguishing X and X’. However, if we 
loosen this condition and require only (Y,X’)=0, we 
obtain the same value for e except for terms of order 
1/M?* or lower. However, in this case the second meas- 
urement (which distinguishes Y and X’) can be carried 
out only approximately, and the total probability for 
an unsuccessful measurement becomes larger. 

(3) The theory of measurement, as described by von 
Neumann,” contains no limitation for the size of the 
measuring apparatus. As we have seen, there always 
are such limitations unless the operator to be measured 
commutes with all the operators of additive conserved 
quantities.’ Recently the macroscopic character of the 
measuring apparatus has been studied in detail by 
several authors,‘ but no quantitative conditions have 
been established before. 
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Theory of Single Pion Production in Proton-Proton Collisions*+ 
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Simple pion production in nucleon-nucleon collisions in the Bev energy region is studied by means of the 
picture due to Weiszicker-Williams (peripheral interaction model) and in the (3,3) resonance approximation 
for the final state pion-nucleon interaction. The excitation curve for the reaction p+ — p+n-+2?*, nucleon 
momentum distributions, and Q-value distributions in the center-of-mass system are calculated and com- 
pared with the published experimental data as well as with the work of Lindenbaum and Sternheimer. 
Agreement is reasonable with both, thus indicating that these particular distributions are insensitive to the 
isobar production mechanism (single pion exchange), though more recent experiments seem to have indicated 


clearly a preference for the theory developed here. 


I. INTRODUCTION 


ION production in nucleon-nucleon collisions is one 

of the most familiar phenomena in the Bev energy 
region. Thus a number of works! have been published 
attacking this problem from a variety of aspects. In 
particular, Belenki and Nikishov? and Lindenbaum and 
Sternheimer’® have extensively analyzed the single and 
the double production in nucleon-nucleon collisions by 
means of the isobar model and they have found good 
agreement between their results and the experimental 
data. 

From a completely theoretical viewpoint, Henley 
and Lee* have proposed an approach based on the 
intermediate coupling meson theory and the Lewis, 
Oppenheimer, and Wouthuysen theory® of multiple pion 
production in the cosmic-ray energy region. 

More recently the conviction has grown that the 
Weiszicker-Williams picture or the peripheral inter- 
action model may well describe the Bev pion phe- 
nomena. In fact, Kobayashi® has studied the excitation 


* Supported in part by the U. S. Atomic Energy Commission. 

¢ Note added in proof. Owing to an error in the normalization of 
the initial state vector, the total cross section given in Eq. (8) 
and plotted in Fig. 2 should each be multiplied by a factor of 2, 
thus destroying the quantitative agreement with experiment. The 
remaining results of the paper which involve only comparison of 
shapes are unchanged. Neither the previous agreement nor the 
present disagreement can be said to be well understood in view 
of the many approximations made. We are indebted to Dr. G. C. 
Wick and Dr. F. Salzman for pointing out the error to us, which 
appears also to have been made in the works of Kobayashi and 
Seleri referred to in the text. 

¢ Present address: Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Illinois. 

! For the kinematical analysis, see A. H. Rosenfeld, Phys. Rev. 
96, 139 (1954); M. Gell-Mann and K. M. Watson, Ann. Rev. 
Nuclear Sci. 4, 219, (1954); D. Ito and S. Minani, Progr. Theoret. 
Phys. (Kyoto) 14, 108 (1954); D. Ito, S. Minani, and H. Tanaka, 
Nuovo cimento 8, 135; and 9, 208 (1958). For the isobar model, 
see D. C. Peaslee, Phys. Rev. 94, 1085; and 95, 1580 (1954); J. S. 
Kovacs, ibid. 101, 397 (1956); S. Barshay, ibid. 106, 572 (1957); 
S. Mandelstam, Proc. Roy. Soc. (London) A244, 492 (1958). 

2S. Z. Belenki and A. I. Nikishov, Soviet Phys.—JETP 1, 593 

1955). 

3S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 

4E. M. Henley and T. D. Lee, Phys. Rev. 101, 1536 (1956). 

° H. V. Lewis, J. R. Oppenheimer, and A. S. Wouthuysen, Phys. 
Rev. 73, 127 (1948). 

6T. Kobayashi, Progr. Theoret 

1957 


Phys. (Kyoto) 18, 318 (L) 


curve of the reaction p+p— p+n+qt and has 
obtained reasonable agreement with the experimental 
data of Fowler et al.’ Quite recently Selleri® has also 
produced striking evidence in favor of this model by 
studying the neutron kinetic energy spectrum of the 
above reaction in the laboratory system. 

In these circumstances, we consider it worthwhile 
to re-examine the implications of the (3,3) resonance 
model as modified by the peripheral interaction idea, 
and in particular to compare the results both with 
experiment and with the more schematic model of 
Lindenbaum and Sternheimer. Toward this end we shall 
study the aforementioned reaction in the c.m. system 
and calculate the nucleon momentum distribution, the 
Q-value distribution, the neutron recoil distribution, 
and the cross section. 

In our treatment of the problem the following 
approximations will be made: 


(i) One pion exchange process between nucleons is 
mainly responsible for the phenomenon. 

(ii) The virtual scattering amplitude, which appears 
in this problem, is dominantly large in the (3,3) state 
of the c.m. pion-nucleon system. 

(iii) The (3,3) virtual scattering amplitude is well 
approximated by the corresponding energy shell 
amplitude. 


We shall give the kinematical considerations and the 
analytic formulas for the observable quantities in 
Sec. IT. In Sec. III we shall give our numerical calcu- 
lations and comparison with the experimental results 
as well as with previous theoretical work. Finally the 
last section is given over to a summary and conclusions. 


II. OUTLINE OF THE THEORY 


Let us take the 4-momenta of the initial nucleons to be 
pi and po, and those of the final nucleons and of the 
pion to be py’, po’, and gq, respectively, (see Fig. 1). The 

UW. Be. 

1956). \ 

SF. Selleri, Phys. Rev. Letters 6, 64 (1960). Selleri’s basic 
approach is essentially the same as ours. We are indebted to 
Professor Y. Nambu for showing us a prepublication copy of 
Selleri’s work. 


Fowler et al., Phys. Rev. 103, 1476, 1484, and 1489 
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Py 


lic. 1. The diagrammatical representation of T (1). 


S matrix for the process is given as follows: 
((—) pi po gs| Pip2(+) 


=— (29)*5*(pi'+ po’ +4 — pi-— pr) 


M* i 
: = 
2goPr0 Pr Piop20 


x 
_ pi T (n); 


n=1 


he 2gopr0 P20 prop20}} 
¢ | Mi “| 
X{((—)p1'q| 70) | pr) (Ar (p2— pe’)? 
XApr’"(po— pr’)(p2'| j(0)| ps 
+((—)p2'q| j(0) | p2)(Ar(pi- pr’ PAP’ (pi— pr’) 
X(pi'| (0)! pi)— (the same expression with 
pit p2)}, 


with n>2 denotes the contribution to 7;; 
from the n-pion exchange process between nucleons. 
n(—)) is the incoming state with character m and we 
have omitted the isospin index in the above equations. 
j(0) is defined by the Heisenberg equation for the 
pion field, 


where T 


(O —p*)o(x) = 7 (x). (2) 


The above expression for the T matrix can be obtained 
from the extension of the method due to Klein and 
McCormick’ in the nuclear force problem. 

The virtual pion-nucleon scattering” and the vertex 
parts in Eq. (1) can be shown to have the form 


Hsa= {(—)ps'9a| ja(9) | ps)(2qopio' pjo/M’)}, 
= K(P)u(p,)CA (v,v8,F)+i7-qBlv,ve,f) ju(p;), (3) 
(p.'| ja(O)| p;)( pio’ P jo/M2)4= K (E)a( pi )igystau(P;), 


* A. Klein and B. H. McCormick, Phys. Rev. 104, 1749 (1956). 
For details see J. lizuka, Ph.D. thesis, University of Pennsylvania, 
1961 (unpublished 

 S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 

1958); J. Tizuka and A. Klein, Progr. Theoret. Phys. (to be 
published). 
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where a@ and 8 denote the isospin indices and A (»,vz,f) 
and B(»y,vz,f) are the now familiar invariant functions 
for pion-nucleon scattering."' The invariant parameters 
v, vp, and f are defined as follows: 


1 
— Cre. ae 
v a (pi +p), vs 


P= (p,’+q—p;)*. 


K(f) was introduced by Federbush ef al.” and is 

related to the vertex function I';(f) by the equation 

K(#)=Ar 7 (P) Ar’ (PTs (P). (4b) 

We next define the partial wave amplitudes f),7 as 
follows: 


M 
———ii(p,’)[A+iy-qB ]u(p;) 
AW q p 


ts 
= > (2/+1){ Pai (x) fin? (WP) 
1,7 ; 


+Py,O(x) frt(W,2}, (5) 


x= @-t= (2Mvp+qolo) qt, 


where go, to, g, and ¢ are the energies and the momenta 
of the final and of the virtual pion in the c.m. final 
pion-nucleon system with the total energy W(p,’ and 
q). Ps:*(x) is the eigenfunction of the total angular 
momentum J=/+}. T means the total isospin of the 
pion-nucleon system. In the (3,3) resonance model, we 
take 


—(M/4eW)ai(pi)[A+iy-¢B ju(p;) 
= 3h MW P)PyaG 
fis8(W,A)= p(3) fs.s(W,P), 
Py (a) -a—te-ga-i, 
where p(3) is the projection operator for 7=}, and 
g=q/|q|. Furthermore, the energy shell approximation 
means that 
e 033 
fa.3(W,P)- sind33, (7) 
q 


where 633 is the phase of the real pion-nucleon scattering 
at the c.m. system total energy W’. 
approximations for f3,3(W,f) will be 
Sec. IV. 

Now let us consider more specifically the cross 
section for the reaction p+p— p+n+_n*. In the 
peripheral interaction model with the (3,3) resonance 


Other possible 
discussed in 


1G. F. Chew, M. L. Goldberger, F. FE. Low 
Phys. Rev. 106, 1337 (1957). 

2 P. Federbush, M. L 
Rev. 112, 642 (1958 


and Y. Nambu, 


Goldberger, and » B Treiman Phys. 
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and the energy shell approximations, we have™ 


M2 
o=(2s)4 2 — 
spin i,f 2By 


x fon'tp! +q—pi- po)! Tay *dJ, 
where 
B°=[_(pipoo— pepo)’ (pi X p»)* |}, 
M dp,’ M dp,’ 1 d*q 
aj =— — - _ 


(27r)3 Pro’ (2r)8 poo’ (29)8 2qu 


The spin average and sum in the initial and the final 
state is indicated by } }> spin «,¢ and the factor } comes 
from the initial flux normalization. 

We may write Eq. (8) as follows: 


20 10 2 
a(a)+—o(b)—-o(c) 
9 9 3 


(9) 


’ 


where o(a) is given by Eq. (8) with the replacement of 
T 1) by its first term as given in Eq. (1), in which p;’ 
and py,’ refer to the proton and the neutron state, 
respectively. ¢(b) comes from the interference between 
the first and the third term, while o(c) comes from the 
interference between the first and the fourth term. The 
coefficients of o(7) in Eq. (9) can be easily understood 
if we remark that in o(7), the matrix element corre- 
sponding to the virtual-pion nucleon scattering part is 
always taken as that of r*p scattering. For reference, 
we shall give the relations similar to Eq. (9) for the 
other reactions: 


o(p+p > p+pt+rn") 


j ) ) 
a(a)+-o(b)+-oe(c), 
9 9 Q 


8 4 4 
a(a)+-oa(b)—-—o(c), 
9 9 9 


a(p+nu— pt+n+n") 


(10) 
2 1 2 
a(a)+-oe(b)+-<a(c), 
9 9 9 


a(ptn— pt+ptr) 


=o(p+n— n+n+n*). 


Before going into the details of the evaluation of the 
a(i), we discuss the branching ratios predicted by the 
(3,3) resonance model. The familiar branching ratios 
do not naturally follow from Eqs. (9) and (10) because 
of the existence of the interference term o(c). But, as 
discussed by Henley and Lee,‘ in order that o(c) be 
large, two final nucleons must emerge essentially in the 
same direction with the same energy (see Fig. 1), which 
is an unlikely event. Physically speaking this also means 
that the wave function of the final nucleon p2’ with and 


3 C. Mller, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 
a 


23, 1 (1945). 
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without scattering between itself and pion g may not 
have the same phase, and as a consequence o(c) may be 
expected to be quite small. Thus if we neglect this term, 
we reach the branching ratios of the isobar model, i.e., 


o(ptp— ptutn)/o(pt+p— ptptr)=S, 


(11) 
a(pt+p— ptntn)/o(ptnu— pt+ptn )=10. 
We shall adhere to this approximation throughout the 
remainder of this work. 

We next turn to a detailed discussion" of the o(7). 
We have in the center of mass of the initial system, 


,; . £ 
a(a)=- 


(2x)? 2p.W, 


e Wy? 
ys ( ) sin’633(3a°+1), 
(?? +-] )? q 


1 g 


(2m)? 2p.W, 


Wy? 
( ) sin?6 
~1) Q 


aire 


[eorterta—p— pod 


(12) 


[(Ei,+M)(E2,4+M) }} 
1(W+M) (pis: Pos) tXet py (W+M) pishos (2? +42) 
+ (psax.— ai (Pie fos) (W—-M) (Ev. +M) 

X (Eo,+M)—a(W+M) pisheos, 
where the following notation is used: 
d®p,' Bp.’ dq 
Pro’ pr’ qo 


dj 


t= pi’ +q—pi=po— pe’, te= pi pr’, 


g-, 


and p;, and £;, are the momentum and the energy of the 
initial nucleon 7 in the c.m. system of p;' and qg. p,. and 
W. are the momentum of the initial nucleon and the 
total energy of the initial system in its own c.m. system. 
The integration'® of Eq. (12) can be carried out for 
44 In the following we shall neglect the correction coming from 
the vertex and pion propagator modification, i.e., 
I's(2) Ap (@) Ar’ (2)1'5() =1. 


15 Formulas equivalent to Eq. (13) have been worked out by 
I’. Selleri, reference 8. For details, see reference 9. 
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the variables p;’ and gq; 


da(a,p20') « 1 W 
i —-(—) sn*sa0H7) 
dpu' pW 


1 (W.po'—2M2+1+2p-.p2' 
x|- in — “ EA Ait Me ) 
p W poo’ —2M?2+1—2p.po’ 

(W poo’ —2M?+1)?—4p2po"2J 


da(b, p20’) g- 1 W 
——————_ = — — ( ) sin’bns(W) f d8ry 0, 
d poo’ 2r° 4p.W.\ gq 


1 1 
x r 
(F+1)(2+1) [(Fi.+M)(E2.+M) 
xX {(W—M)(E1,.+M)(F2.4+M) (pis 
+3( W+M )PisPoL3(Pr. ‘Pr )?—] )}. 
In the integrals the range of poo’ is 
[M, (W2—2M—1)/2W,]. 

Momentum and ()-value distributions are obtained 
from Eqs. (12) and (13) with the help of elementary 
isospin considerations. Here we shall give only the 
results : 


(i) The proton momentum distribution and the 
(-value distribution of the neutron-pion pair are (see 
below for definitions) 
da(py' fete 1 do(b, pio’ 


dpi 
da(G,pr0') da (b, py’) 
? : : 


il 
, 


dp, Pwl9 = dpr’ 9 


- + 


d py’ d pro 
da(Qnz*) Ww 


—=-—{the above expression}, 
dO,.* W i 
x (15) 


Onet= W-M-1. 


c 


(14) 


(ii) The neutron momentum distribution and the 
(Q-value distribution of the proton-pion pair are 


da(p2') p2' | da(a,po0') da(b, p20’) 
————— a ; 2—— 4. i dias 


dp.’ pul — drag’ d pro! 
2 da (G, pro’ 1 do(b, pa’) | 
- (16) 


da(Qpx* W 


(17) 


{the above expression}. 
dQ pr* W, 

In Eqs. { 14) to (17), da (G, pio’) dpio’ or da(b,pio’), dpio’ 

mean that these quantities are calculated from Eq. (12) 

by a change of the order of integration, i.e., by inter- 

changing the roles of the two final nucleons ; for example, 

to calculate the contribution to the proton momentum 
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distribution from the first term of Tq), the p.' and g 
integrations must be carried out first. This order of 
integrations is quite complex and we have used the fol- 
lowing approximate form for ¢(a@) which will be justified 
in the Appendix: 


da (G, pio’) g 1 B+ p;’ W’\? 
ee ee f dp io’ ( ) sin’6;;(W’) 
dpin’ 2x pW. Ye- p-\q’ 


1 /piat+p.o 2pi'p. 
x| in )- | (18) 
6 pi'a—p.b (p;'a)?— (p.b)? 
where 


a=W .pjo +1—2M?, 

b= W2+ M*—1—2p 50 (We— pur’), 
W2=W 24+M?—-2W po’, W2=W2+M2—2W pw’, 
q?=((W’+M)—-1][(W’—M)?—1] /4W” 
E,={(W.—pwo')(W2+M2-1 

+ p/T(W?+M?—1)(W2—3M2—1)}) 20. 

Although we could not obtain any simple expression for 
do(b,pio')/dpio’, we shall see in the next section that this 
interference term is quite small. Thus we shall neglect 
da(b,pio')/dpio’ in the discussion of the momentum and 
of the Q-value distributions. 

(iii) In the same way, we have for the neutron recoil 
spectrum 


7 , sin°é 
dp2'dQ» 2r? pW. po ( q 


l l, da (b,.Q.») 
x| t | ! 
(P+1) (¢2+1)5 dp,’dQ, 
spate asian) 


== 


"9 


dp.'dQ,  — dps'dM 
1 da (b, po’ ,Q: ) 
4 19) 
9 dp'dQ» 


The interpretation of Eq. (19) will be clear from the 
above discussion. In the actual computation of the 
neutron recoil spectrum we have dropped the last two 
terms, whose contributions are again expected to be 
quite small (see next section). 

Now, at this stage, we shall compare our expressions 
with those of Lindenbaum and Sternheimer. As is well 
known, the Lindenbaum-Sternheimer picture for the 
production mechanism consists of the following three 
points: (i) An isobar can be treated as a real unstable 
particle. (ii) The isobar production rate is proportional 
to the phase volume of the isobar-nucleon system and to 
the total cross section of the r*p system. (iii) Angular 
distributions for the formation and decay of the isobar 
are arranged so as to fit the experimental data. Thus 
they have combined the features of Fermi’s statistical 
model and the fact of the strong (3,}) pion-nucleon 
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interaction. Because of this combined viewpoint, they 
were forced to make various assumptions. In particular 
their angular momentum considerations are quite 
ambiguous. On the other hand, in our treatment the 
one-pion-exchange approximation completely  elimi- 
nates a series of assumptions made by them. 

From the above comparison, we may expect that 
differences between our results and those of Linden- 
baum-Sternheimer will appear in the quantities 
including strong angular dependences like the neutron 
recoil spectrum. 


III. NUMERICAL CALCULATIONS AND DISCUSSION 


Before going into the details of the numerical 
calculations, we shall make a remark concerning the 
pion-nucleon scattering part, sin’63;/g*. For this 
quantity we have taken experimental data'® and for the 
sake of comparison have also used the Chew-Low 
formula’? which has the form 

(w,/qo)*r*q3 
~ (20) 


q° (qu—w,)” + (w, /qo)?d2q® 


sin’633 


where w,(=1.91) is the pion energy at the (3,3) reso- 
nance and \?= ($f?)*, f?=0.08. 

Numerical calculations were made with a desk 
computer by means of Simpson’s formula, with the 
range of integration for pio’, [M, (W2—2M?—1)/2We], 
divided into ten intervals for each case. 


A. Energy Dependence of the Cross Section for 
the Reaction p+-p — p+n+-x* 


Figure 2 compares the theoretical and the experi- 
mental results.!® Our curves (a) and (b) are obtained 
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lic. 2. The excitation curve for the reaction p+p— p+n-+-r°. 
16H. L. Anderson, W. C. Davidson, and U. E. Kruse, Phys. Rev. 
100, 339 (1955). 
17 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 


'8 See reference 7. 
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Fic. 3. Proton momentum distribution at 0.8 Bev. In Figs. 3-18, 
histograms give the experimental values; where they occur, the 
dashed curves refer to the theory of Lindenbaum and Stern- 
heimer, the:solid curves to the present theory. 


by the substitution of experimental data and the 
Chew-Low formula, Eq. (20), for the pion-nucleon 
scattering part, respectively. The curve (a) is quite 
similar to that obtained by Kobayashi.® In Eq. (9), the 
contribution o(b), which is the interference term 
between the first and third diagrams of Fig. (1), 
decreases from about a fourth at 0.6 Bev to about a 
twelfth of o(a) at 3 Bev. Considering the factor coming 
from isospin considerations in Eq. (9), the term (0) 
does not therefore contribute significantly to the 
reaction p+p—p+n+nt. This is the reason for 
agreement between our curve (a) and that of Kobayashi, 
who did not include this term. 

The experimental data in the region 0.8 to 1.2 Bev 
are not all consistent, as we see from Fig. 2. This also 
seems to be true for the momentum distribution of the 
proton. Thus it is difficult to say whether or not the 
theoretical results “agree” with the experimental data 
in this energy region. If the work of Hughes ef al.” 
turned out to be correct, the interpretation of the extra 
9 mb would be an important problem. On the other 
hand, our curve slightly exceeds the result of Batson 
et al. For the tail of the excitation curve, we have 
reasonable agreement, although the theoretical values 
seem to exceed the experimental one at around 1.7 
Bev. This tendency has also appeared in the work of 
Kobayashi.” The most probable reason for the largeness 
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lic. 4. Neutron momentum distribution at 0.8 Bev. 


197. S. Hughes e¢ al., Phil. Mag. 2, 215 (1957). 

* A. P. Batson et al., Proc. Roy. Soc. (London) A251, 218 

1959). 

*1 According to Kobayashi’s work, this critical energy is about 
1.4 Bev. This difference might be based on different analytic 
formula for o, i.e., because of the different approximation. 
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;. 6. Neutron momentum distribution at 0.925 Bev. 


of the theoretical curve is the inadequacy of the energy 
shell approximation, i.e., if the virtual pion is far off the 
energy shell (F> a few M), fs3(W,f) cannot be 
reasonably equated with the energy shell amplitude, 
Eq. (7). The curve (b) in Fig. 2 shows the result of 
adopting the Chew-Low formula, Eq. (10), for sin*633/¢°. 
This does not give any damping feature up to 3 Bev, 
although the cross section is expected to decrease faster 
than (1/W-) InWe at high energies. This result may 
not be surprising, because the Chew-Low formula 
would be only appropriate in the low-energy region 
[at most up to the (3,3) resonance energy ]. 
B. Momentum and Kinetic Energy Distributions 
of the Nucleon 


Figures 3 to 12 show the momentum and the kinetic 
energy distributions of the nucleons. Our theoretical 
curves (solid lines) as well as the experimental ones 
(histograms) are normalized so as to give 138.1 times 
the theoretical section at each energy, when 
integrated over the momentum which forms the abscissa. 

We first remark that our curves are quite similar to 
those (dashed lines) obtained by Lindenbaum and 
Sternheimer. However, for the proton distribution at 
0.8 Bev the maximum is appreciably shifted® (about 
9) Mev/c). The similarity among these curves means 
that the matrix elements, except for the pion-nucleon 
scattering part, do not differ significantly compared 
to the product of phase volume and Lorentz trans- 
formation factor taken by the above authors. 

Secondly the sharp maximum in the neutron distri- 
bution, compared to the proton case, is a characteristic 


cross 


2 See the discussion of the recoil neutron spectrum in the later 
section. 
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feature of the isobar model, as we easily see from Eqs. 
(13) and (16). In this respect we notice that do(a,p)/dp 
strongly reflects the shape of the pion-nucleon scattering 
cross section; on the other hand, do(@,p)/dp behaves 
more or less like the phase volume below 1.5 Bev with a 
broad maximum at a value at about half that of 
da(a,p)/dp. do(b,p)/dp has a shape similar to do(a,p)/dp, 
but is in magnitude at most less than one-tenth of the 
latter beyond 0.8 Bev. do(b,p)/dp is expected to have 
the same behavior as that of do(@,p)/dp. Considering 
these facts, we can approximate the momentum distri- 
bution well by neglecting do(b,p)/dp. This term can 
only contribute a few percent to the flat background of 
the distributions (actually do(b,p)/dp as well as 
do(b,p)/dp yield negative values). 

Now the values of the momentum, #, of the nucleon 
at the maxima of the curves are determined by the 
relation 


p=((We+MyY—W}L(We—-My—W?]}t/2We, (21) 


where W is the total energy of the pion-nucleon scatter- 
ing at resonance. The failure of the above relation at 
0.8 Bev comes from the destructive interference between 
the pion-nucleon scattering’ part and the rest of the 
matrix element. 

Next let us turn to the comparison with experimental 
data. The histograms shown in Figs. 3, 4, 11, and 12 
are quoted from the works of Fowler ef al.,’ while in 
Figs. 7 to 10 works of Batson ef al. (0.97 Bev) are 
quoted. In particular the histograms of Figs. 7 and 8 
are calculated from the energy spectra given by Batson 
et al. by assuming that the transformation factor p/po 
between the two distributions is approximated by the 
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ratio Apo/Ap for each interval in Figs. 7 to 10. We have 
made this transformation for the sake of comparison 
with the works of Hughes ef al.'® at 0.925+0.030 Bev, 
Figs. 5 and 6. 

As discussed by Lindenbaum and Sternheimer, the 
theoretical curves are in good agreement with the 
experimental data at 0.8 and 1.5 Bev, if we keep in 
mind that the experimental data is rather crude at 
these energies. At about 1.0 Bev, the experimental 
information is rather poor. Although Figs. 7 to 10 show 
good agreement, this may not be taken seriously, as we 
see from Figs. 5 and 6. In particular, the proton 
momentum distribution seems to show the possible 
existence of a peak at around 200 Mev/c (Figs. 5 and 6). 
Although this experiment has been done at proton 
energy 925+30 Mev, it would be surprising if the 
50-Mev difference between this and the neighboring 
experiment at 970 Mev gives this marked difference in 
the proton distributions. To give a proton momentum 
distribution similar to Fig. 5 at 970 Mev it would be 
necessary that the kinetic energy distribution have a 
rather sharp peak at around 28 Mev and a minimum 
at around 60 Mev. But Fig. 9 seems to show no such 
tendency. The discrepancies in the experimental data 
at this energy were also mentioned in connection with 
the excitation curve of the reaction p+p— p+n+n*. 


C. Q-Value Distribution of the 
Pion-Nucleon Pairs 


The discussion of the Q-value distributions can be 
carried out in parallel with that of the nucleon mo- 


mentum distributions. Figs. 13 to 18 show the Q-value 
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distributions for the nucleon-pion pairs, the normali- 
zations in these figures being the same as those of the 
momentum distribution cases. The histograms in the 
figures are quoted from the works mentioned in the 
momentum distribution case. 

Again our curves (solid lines) are similar to those 
(dashed lines) of Lindenbaum and Sternheimer, though 
slight differences are observed for the w*-pair at 0.8 and 
1.5 Bev. 

As the counterpart of the neutron momentum distri- 
bution, we have sharp distributions for the pz*-pair 
and the values of Q, Q, at the maxima of the curves 
are given by Q=W—M-—1, with the exception of the 
0.8-Bev case. Although the agreement between the 
theoretical curves and the experimental results seems to 
be bad at 0.8 and 1.5 Bev, whether or not this disagree- 
ment is serious would be determined by much more 
accurate experimental data, because at 1.0 Bev the 
agreement is very good and we believe this is not the 
accidental one. 


D. Recoil Nucleon Spectrum 


For these quantities, we have only studied the neutron 
case at 1.0 Bev. Although we have no experimental data 
with which to compare, we have included this spectrum 
for the following reason. As we see from Eq. (19), only 
this quantity seems to emphasize the main distinguish- 
ing feature of the peripheral interaction model among 
various quantities in the c.m. system, and the interesting 
fact is that the matrix element, except for the factor 
sin*6;;/g, has a peak in the high momentum side, which 
corresponds to low 4-momentum transfer at a certain 
fixed angle. This behavior is different from the phase 
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volume argument. Thus it is expected that decisive 
differences between our calculations and those of 
Lindenbaum-Sternheimer will appear in the shape, and 
the value of the momentum at the maximum will be 
shifted between the two calculations, unless in their 
model a forward preference for isobar production is 
assumed ; namely, in their treatment the change of the 
isobar production angular distribution at high energies 
from isotropic to a forward preference might correspond 
to the evidence for the peripheral interaction model. 
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This point has also been discussed by Chadwick 
et al.™ in connection with the recoil proton spectrum 
Figure 19 shows the result with the normalization of 
138.1 times the actual value. We shall report, in future 
work, on this quantity as well as the other observable 
quantities in detail. 


IV. CONCLUDING REMARKS AND SUMMARY 


In this work, we have studied single pion production 
by nucleon-nucleon collision by means of the picture 
due to Weiszicker-Williams and the (3,3) resonance 


approximation. In the course of the study we have made 


several approximations, for which we gave plausibility 
arguments. In particular we have made the energy shell 


% G. B. Chadwick et al., Phys. Rev. Letters 4, 611 (1960) 


AND &. 


KLEIN 


approximation for the virtual-pion scattering part. As 
another possible approximation we might use the 
off-the-energy shell form of the Chew-Low static meson 
theory. But this is not suitable in our case. Let us take 
this approximation and consider the cross section 
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oo(a) designating the quantity corresponding to o(a) of 
the previous approximation. Then we have the 
difference 


ay)(a)—a(a)=Ao 


g 1 Pp! F&F W 
=— —— f - ( ) sin*6 
2? pW. po’ (F+1)?\ q 


(P+1)(2W?2+2M?+F—-1) 
E — - -~- | (22) 
((W+M)*—1)((W-—M)2—1) 

Thus the integral of Ao is equal to that of o(a) except 
for the last factor in bracket. Since we have the relation 
(P+1)[2W2+2M?+F—-1) e+) 

——____—__ —> 
[(W+M)*—1][(W-—M)y—-1] (W-—M)*—1 


(23) 


(i) Ao is positive, 
(iii) the 


Eqs. (22) and (23) mean that 
(ii) & can easily be larger than a few M, 
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SINGLE PION PRODUCTION IN 
interval of integration in the above equations, for which 
f>a few M, becomes larger in the Bev energy region, 
(iv) the rest of the matrix element is dominantly large 
at W=W, where W is the total energy of the pion- 
nucleon system at resonance. From these considerations, 
we reach the conclusion that Ao is of the order of or 
larger than o(a). 

For o(0), the inclusion of the factor é#,/q? in Eq. (12) 
does not have much effect compared to the case of o(a), 
partly because this inclusion gives a smaller effect 
than the factor (t/g)*, which is the corresponding factor 
in oo(a), and partly because the rest of matrix element 
in o(b) is quite small as we have mentioned in the 
preceding section. Thus we reach the conclusion that 
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the off-the-energy shell form of the Chew-Low theory 
would give a much larger cross section than the energy 
shell approximation. Since we have found reasonable 
agreement between our theoretical results and the 
experimental data, we can rule out the presently 
considered approximation as untenable. 

Next comparisons between our theory and the 
phenomenological treatment of Lindenbaum and Stern- 
heimer were made in the preceding section, and we 
found good agreement between the two calculations, 
though we mentioned slight differences in shapes of the 
momentum and Q-value distributions. Furthermore, we 
saw the reason for the change of the assumption made 
concerning the isobar production angular distribution 
at high energy as evidence for the peripheral interaction 
model. 

Finally we 


gave the result of the neutron recoil 
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predicted by the theory of this paper. 


spectrum, for which the above phenomenological model 
may give a different result from ours. 


APPENDIX 


To obtain Eq. (18) from Eq. (12) we make the 
following approximations. Let us consider 


d* po’ d°q i? 


= foo +p+0-- Ps) 


~(32°-+ 1), 


poo’ go (f +1)? 


po*dp,’ 1 e 
eh emcienteses f (3x2+1), 
po’ 2pi'ps’ (f-+1)? 


x= Gl, 


where we take the coordinate system shown in Fig. 20. 








~~~-¢- se 
te 2 
x = (Py xP,)/ (1x Pol) 
lic. 20. The coordinate system for the integral /. 
The integrand of the second equation is a very complex 
function of sing. Therefore we neglect ¢ dependence 
in the integrand and also make the approximation 
3x°+1— (32°+1)=2. Then we have 
P+1= W choo’ + 1—2M?— 2pepe’ cos? cos8, 
cos? = [ (We— pro — poo’)? — pi?— p2?— 1 | 2pr' po’. 


The integral range of p2’ can then be obtained by the 
condition |cos?| <1. 
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Domains of Definition for Feynman Integrals over Real Feynman Parameters 


Tar Tsun Wvu* 
The Institute for Advanced Study, Princeton, New Jersey 
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Given a Feynman diagram, the corresponding integral over real Feynman parameters is meaningful and 
analytic in a certain domain in the space of the Lorentz invariants formed from the external momenta, 
each of which is on the mass shell. In the case where all the masses are equal, the intersection of these 
domains for all proper convergent diagrams is studied. For the cases of four and five external lines, the 
real intersections are explicitly found; for the case of six, seven, and eight external lines, procedures for 
finding the real intersections are given. A knowledge of the real intersection makes it possible to construct 
geometrically a subset of the complex intersection. Generalization to unequal external masses is briefly 


considered. 


I. INTRODUCTION 


N order to study the analytic property of scattering 

and production amplitudes in perturbation theory, 
the first step is to express the contribution Fy from a 
given Feynman diagram as the limiting value of an 
integral over Feynman parameters. Here the external 
particles are on their respective mass shells, and hence 
F is a function of the remaining independent Lorentz 
invariants formed from the external momenta. In the 
case of the two-particle scattering amplitude, there are 
two such invariants. Furthermore, the integral is over 
non-negative values of the Feynman parameters. One 
can then define a function F of complex variables by 
formally the same integral over Feynman parameters 
but allowing the independent invariants to take on 
complex values. In the definition of F, the integral is 
still over non-negative values of the Feynman param- 
eters. Thus it is a well-defined problem to find the 
conditions under which the integral is meaningful. It is 
the purpose of the present paper to study the region in 
the complex space of the invariants where the integral 
is meaningful and analytic for every proper convergent 
Feynman diagram. Of course complex values of the 
Feynman parameters are needed for the purpose of 
analytically continuing F as defined above, but through- 
out the present paper these parameters remain real and 
non-negative. 

When there are selection rules, the Feynman dia- 
grams must be constructed in accordance with these 
rules. For example, it is not permissible to have a three- 
nucleon vertex. Even in the simplest case where each 
of the diagrams has four external lines, the presence 
of the selection rules complicates the problem enor- 
mously. In the present paper, it is assumed throughout 
that there is no selection rule at all, and that three- 
point vertices are allowed. Furthermore, for simplicity 
it is also assumed that the particles involved all have 
no internal degrees of freedom, i.e., all propagators are 
of the form (p?-+-m?— ie), and that all the masses, both 
internal and external, are equal to 1. This last assump- 
tion can be relaxed, as discussed in Sec. 8. It should be 
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emphasized that all questions concerning divergence 
and renormalization are to be ignored, and hence 
basically only convergent Feynman diagrams can be 
considered. It seems to be a very interesting but 
difficult problem to find the analytic property of various 
amplitudes after renormalization. 

The method of studying the region mentioned above 
makes use of the close relation between a Feynman 
diagram and the corresponding electric circuit. Since 
the problem is algebraic in nature and it is certainly 
possible to work with the algebraic expressions directly, 
there is no necessity of introducing electric circuits. 
However, this analog proves to be very convenient. Of 
course, any linear system, for example a system of 
elastic rods, can serve equally well. The choice of electric 
circuits is made only for the sake of definiteness. 

Consider the case n>4, where m is the number of 
external lines, or the number of four-momenta from 
which invariants can be formed. In this case, the number 
of independent invariants is 3n—10. The case n=4 is 
by far the simplest and probably the most familiar one ; 
this case is treated in Sec. 2. In Sec. 3, some properties 
of electric circuits are written down as a preparation 
for the general case treated in Secs. 4-7. In Sec. 4, the 
relevance of the electric circuit to the Feynman dia- 
gram is established. In Sec. 5, the problem of the 
majorization of Feynman diagrams is discussed. Section 
6 is devoted to the method of calculation for m between 
5 and 8, and in Sec. 7, the calculation is explicitly 
carried through for the case n=5. It may be noted 
that there is no necessity of ever referring to the so- 
called “Euclidean region.” 


2. THE CASE n=4 


Consider a Feynman diagram with four external lines. 
Let pi, p2, ps, and py be the four-momenta associated 
with these external lines, all pointing inward. Then 

pit pot pst pi=9, (2.1 

and 
4 2 4 4 ip dee. 
p= pir= p= pe=1, (2.2) 


where the metric used is (1, 1). Let s, ¢, and 
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u be the Mandelstam variables! 


S=(pit pr), l=(prtps)®, and u=(pitps)’, (2.3) 


then 


stitu=4. (2.4) 


Let the r internal lines of the diagram be labeled by 
i=1, 2, ---r, and p; be the four-momentum associated 
with the internal line 7. As shown by Symanzik? and 
Nambu,’ a convergent Feynman diagram gives the 
following contribution to the scattering amplitude, 
except for a multiplicative constant, 


F'o(s,tu) 


an 


=tim f day: f da, 6(1—}>; a;)[d(a;) }? 
et 0 0 


X(O(s,t,0; a:)— (1—ie) Sa, 28+, (2.5) 
where N is the number of vertices, d(@;) is a non-nega- 
tive function of a; and is of no concern here, and Q is 
the extreme value of 5°; a;$, under the constraint of 
the conservation of momentum at each vertex. Equa- 
tion (2.5) holds in each of the three physical regions, 
i.e., the regions in the (s,/,u) space where the scattering 
processes 1+2—3+4, 1+3—2+4, and 1+4—2+3 are 
respectively possible kinematically. For example, the s 
physical region, corresponding to the first process, is 
given by 
s>4,/<0, and u<0. (2.6) 
Since }>; a,p2 is a quadratic form, Q must be linear 
in the variables s, /, and u. In view of (2.4), Q can be 
expressed uniquely in the following way 


O(s,t,u; a) = 4[sP.(a)+/P(a)+uP, (a) J. 


(2.7) 


If (2.7) is used to define Q(s,/,u; a;) for complex values 
of s, 4, and w that satisfy (2.4), then it is possible to 
define F analogous to (2.5) as a function of two com- 
plex variables: 


F(s,t,u) 


f days f da, 6(1—¥; a,)[d(a yt? 


0 


(2.8) 


X(O(s,t,¢; a:)— 2 a, PNT. 
The problem is to study Dy, defined as the set of com- 
plex {s,/,u} satisfying (2.4) such that for all proper 
convergent Feynman diagrams 
O(s,t,u; a:)¥ >: a; (2.9) 
for all non-negative a;. Since Q is by definition linear 
1S. Mandelstam, Phys. Rev. 112, 1344 (1958). 
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- 16, FOr positive Z. 


O(s,t,u; Za,)=ZO(s,t,u; a3), 


the condition (2.9) may be expressed as 


O(s,t,u; a;)¥1 (2.11) 


for all non-negative a; for which >; a;=1. Let D, be 


subset of D, where s, ¢, and w are all real. 
It follows from (2.7) that 


P,(a;) QO(4,0,0; a;). (2.12) 


In particular, P?,(a,) is the extremal value of 0; a;p2 
when pi=po=—ps=— p= (1,0,0,0). This extremal 
value is the same as the extremal value of }); a,pic? 
under the same circumstances, where Pj is the zeroth 
component of /;. If an electric circuit is constructed 
from the Feynman diagram by replacing each internal 
line 7 by a resistor with resistance @;, and replacing the 
four-momenta pi, p», ps, and py by currents fi, ps, ps, 
and f, which are scalars that satisfy 


Pit pot pst pi=0, (2.13) 


then P,(a@;) is the power dissipated in the circuit when 


pi= po= —p3= —fpy=1. Thus 


P.(a:)>0. (2.14) 


Furthermore, since the Feynman diagram is proper, 
for any j<r 
P,(6;;)=0. (2.25) 


In the language of circuit theory, when only one 
resistance is positive, all the vertices are short-circuited 
together. Similarly P;(a;) and P,,(a,) are the amounts 
of power dissipated in the same circuit when /,:=—p» 
=p3;=—py=1 and p,=—p.=—p;=ps=1, respec- 
tively. Thus it follows from (2.15) that for any 7<r 


O(s,t,u; 6:;)=90. (2.16) 
Since ( is a continuous function of a; for non-negative 
a;, (2.16) immediately gives the following condition for 
D4, as a consequence of (2.11). A set of real {s,ta}EDy, 

if and only if 
O(s,l,u; a:)<1 


sts 


(2.17) 


for all non-negative a; such that }°;a;= 1. If s>4, then 
consider the self-energy diagram shown in Fig. 1(a). In 
that case P,(a;)= P,,(a;)=0 and thus 

O(s,1,43 @;) = Sado, (2.18) 
when a;+a.=1. This is incompatible with (2.17). Ac- 
cordingly, D, is contained in the triangle* 


s<4,t<4, and u<4. (2.19) 


‘Strictly speaking, the derivation of (2.19) from (2.17) should 
be modified as follows. A necessary condition for a Feynman 
integral to converge is that 2V>r-+-3. This is not satisfied by the 
diagram of Fig. 1(a). To satisfy this condition, consider instead 
the diagram of Fig. 1(b). When a;=0, (2.18) holds and a contradic 
tion with (2.17) is obtained. 





lic. 1. Two simple Fevnman diagrams. 

Let Q:; be the power dissipated in the circuit when 
pi=—ps=1 and p.2=p,=0, then Qi; is the resistance 
between the two points where the two external lines are 
attached. Under the constraint >> ; a;= 1, it is intuitively 
obvious that Qj; is largest among all proper Feynman 
diagrams for the diagram of Fig. 1 witha;=a,:= 4. Thus, 

1 
Oi3<4 (2.20) 


for }>;a,;=1. A formal proof in a more general case is 
given in Sec. 3. Similarly Q12, Qj, etc. may be defined. 


Q,=2 Vist Ves), 
‘ —, ° 
and Q,,=2(Qis+Qes) ; 
then it follows from (2.20) that 


0,.<1,0:;<1, and Q.<1, 


and furthermore, it follows from the linearity 
circuit that 
P,=3(—0,+0,4+0.), 


and hence by (2.1 


2.14) 
0:<Q0.+0,, andQ.<Q0,4+Q;. (2.24) 


0.<0.+0, 


With (2.22) and (2.24) it can immediately be verified 
that (2.19) implies (2.17). Hence D, is given by the 
triangle (2.19). This result is not new, and has indeed 
been used by Eden® and Landshoff, Polkinghorne, and 
Taylor® in their proofs of the Mandelstam representa- 
tion in perturbation theory. However, the present proof 
seems to be more direct and conceptually simpler. 

Consider next a set of complex numbers {s,/,u} that 
satisfy (2.4). Let their real and imaginary parts be 
represented by s’, t’, u’, 8’, t, and uw’. If {s’,t',u’JED,, 
then clearly {s,/,a}CDs. If {s,t,u} ED,, then there exists 
a Feynman diagram and non-negative numbers a; such 
that ((s,/,u;a;)=1. By (2.7) this implies that 

iT s’P. (a +P la)+u'P, (a )] = j 
and 
ifs” Pla +t" Pla \+u’’ P,,(a;) ]=0. 
®R. J. Eden, Phys. Rev. 121, 1567 (1961 


*P. V. Landshoff. J C. Polkinghorne, and J Cc 
published). See also reference 9 
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Fic. 2. The construction of D,’. 


Hence, forany real A, Q(s’+As"", +40", uw’ +AU" 5a;) = 1, 
which means that the real point {s’+As”, ¢+)", 
u'+ru" JED. Take {s’,t',u’}C Dy, carry out the geo- 
metric construction as shown in Fig. 2, where the lines 
1,’ and /,” are parallel to the lines/,’ and /.’, respectively. 
If {s’’, t’’, w’’} are in the shaded region in the imagi- 
nary plane as shown, then by the above argument 
{s,/,u}€D,. This result may be stated alternatively as 
follows: define a regime D,’ in the complex {s,/,u} space 
by the requirement that {s,/,4} CD,’ if and only if there 
exists a real number X such that {s’+As”, +A”, 
u'+du" JE D,, then D, contains D,’. Algebraically, D,’ 
may be characterized as follows. Let D,° be the set 
defined by the inequalities 


s”>0, t’>0, u’’ <0 


Im[ (u—4)/(s—4) ]>0, 


and 
(2.25 


Im[(u—4) (t—4) ]>0, 


then D,’ is the union of D, with the six sets obtained 
from D,’ by permutations of s, ¢, and u and complex 
conjugations. An alternative method of getting (2.25) 
is given in the Appendix, where it is shown that D,—D,’ 
is not empty. It may be of some interest to note that 
the envelope of holomorphy of D,’ is D,’ itself. 

From the knowledge of D,’, a connection between F 
and Fy can be found. Given {s,/,4} so that (2.6) is 
satisfied, choose real {8,f,2} so that 


{st+A8, (+, ut+rAR}JED, (2.26) 


for some A<0. Given a Feynman diagram and a set 
of non-negative numbers {a;} with }>;@;=1 such that 


O(s,t,u; a;)2 3 
then it follows from (2.26) that for e>0, 


ImQ(s+ ies, (+ie, u+ ied; a;) 
= (€/A)[O(s+A8, (+A, u+Ad; @,) 
—(Q/(s,t,u;a;) ]>0. (2.2 


/ 


) 
Thus, a comparison of (2.5) and (2.8) gives that 


Fo(s,t,u)=lim F(s+ie8, (+7et, ut+ievi). (2.28) 


« 


In other words, Fy is a boundary value of F restricted 
—_~y = 
to 24. 
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3. PROPERTIES OF AN ELECTRIC CIRCUIT 


It has been seen in the last section how electric 
quantities can be used conveniently in obtaining proper- 
ties of the scattering amplitude. In this section, relevent 
properties of an electric circuit are written down and a 
generalization of (2.20) is proved. 

Consider a direct current circuit of V nodes and r 
resistances denoted by a’s. Let the indices 7, j, etc. be 
used to indicate the resistances, and the indices a, b, etc. 
to indicate the nodes. If the resistance 7 is connected 
between the nodes a and 8, then there is a correspondence 
i «+ (a,b,w) where the index w distinguishes the possi- 
bility of more than one resistance between the two 
nodes. 

Let the current /, be injected at node a, where J, is 
real. To be consistent, it is necessary that 


> of .=0. 


Under (3.1), let V, be the voltage at node b. Note that 
lV’, is not defined to an additive constant independent 
of 6. If i< (a,b), let 


(3.1) 


| oe Qa; 1/ Var V2), 
and 


PPT ota 


Here J,», is the current in the resistance a; from node 
a to node b. Also note that a;>0 and that the sign of 
] , is not defined. The equation of continuity for current is 


Zz I b0= fa (3.4) 
b.w 


Equations (3.2) and (3.4) can be used to find V» in 
terms of J,. Define 


P=). EV 


as the power dissipated in the circuit. It follows from 
(3.2) that I.,. has the symmetry 


| re = ) Ae 


(3.5) 


(3.6) 
and thus the substitution of (3.4) into (3.5) gives 
P=) >a,J?. (3.7) 


Under the constraint (3.4), (3.2) is the condition such 
that P is stationary as given by (3.7), provided that 
the Lagrangian multipliers are identified with —2V, 
In other words, if 


P’=P-2F VI> lenu—la], 


(3.8) 


then (3.2) is identical with 
OF’ / aT 4,0. (3.9) 


Now consider a; for a fixed 7 and all Jan. 
Then it follows from (3.9) that 


as variables. 


dP’ /da;= 0P"/da;= 17, (3.10) 


provided that all /, are fixed. Therefore, when P is con 
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sidered to be a function of 7, and aj, 


OP/da;=17. (3.11) 


Let a@ and 6 be two fixed nodes; consider the case 
1,=—I/,=1 with /,.=0 for all c¥a, b. Define V ra, to 
be the value of V.— V5, Pay the value of P, and Jia, the 
value of /; in this case. Then 


Pav=Pva= Vaar. (3.12) 


The reciprocity theorem for electric circuits states that 


V cab (3.13) 


F Vo by 
and the linearity of the circuit implies that in general 


V.=—V = 2 tak (3.14) 
and hence, 


P=V [el Vcr. 


at 
In particular, 
P, 


= Poot Pse—2V cas. (3.16) 


The substitution of (3.16) into (3.15) gives 

P=1)) II [ Past Poe— Po 
But it is a consequence of (3.1) that the first two terms 
here are zero. Thus, 


Tal oPar. 


b 


(3.17) 


Pa~13 1.1.P.--f 


Since 
Va b> V 


cabz V bad 0, 
it follows from (3.16) that 


PacS Part Pa, 


(3.19) 


and in particular the three quantities Past+Pra, 
Pa. +P oa, and Poat+P», satisfy triangular inequalities. 
Note also that, if Vaas= Va» for a#c, then c and Bb are 
disconnected when a is removed, and that 


I sab <1. (3.20) 


Next the effect of changing one a on P is to be con- 
sidered. First define 


.21) 


= > a 
@;= (a;— Pap) a? 


for 1< (a,b). Electrically, & is the resistance seen 
by a generator inserted in the resistance branch 4. 
Suppose the resistance a; is increased to a;+Aa;; then 
this change may be compensated by adding a voltage 
generator with voltage /;Aa; in this branch. Suppose 
AV. is the voltage at node a due to this generator; then 
the change in P due to Aa; is given by 
—> -TAt 


AP (3.22) 


Furthermore, the change in /; is 
AL ctu — (a 


+- Aa,)~ ‘Aa ee 
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The AV. can also be produced by the following external 
currents 
— &, Aa 
AI ,= —Al>= Tabs 
a, (&;+ Aa;) 


(3.24) 


Thus 
— &, Aa 
AV .=— — TIT avaV cad, 
a, (&;+ Aa;) 


and it follows from (3.13), (3.14), and (3.22) that 


a Aa 
AP=I? : (3.26) 
&,+ Aa 


This is the required result. Note that (3.26) is con- 


sistant with (3.23) and that, when Aa,— ~, 

AP — 17&;. (3.27) 
This gives the increase in power dissipation when a 
resistance is increased to infinity, or “removed.” 
Finally, the following question is considered. Let J. 
given; what is the maximum value of P under a 


single constraint of the form 


>. Ka 1, 


bé 


(3.28) 


where A,;>0 for all 7? Actually, only the case where all 
K;=1 is needed in the present paper. The procedure is 
to find the extreme value of P first. Call it P,; then P; 
is the extremal value of ©; a,;/2 under the constraints 
(3.28), (3.2), and (3.4) with the prescribed /,. By (3.9), 

(3.2) But the con- 
therefore, for each i 


the constraint be removed. 
straint (3.4) does not involve a;; 


either 


can 


(0/da;)(S;aJ2—-AD_; Kia;)=0 or a,=0, 


> 


I7=dXK, ora,=0. (3.29) 
Since only rational functions are involved, P; can be 
correctly obtained if all (A,)! are approximated by 
rational numbers and /, approximated by numbers 
mutually irrational and finally a limit is taken. But 
with these approximations, (3.29) cannot be satisfied 
unless the situation is as follows. The set @ of all nodes 
a is split into disjoint sets @; and @» such that all 
nodes in @,, 7=1 or 2, are short circuited to each other. 
This means that if the nodes a and 6 both belong to 
@t, or both belong to @e, i<> (a,b,w), thena;=0. IfaE @,, 
bE @o, and i (a,bw), then there exists a number C 
independent of 7 such that 


al ar cE. (3.30) 


Since all /,,,, are of the same sign, it follows from (3.29) 
and (3.30) that 


The substitution of (3.31 


C=MLD I (K 


TSUN WU 


where >,’ means summation over those 7 that satisfies 
i (a,bw) with a@€ @; and b€ Qe. Let 


[= pm | 


~ 


a @; 


T=’ (K,)'). 
Therefore, it follows from (3.29), (3.31), and (3.32) 


P,=P[X/ (K,)'}°. 


then 


The maximum value of P is thus to be found as follows. 
1. Split the circuit into two disjoint connected pieces by 
removing a number of resistances. 2. Define J by (3.33) 
and let K? be the sum of (K;)! over the resistances re- 
moved. 3. The maximum value of P is the maximum 
of /*,K over all possible ways of carrying out step 1. 

In the special case where all A;=1 with /~=—J/,= 
and /.=0 for all c¥a, b, the result is that 


maxPos=fab, (3.36) 


where rq, is the minimum number of resistances to be 
removed to disconnect a and 6. 

Let the currents /, be injected from » “external 
lines,’ which are numbered by a, 8, etc. The number of 
these external lines attached to a node may be any- 
where between zero and w. Let a=A(a) denote the 
node to which the ath external line is attached; then 
if 7, is the current carried in the line a, 


i= a 1 .6bsA a): 


Let 


and 
Fag =f {(a@), 
then (3.36) gives 


( Jag < Pas sf 


which is a generalization of (2.20). 


4. CIRCUIT ANALOG OF A FEYNMAN DIAGRAM 

Some of the considerations in Sec. 2 are now to be 
generalized to the case n>4. Consider a Feynman 
diagram with » external lines and the associated four 
momenta p., a=1, 2, ---mn, that satisfy 


> « Pa=9, (4.1) 


and 


Pa’ = 1 (4.2) 
for each a. It is found convenient to use the invariants 
Pals (4.3) 
for aX. It follows from (4.1) and (4.2) that these in- 


Variants satisfy 
> 8 las = 


for each a. In addition, when n> 5, there are nonlinear 


lag bya 


(4.4) 
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relations between the ?’s 
T;(tav) =0, (4.5) 


because there are only four space-time dimensions. The 
number of such relations is $(n—4)(m—5). As stated 
in the Introduction, the number of independent ?’s is 
3n—10; but, if an arbitrarily large number of space- 
time dimensions is allowed so that (4.5) can be disre- 
garded, the number of independent ?’s becomes 3 (n—3). 

Associated with a Feynman diagram, there is a corre- 
sponding electric circuit obtained by calling the vertices 
nodes and by assigning a resistance a, to each internal 
line. The labeling for the electric circuit used in the last 
section can then be taken over for the Feynman 
diagram also. Then, also shown by Symanzik? and 
Nambu,’ (2.5) can be generalized to 


tod 


XO (tas,a;) — (1—te) Se, t+, 


Fo (tas) 


D 


da, 6(1— 


= lim 


e+ 


ye a;)[d(a,) |? 


(4.6) 
Explicitly, d(@;) may be written as an (V—1)X (V—1) 
determinant, 
d(a;) =|, det Ban, (4.7) 
where 
3 


_—~ 


—)> Ba 


CFea 


| for a#b, 


(Gabw) 


Bao= (4.8) 


for a=), 


with a, bd N—1 and aa,.=ai if i (a,bw). In (4.6), 
Q is again the extremal value of >; a:p2 under the con- 
straint of the conservation of momentum at each vertex. 
Equation (4.6) holds in the many physical regions, 
which may be characterized as follows. Let the 
external momenta fa be segregated into two disjoint 
sets A, and A» and consider the reaction written 
symbolically as A,=*A2; then the (A;,A2) physical 
region is the set in the real fa, space such that there 
exist pa satisfying (4.3) for which this reaction is 
kinematically possible. Because of momentum con- 
servation, the physical region is empty unless each of 
the sets A; and A- consists of at least two elements. The 
(A;,A2) physical region is contained in the set of {f.3} 
satisfying 


bg > 1, (4.9) 


if both @ and @ are in A, or both are in Ao, and 
tas <0, (4.10) 


if aA, BCA». Therefore, if A4;4A)’, then the (4;,42) 
and the (A,’,A2’) physical regions are disjoint. 
The next step is to define I’. Let 


, 


ps 


n 
> Pa by A (a) 


a=! 
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analogous to (3.37). If pa’ were a scalar equal to Ja, 
then as shown in the last section it would be possible 
to define P in terms of p,.’ and a;. But P is a quadratic 
form in J, as seen from (3.17); thus, formally P can 
still be defined even when each ,’ is a four-vector. The 
result is precisely the Q of (4.6). Therefore, by (3.17) 
and (3.38), 


~2 Pa' po’ Par. (4.12) 


a<b 


By (4.11) and (4.3), (4.12) gives 


-> lal )48 (a) VE 


a<p 


QO (tap ,a:) (4.13) 


If (4.13) is used to define Q(tas,a;) for complex values 
of fag which may or may not satisfy (4.5), then as a 
generalization of (2.8), F may be defined as a function 
of 4n(n—3) complex variables 


F(ta)= f days f da, 6(1—>-; a) [d(a,) F* 
0 0 


X [0 (tas,ar )—->; a ro tr+2) (4.14) 


, be the region in the 
complex {fas} space where, for every proper convergent 
Feynman diagram with » external lines, 


sh —s = 
As a generalization of D4, let & 


QO (tag,ai) ¥ 1 (4.15) 
for all non-negative a; satisfying Liai= 1. Strictly 
speaking, the region D, with n=4 is not D4 because the 
variables used are different, but this point should not 
cause undue confusion. Since Qas is a well-defined 
quantity within the framework of electric circuits, D, 
can be studied in this framework. Let ®, be the set 
where all ¢’s are real, and §, be the set where (4.5) is 
satisfied. Define 


D.N)Ga, 
nf 18n, 


DANN Sn; 


then the problem posed in the Introduction is to 
study D,. 

Let fag’ and fs” be the real and imaginary parts of fag, 
respectively. As a generalization for D,’, define a region 
D,,’ in the complex {f.3} space by the requirement that 
{tas} ED,’ if and only if there exists a real number A 
uch that {tas’+Alas”}ED,. Since all Qag are real, it 
follows from the identity 


(4.16) 
(4.17) 


and 


D, (4.18) 


QO (tag,ai) - V laps ’+-N\tas” 5 Aj )—( \—1) 


(4.15) 


~ > 
ty 


) ImQ (tas,a;), (4.19) 


—~ 
5 
2 


that, if {is;}E€Dn', is satisfied. 


Accordingly, 
(4.20) 


is to be 
For the purpose 
», it is only necessary to find D,, and 


i 
In the present paper, only the subset ‘8 , Of Ws 

considered. This gives a subset of D, 
; ae 

of studying & 
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thus all 443 may be considered to be real. The reasoning 
in Sec. 2 can be immediately generalized to give that 
for j<r 

Vas(6i;) =9, 


QO (tas,6;;) =9, (4.21) 


and hence {fas}€D, if and only if f43 are all real and for 
all proper convergent Feynman diagrams with m ex- 
ternal lines 


O (tag) <1 (4.22) 


for all non-negative a; satisfying }>;a;=1. 
It is also an immediate generalization from the case 
n=4 that if {t2s}€D,, then for any A, 


> ie 


—_ 


(4.23) 


r->3 7 
las<2— 3n(A), 


where the sum is over all a<@ such that @ and @ are in 
A,, and n(A,) is the number of elements in A. If A, 
consists of two elements a and @, then (4.23) gives 


(4.24) 


las<1 


for all a and 8. Thus, D,, does not intersect any physical 
region. Given {f.s} in any physical region, then choose 
{é.s} so that {tast+Ats}CGD, for some \<0. This is 
always possible if D,, is not empty. Note that {f.3} has to 
satisfy the constraints }°3f.3=0. Then 
Fo(tes)= lim F (tag+tetas). (4.25) 


‘ 


This means that Fy is a boundary value of F restricted 
—~ 


0 2),. 


5. MAJORIZATION OF FEYNMAN DIAGRAMS 


In the case n=4 considered above, all proper Feyn- 
man diagrams are studied simultaneously. This does 
not seem feasible when » is larger. Instead, in this 
section a result of the following type is to be obtained: 
if fag are all real, then (3.24) is satisfied for all proper 
Feynman diagrams if and only if (3.24) is satisfied for 
a particular subset ¥ of proper Feynman diagrams. This 
procedure of eliminating from consideration all Feyn- 
man diagrams except a small number of them has been 
called majorization. Problems of this type have been 
studied by Nambu,’? Symanzik,? and more recently by 
Chernikov, Logunov, and Todorov.’ The present treat- 
ment is somewhat different. It may be worth re- 
emphasizing that no reference to the “Euclidean region”’ 
need ever be made here. 

Given a set of real numbers é,3 that satisfy (4.3) but 
may or may not satisfy (4.5), there exist real vectors 
Ga SUC h that 

Sy . da=0, 


a Ya 


(5.1) 
and 


ra / 5 
GaG3 lag (5.2) 


provided that the number of components of each vector 


is allowed to be sutty iently large. The product Yalf3 is 


N. A. Chernikov, A. A. Le 
published 


TSUN 


wloroy to be 


WU 


defined with an indefinite metric, i-e., if ga, are the com- 
ponents of ga, then 


: - SuGauY Bu, 


Ya 


where s, equals +1 or —1 for each uw. The choice of s, 
depends on the prescribed numbers /.3. For example, 
suppose that there is a correspondence y+ (a@,3) with 
a<g, then the quantities g, defined by 


Qyu= | tas! *(5ay—5sy) 5.4) 
satisfy (5.1) and (5.2) when s, are chosen to be 


Su= — bap tas (5.5) 


Other possible representations of ga may be obtained by 
applying a transformation that preserves the indefinite 
metric with 5,. 

With Yay define Ya’ analogous to (4.11) by 


(5.6) 


and define the vectors J; and J 
J aboy are the values of J; and Jan. 
follows from (4.13) and (5.2) that 


J, and 
Jay. It then 


» such that 
when /, 


~ 'd Jas Ja e pe a 
a<p 


O(lag,a 


where 
J2=>",5,J 


t aa pe 


For a given Feynman diagram G and real (a3, let O(la3,G) 
be the maximum value of Q(éa3,a;) for non-negative a 
with }>; a;=1. It follows from (4.21) that 


O(tas,G) >) (5.9 


for all G and all (a5. If G is proper, let G' be the diagram 
obtained from G by removing the internal line 7, and G, 
be the diagram obtained from G‘ by identifying @ and 6 
if 1 <> (a,b). 

Lemma 1. For all f.3 and all proper Feynman dia- 
gram G, 


O(tas,G) < max[ QO (tas,G"),O(tas,Gi) |, (5.10) 


where 7 is any prescribed integer less than r+1 
Proof. Since the set of allowed values of a; is compact, 
there exist allowed a,° such that 


O(la3,G) = O (tas ct 5.11) 


If a,”=0, then (5.10) follows trivially. If a;'>0 then, 
with the Lagrangian multiplier 7, it follows from (3.11) 
and 


(ad Aa;)[ O (tase )—7 


at a;=a;* that 


Phe value of 7 is easily found to be 


yg (las,G). 
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Thus, by (5.9), 


J2>0 
Equation (3.27) then implies that 


0 


lim Obes; a1", as", ** *Qy1, Oy, Aia1"***, Gr) 
“x 


ay 


—O(lap,a)=J749>0. (5.16) 
Equation (5.10) then follows from (5.9) and (5.16). 

The following result is a direct consequence of (5.7). 

Lemma 2. Suppose that G becomes disconnected when 
the vertex a is removed. Let @,(v=1,2, ---v) be the 
sets of vertices connected to each other after the removal 
of a, J, be the corresponding sets of internal lines, and 
G, be the Feynman diagram obtained from G by remov- 
ing all a; except those with ied, and identifying all 
vertices in @, with @ for »’#v. Then 


O(tas,G) = max Or t48,Gy). 
’ (5.17) 


Lemma 3. Suppose that a= A(y) and that A(a)¥a 
for a#y. Also suppose that 7< (a,b) and 7 (a,c) 
with no w needed, and that if k« (a,djw), then k=i 
or j. If G is proper, and if 


O(tas,Gi?) <1, O(tas,G;') <1, (5.18) 
and 

O(tas,G;;)<1, (5.19) 
where G;’= (G;)’ etc., then 


O(taa,G) <1. (5.20) 


Proof. Under the circumstances, by (5.11), if either 
a;’=0 or a;*=0, then this lemma is a direct conse- 


quence of lemma 1. If a,°>0 and a;">0, then by (5.11) 


O(tas,G) < lim QO(tes; ay", ** a1", ay, ayi", - + -a,") 
ay x 


x 


<a°+(1—a,;")O(tas,G;"). (5.21) 
In (5.21) the first equality sign holds only for 
O(tas,G)=0. Equation (5.20) then follows from (5.21) 
with (5.18). 

Lemma 4. Suppose that b= A(y), c= .1(6), and that 
A(a)#b or c for a¥y or 6. Also suppose that 7 (a,b), 
j< (b,c), and k< (c,d) with no w needed, and that if 
Le (b,ew) or 1 (c,ew), then /=7, 7, or k. If G is 
proper, let G,, be the Feynman diagram obtained from 
G by removing 7, j, and &, and identifying the nodes a 
and ¢ and the nodes 6 and d. If, with G;;*= (G;;)* etc., 


O(tas Giz) <1, 
O(taa,G jx") <A, 


O(taa,Gi;*) <A, 
O(tasGei?) <A, 
and 

O(tas,Gr.) <1, 
then 

O(tas,G) <1, 
provided that 

(qyt+qs)? <4. 
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Proof. i a;°>0, then the proof of lemma 3 applies 
here. Thus, it is sufficient to consider the special case 


b=c. In this case, it follows from 


q2=4e=1, 5.26) 


(J $= (J,2)!2?=O(tas; G), 5.27) 
and 

Gy 4s J bat J cay 5.28) 
that 
(5. 


(J ba— Gy)? + (J ca— 9)? =O (tassG) — tye. 29) 


If O(tas,G)>1, then either 


(J sa—qy)*>0 (5.30a) 


(J -a—qy)">0. (5.30b) 


In the case of (5.30b), it follows from (2.27) that either 


O(tas,G) = O(tas,G ix), (5.31) 


O(tas,G) <ajta.t (1-—aj—ay)O(tas,G oe). (5.32) 
This is a contradiction. Since the same argument applies 
in the case of (5.30a), lemma 4 is proved. 

From the inequality 


O(tas,G) > O(tas,G;) (5.33) 


and the above four lemmas, together with (4.24), it is 
seen that in & it is sufficient to include only proper 
diagrams G that satisfy the following conditions: 


(i) For all 7, G' is not proper. 

(ii) For any vertex a, the removal of a does not make 
the diagram disconnected. 

(iii) In the situation prescribed in lemma 3, G;,? is 
not proper. 

(iv) In the situation prescribed in lemma 4, G;;* is 
not proper. 

(v) There does not exist GES such that G=(,. 


Define a loop diagram L,, as a proper Feynman diagram 
with » external lines satisfying the conditions that 
A(a)#A(8) for a¥8, and that for each 7 there exists 
a= B(i) such that i< (a, a+1) with the interpretation 
(.V, N+1)=(N,1). For L,, 


(5.34) 


qo NV my: 


Only the cases n>3 are to be considered in order to 
avoid divergence. The above consideration yields in 
particular the following theorem. 

Theorem 1. {tas}€D,, if and only if 


O(tag,G) <1 (5.35) 


for all GEF,, where F,, consists of loop diagrams only 
for 4<n<8, 5, contains the diagram shown in Fig. 3(a) 
besides the loop diagrams, and §,) contains the one in 
Fig. 3(b) besides the loop diagrams, where the crosses 
denote the places where the external lines are attached. 
This theorem is supplemented by the following. 





(b) 


Fic. 3. Feynman diagrams for §» and io. 


Theorem 2.8 lf n>11, D, is empty. 

Proof. It follows from (4.13) and (4.22) that D, is 
convex. Also D, is symmetrical under permutations of 
the index a. Thus if D, is not empty, then 


{tas= — (n—1)“}ED,. 36) 
Thus, 
(n—1) ¥° Qas(ai) <1. 37) 


2<p 
For the case of L, with all a;=n~, it is found that 


(n—1)" S Qas= (n+1)/12. (5.38) 
a<g 


Therefore, when m> 11, (5.37) and (5.38) are not con- 
sistent. This proves the theorem. 


6. LOOP DIAGRAMS 


In view of theorem 1, the loop diagrams L, are to be 
studied in some detail here. Because of (5.34), the 
function A (qa) is a permutation and the function B(7) 
can be chosen to be the identity, i.e., i=a«> (a, a+1). 
Define a region D,’ by the requirement that {tas}€D,’ 
if and only if 


O(tas,L-n) <1 (6.1) 


for all permutations A. Also define a region D,” in the 
following way. Let M4 be an Xn matrix given by 


M,,=1, 
M 


and otherwise, 


M ;=Mj,=1-}(X qa)’, (6.2) 


where the sum is over those a satisfying min(i, 7) <A (a) 
<max(i,j). Note that M, is completely determined by 
tag. Let M4’(v=1, 2, ---2"—1) be a principal minor of 
M ,. Detine a set $4’ in the fag space by the requirement 
that on $4’ detM 4’=0 and all cofactors of M,’ are of 
the same sign, i.e., either all positive or all negative. 
If S is the union of S$,’ for all » and all A, and S$’ the 
complement of $, then D,,”” is defined to be the con- 
nected component of 8S’ that contains the point 
{lag= —(n—1)"'}. 


§ This result is due to Professor C. N. Yang (private communi 
cation). 
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Theorem 3. D,’=D,,". 
Proof. Consider a point {/,3} on the boundary @D,,’ 
of D,,’. For this {f.3}, there exists an A such that 
O(tap, Ln) = 1. (6.3) 
For this L,, it is possible to choose a," such that 
QO (las,a,°) = 1. (6.4) 
Let J,° be the value of J; for this choice of «,°; then 


> ‘a J °=0, (6.5) 


where the sum is taken over those 7 such that a,°0, and 
the convention is used that J;=Ja.a (a, a+1). 
O or 


fori 
For each j, either a," 


(J ©)? =1. (6.6) 


If there exist numbers a; 


satisfies 


not proportional to a,° that 
>.’ a/J2=0, (6.7) 
then 

> a,” J =0, (6.8) 
where 


a Y=Kila °— Koa! | (6.9) 


with K, is determined by the requirement >)’ a,”=1 
and K.2 is the minimum value of a,°/a,! taken over the 
set of i where a;°+0. Then the set {a,""} can be chosen 
instead of {a,°}. Therefore, without loss of generality, 
it may be assumed that the set {a,’} 
i.e., if 


does not exist, 


>. a, J P=0, 6.10) 


then a; is proportional to a,°. 

Choose v so that M ,’ is obtained from M , by deleting 
those rows and columns of M , that correspond toa,°=0. 
Let M,’ be an n,Xn, matrix, let the elements of 
M4” be (M,4’),,, and the cofactors be (M,4")7¥, where 
x, y=1, --- n,. Let Jz be the same as J," for «,°#0 and 
a; the same as a,°#0 except a renumbering of the index. 
Choose a representation such that 


J .=0, (6.11) 


for u>n,. Let J be the n,n, matrix formed from J, 
with w<n,; then by (6.5)/ is singular. On the other 
hand, by (6.2) and (6.6), 


(M 4”) 


6.12) 


/ 


If 


pe aye ae 


and S be the matrix with elements 


(6.13) 


(6.14) 
then 

(6.15) 
Accordingly, 


det M ,4’- (). (6.16) 


It then follows from determinent expansion and sym- 
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metry that 


Dy (M 4") zy(M a’)*’4=0, (6.17) 


which leads to, by (6.12), 


YJ y(M 4’)? 4¥=0, (6.18) 


and hence to the existence of a real number Co#*0 
so that 
(M 4”)*¥=Coay. (6.19) 
Therefore, 
{las} ES.’ (6.20) 


with this particular choice of A and », or 


oD,'CS. (6.21) 

Conversely, by the same type of argument, it can be 
shown that given {fas}€S.4’, it is possible to choose 
a,° such that 


O(tas,a:°) = 1 (6.22) 


with the permutation 4. Accordingly, 


(6.23) 


for the graph L, 
Dc" 9. 


Theorem 3 then follows from (6.21), (6.23) and the 
convexity of D,’. 

Corollary 1. Let D,’” be constructed in the same way 
as D,”” except that only those M 4’ with n,<5 are con- 


sidered ; then 
Dr ys, 


Corollary 2. For 3<n<8, 


(6.24) 


DT es. 


D,=D,'=D,". (6.25) 


At least in the four cases 5<n<8, this gives in 
principle an explicit prescription to construct D,. The 
following result gives the geometry of 8. 

Theorem 4. At every point on the boundary 08,4’, at 
least one principal cofactor of M 4’ is zero. Furthermore, 
OS84’CS. 

Proof. lf (6.16) is satisfied, then it is always possible 
to find Cy and a; so that (6.19) is satisfied and > ,a,= 1. 
Let {fas"}EOS4", then as {fas} — {las°} in $4”, at least 
one a, approaches zero. Suppose a; — 0, and all other 
a’s remain positive. Let M4” be the matrix obtained 
from M 4” by deleting the first row and first column, then 


detM 4” =0, (6.26) 
and 


(M ,{" )t¥= (M 4" "8 


(6.27) 


for x, y>1. Thus, {fas°}€S4". The case where more 
than one @ approach zero simultaneously can be 
similarly treated. 


7. THE CASE n=5 


As an application of the results of the last section, 
Ds (defined to be the real region in the space of the 
invariants where the Feynman integral is defined in 
terms of real Feynman parameters, see (4.16) and the 
paragraph preceding it | is to be found explicitly here. 
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Consider the situation where 4 (a)=a, and write M4 as 
—igy , 
—tis 


—tay 
1 


—34 


(7.1) 


| —ts1 3 


| 2 12 5 1 


Let the rows and columns kept be used as the index for 
M ,’; for example, 


4 tye | 
| 


4 1 
1 


The where n,=2 gives the following planes: 
Sarr tas Ds Sa*?s bys Le Sa tes 1; Sa™: ts:=1; and 


$4): te3=1. By permutation, $ contains the following 


Case 


planes: 


for all a and 8. 
Consider next the case 7, 
for S$ 4745 


3. For example, (7.2) gives 


(7.4) 

provided that 

| 
and 

lie— plsa>O. (7.5) 
Thus 8,°*° is the segment of the ellipse (7.4) with 
tyot+tts4>3. By permutation, for a, 8, y, and 6 all un- 
equal, § contains the segment of the ellipse 


(7.0) 

where 
lapt lyg>¥- (7.2) 
Theorem 5. Let D;° be the region in the / space where, 


for a, 8B, y, and 6 unequal, 


tog<1, (7.8) 


and furthermore, 


/ / 


o— taalys— 3 <0, (7.9) 


provided that (7.7) is satisfied; then 
D;= D;°. (7.10) 


Proof. It is clear that Ds D;°. In D;’, it follows from 
(7.8) that 


yy (M 4);;>0. (7.11) 


Therefore, S4'***> does not intersect Ds". 
siderations give the result that on $ 474° 


Similar con- 


ty >4, (7.12) 


liotlys> >, (7.13) 
and either 
t34>4 


or t45>3. (7.14) 


But detM 4° and detM 4**° must have the same sign; 
thus (7.12) and (7.14) may be replaced by 


tyo>, l34>3, and ty3>3. (7.15) 
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By theorem 4, on 08,*°, either 


detM.2=0 or detM .*=0. 


In the former case, (7.4) holds and 


tyo(1+-4dgs) — 2s (1 +d45) = 3. (7.17) 


Given (f45, (7.4) and (7.17) cannot have a double root 
in the region where (7.15) is satisfied. When ¢).=}3, 
(7.4) and (7.17) give ts4= —4 and t43=0; when /34= 45, 
(7.4) and (7.17) give either f)2= —1, f34= —} or f2= —3, 
tsg=—1 or tyo=1, fy4=3. Thus 084° cannot intersect 
dD;°, since Ds is convex. Theorem 5 then follows. 

In conventional terminology, (7.3) gives the normal 
thresholds, while (7.6) and (7.7) give the anomalous 
thresholds. The boundary of Ds consists of thresholds 
only. Finally the geometrical construction of Ts’ from 


D; is entirely analogous to the case n= 4. 


8. DISCUSSIONS 


The basic difference between the cases n=4 and 
n=5 is the presence of the condition (7.10) for Ds. 
Since the boundary of D; contains anomalous thresholds, 
the appearance of complex singularities for the produc- 
tion amplitude in perturbation theory cannot be 
avoided. This point has been discussed by Eden, 
Landshoff, Polkinghorne, and Taylor.’ Furthermore, 
since the proof of theorem 2 requires the consideration 
of the eleven-point loop diagram with all @’s nonzero, it 
may be expected that the boundary of D, for n>5 does 
not consist of thresholds only. 

It remains to discuss the possibility of different 
masses, still under the assumption of the absence of 
selection rules. It is further assumed that each one of 
the finite number of admissible masses is positive; then 
it is possible to choose units so that the smallest 
admissible mass is 1. Consider a Feynman diagram G 
where a mass m, is associated with the internal line 7; 


then (4.14) is replac ed by 


x L 


F(tas)= f das-- f da, 6(1->- a IL d(a ) 2 


XO (tas) — D0: mFa,; F24t"+*, (8.1) 
On the one hand, it follows from m,>1 and (4.22) that 
the right-hand side (8.1) is analytic in D,. On the other 
hand, in the absence of selection rule it is necessary to 
consider the Feynman diagram which is identical to G 
except that a mass 1 is instead associated with the in- 
ternal line 7. Accordingly, so far as the problems treated 
in the present paper are cone erned, there is no loss of 
generality in assuming all the internal masses to be 1. 

A number of the results obtained so far are also valid 


*R. J. Eden, P. V. Landshoff, J. C. Polkinghorne, and J. C. 
Taylor, Proceedings of the 1960 Annual International Conference on 


High-Energy Physics at Rochester (Interscience Publishers, Inc., 


New York, 1960), pp. 227, 244 


TSUN WU 


even when the external masses ma, are not equal. The 
internal masses are still assumed to be 1. 
Theorem 6. li 


Ma<V2 (8.2) 


for all a, then lemmas 1-4 and theorem 1 are still valid. 
Also Dy is still given by (2.19). 

Proof. The problem is to show that lemmas 3 and 4 
hold under the condition (8.2). Equation (3.27) needs 
to be used. For lemma 3, it is only necessary to replace 
(5.21) by the following argument. Since 


O(tas,G) = lim O(las3 Oy", °° *, Qp1, Gy, Giar, *** 
aye 
—O(tas, G)a,' (8.3) 
and 


lim Olhg; ar", ° °°) G1, Gi; Air, °° °O 
x 


ay 


<a,;'’m,°+ (1—a; \O (ters ,G ; ) 


(5.10) follows from (8.2) and the inequality 


Gi) >a;’. (8.5) 
Although somewhat more complicated, the modification 
of the proof of lemma 4 is of the same‘nature. 

The validity of theorem 2 requires an inequality on 
ma in the opposite direction. To generalize theorem 3, 
a suitable modification in the definition of D,”’ is 
needed. On the other hand, if (8.2) is violated for more 
than two a’s, the situation may become much more 
complicated. 
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APPENDIX 


Equation (2.25) may be obtained alternatively as 
follows. Let 


s=s'+is’, t=t'+il", and u=u'+iu". (Al) 
Since D, is invariant under complex conjugation and 
permutations of s, /, and u, it is sufficient to study the 
Case 

and wu’ <0 (A2) 


>0, (” >0, 


Consider such a fixed set of values satisfying 


r 


s’+7’+u"=0 (A3) 
and 


s’0,+1°O +u"0,=0 (A4) 


Equation (A4) defines a plane in the space of Q,, Q:, 
and Q,. Call the plane &. Define also the following 





DOMAINS OF DEFINITION 


planes: 
P12 O.=Or4+O,, 


Po: O.= O.+Q., 
P35: OL, =Q.4+01 


Vy: QO, 1, 
Vs: O.= 1, 
Ve: VO. = i. 


(AS) 


Furthermore, define 9 to be the set where Q,, Q:, and 
Q,, satisfy the three triangular inequalities. If 2 and the 
planes are projected along the line V,=Q,=Q., the 
resulting situation is shown in Fig. 4. If (A2) is satisfied 
and 09 is the boundary of 9, then the intersections 
PNP:1)AQ and PP\Pe.\AQ each consist of the two 
points (0,0,0) and (1,1,1) only. With this knowledge, it 
is straightforward to compute the four vertices of Pf) 9: 


1. PNON Cz: 
2. ONOGsNGs: 
3. PNONEs: 


0.=0:=0.=0, 
0.=0,=0.=1, 


x 


0,=1,Q=—-0"/(u"—t"), 


and Q,=u"'/(u"’—t"), 
Q,=—s"/(u"—s"'), O.=1, 

and Q,,=u''/(u’’—s 
k at vertex 1, 


. OCN Gs: 


od 


1 at vertex 2, 
Q wk a ’,tf / v7 
| 4(w't —l'u"’)/(t 
1 
4 


(u’s”’—s'ul’)/(s 


at vertex 3, (A7) 


L at vertex 4. 


This immediately gives (2.25). 
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Fic. 4. Geometry for D,’. 


The important point here is that, contrary to the 
case of Dy, the vertices 3 and 4 are in general not on 
the boundary of 9’, where 9’ is the set of {Q.,Q1,Q.} 
that can be realized with non-negative a, satisfying 
>, a,=1. Therefore, the requirement that the four 
values in (A7) are each less than 1 is sufficient but not 
+ ‘is not empty. 
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Properties of Normal Thresholds in Perturbation Theory 


TAI 


Tsun Wv* 


The Institute for Advanced Study, Princeton, New Jersey 
Received March 1, 1961 


Making use of the relation between a Feynman diagram and the corresponding electric circuit, several 


properties of the normal thresholds are established. 


N the proof of the Mandelstam representation for 
scattering amplitude in perturbation theory by 

either Eden! or Landshoff, Polkinghorne, and Taylor,’ 
the following statements are needed: (1) In the physical 
region on the boundary of the first sheet, the only 
singularities of the scattering amplitude are the normal 
thresholds. (2) A normal threshold and another Landau 
curve cannot have any finite “effective intersection.” It 
is the purpose of this note togive, for these statements, an 
alternative proof which is entirely algebraic. Only the 
case of equal masses and no internal degree of freedom 
is considered, 

* Alfred P. Sloan Foundation Fellow. On leave from. Harvard 
University, Cambridge, Massachusetts 

'R. J. Eden, Phys. Rev. 119, 1763 (1960); Phys. Rev. Letters 
5, 213 (1960); Phys. Rev. 121, 1567 (1961). 

2 P. V. Landshoff, J. C. Polkinghorne, and J. C. Taylor 
published) 


to be 


The notations of reference 3 are to be used. The scat- 
tering amplitude F for a given proper Feynman diagram 
Gp» with four external lines is expressed as a function of 
the Mandelstam variables s, ¢, and w: 


a x 


F(s,t,u) f day f da, 6(1—¥; a, )[d(a,;) |? 


X(O(s,t,0; a@,)—do, a; FeX+2, (1) 


where 

QO(s,t,u;a;)=}EsP.(a)+tP(a))+uP,(a;)]. (2) 
The symbol G — Gp» shall be used to denote that G is a 
reduced graph of Go, i.e., there exist a set 9(G) of 
indices 7, 7, --+ such that G= (Gp),; ---. In the follow- 
ing, G is to be studied in detail: for simplicity of nota- 


*T. T. Wu, preceding paper [Phys. Rev. 123, 678 (1961) }. 
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Fic. 1. An example of a Feynman diagram G with nonempty %,(G). 


tion, the conventions are used that if 7€9(G) then 
a;=0, and that the indices i, 7, -- -€£9(G) unless other- 
wise noted. With this convention, the values of P,, P:, 
P.,, and Q are the same for G and Gp. Strictly speaking, 
the numbering of nodes are different for G and for Go; 
in the following the numbering always refers to G. 
Given G, let 9,(G) be the set of all {s,t,4} for which 
there exist positive a; such that }°;a;=1 and for each i 


(0 da;)O(s,t,42; a) = (3) 
for all and @ that satisfy 
stit+a=sti¢+u=4. (4) 


The normal thresholds in the s variable are then the 
connected components of 


N= 


U mx,(G). (3) 


Gets 


Similarly, N.(G), N.(G), N,, and N, may be defined; 
and N=N, UIA. 

Since the physical regions are on the boundary of 
where the right-hand side of (1) is defined, it is sufficient 
to consider only non-negative values of a;. Given G, let 
£(G) be the set of all {s,t,v} for which there exist 
positive a; such that }>;a,;=1 and for each i 


(0/da,)O(s,t,u; ay) =1. (6) 
The real Landau signularities* £ are then defined as 


£= |) £(G). (7) 


GeGoa 
By definition 


M,CL and N,(G)CL(G). (8) 


Note that £ and MN are both closed sets. Define L’ to be 
the closure of £—MN. 

Consider an infinitesimal increment ds, dt, du, da; so 
that {s,tu}CL with a; and {s, +ds, (+d, u+-duyECL 
with a;+da;, then it follows from 


O(s,t,u,a;)=1 


on £ that 
ds P,(a,)— P,(a,) 


dt Pa)—Pila ) 
Thus the slope is determined unless 
P,(a;)= P(a;) = P.,(a;) = 1. (11) 


*L. D. Landau, Nuclear Phys. 13, 181 (1959). 
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But (11) is not possible. Thus every point on £ satisfies 
a polynomial equation R(s,f)=0, where R is not identi- 
cally zero. 

The following convention is also convenient. Given 
G, label the nodes in a definite way. If i<> (a,b) with 
a<6, then defined J; to be the J,,,,. Let this convention 
be applied to Jas, defined as /;, 4 (a), 4g), then relabeling 
the nodes can change the sign of J,.3, but not that of 
Tjagliys. In the following, Jj12, for example, always 
means J jag with a=1 and 8=2. Let J;, be the value of 
I; when J,=1 for a=1, 2 and = —1 for a=3, 4. Then, 
with the above convention 


Tie=T ast] iea=Tirat Min. 
Similarly, 

Tue=TaotTisa=Tita—Ti2s, 
and 


I iu=Tn2—Tixa= Tis Tins. 


Note that 
T as= late T 30, 


and 
Tiapt I ia, _ T caiys 


Theorem 1. li {s,tuuyJER,(G), then for G A(1) 
= A(2)=a, A(3)=A(4)=5, and the internal lines con- 
sist of rap distinct but possibly intersecting continuous 
curves each joining A(1) and A (3). Furthermore, 


(16) 


(17) 


— 9 
S=Tabd. 


Proof. An example of G is given in Fig. 1. 


EN,(G), then 


If {s,t,u} 


sP,(a;)+tP;(a;)+aP,,(a;)=4 (18) 


for all t and @ satisfying (4). Thus, 


P,(a;)=4/s, 


and P,(a;)= P,,(a;) 


which implies that A (1) =A (2) and A (3)- 
tion (3) then gives that for each i 


T,2=4/s, 
and it follows from (19) and (12) that 
21 13. (21) 


If i<+ (a,bw), label each internal line with an arrow 
from a to 6 if J;,>0 and from 6 to a if 7;,<0. Starting 
from A (1), trace a line along the direction of the arrows 
until the arrival at A (3). Repeating this process without 
tracing any internal line twice exhausts all the internal 
lines. This proves the first part of the theorem, and (17) 
follows directly from the conservation of J at A(1). 

Cor. Given G, if %,(G) is not empty, then 91,(G) and 
Nu(G) are empty and L£(G)=%,(G). 

Theorem 2. If s>4, t<0, u<0, and {s,t,u}CL, then 
{s,tuyEN,. 
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Proof. Since {s,tusEL, there exist G< Gp such that 


{s,4u}C L(G). It is a consequence of (6) that for each i 
sleet ?tul,,2=4. 
By using (12)—(14), (22) can be rewritten as 
UT ingliggt ul asl i= I .~—1. 
Note that 
| Tia |< 1. 
If |J;,|>1, then it follows from (12) and (24) that 
Taaliog>O and Ji3l24>0. Since t<O and u<0, this 
violates (23). Therefore for each 7 


T| <1. (25) 


With the help of (16), rewrite (23) in the form 


(U0 gel 3) (tT a3 el 124) 


= (s—4)(1—J;,?) + tal 32. (26) 


The right-hand side is non-negative. Therefore ¢J;14 
+ul 3 and ¢7 23+ uJ 24 must have the same sign or one 
of them is zero. Let A(1)=1 and @ be the set of 7 with 
the property that i (a,b) with a=1. Then, if 
A(1)#A(2), 

EF Iu<o, ¥ 
iE@ iE@ 


> Ji3=09, 
a 


T ing SO, 
(27) 
and 
zz T iyg>0. 
ica (28) 
Thus, 
Uatul i3<0, (29) 
and hence 
U jog ul y24<0, (30) 


for 7©@. A comparison of (27 that 


for iE @ 


and (30) yields 


Ti23= Ti24=09. (31) 


Since this is not possible, the conclusion is reached that 
A(1)=A(2). Similarly, 4(3)=A(4). Therefore P;(a;) 
=P,(a;))=0, Tne=J;,.=0, and (6) implies (3). This 
proves theorem 2. 

Theorem 3. Tf {s,t,u}EM with the set of numbers {a;}, 
and {s,t,uJEL’ with {a,’}, then for at least one i,a;~a,’. 
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Fic, 2. An example of a Feynman diagram G that 
appears in connection with theorem 3. 


Proof. Assume the contrary, i.e., a;=a,’ for each 7. 
Without loss of generality, let G’ — Gp such that {s,t,4} 
EN,(G’) with {a;}. Since every point of L satisfies a 
polynomial equation, £’ consists of a finite number of 
branches of algebraic curves. There is a Feynman 
diagram G’’ — Gp» such that G” gives a branch which 
contains the point {s,/,4} with {a;}. Then G’ —G”. If 
A"(1)=A"(2) and A” (3)=A"(4) for G”, then P,=P,, 
=J,—],,.=0; and thus &(G")=9,(G"). Thus:for'G, 
either A” (1)4A"(2) or A”’(3)4A"’(4). Assume that 
A"(1)#A"(2). Then there exists G such that A (1) 
#A(2), GG", and G’=G; with 7 (A(1), A(2)). 
An example of G is shown in Fig. 2. If A(1)=1 and 
A (2)=2, then 

=() 


[.=2/8*, Lu=Tin (32) 


for either 7< (1,b,w) or 1 (2,60) with b>2. 
Go is proper, the conservation of J gives 


fi <i, 


Since 


and /;,=Zj,=1. (33) 
But {s,t,u}CL’; therefore it follows from (6) that 

SI, f+ ;?+al ;.72=4. (34) 
Since (33) and (34) are not consistent, this proves the 
theorem. 
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The analytic structure of two-particle scattering amplitudes on the unphysical sheet of the Riemann 
surface reached by crossing the two-particle cut is discussed. The singularities of the amplitudes there are 
shown to be poles and their physical interpretation is studied. The way in which bound states appear on 
the physical sheet in the Mandelstam representation, both as isolated poles and as cuts, is traced in detail 
The properties of partial wave amplitudes and of the full amplitude as a function of energy and angle and 
of energy and momentum transfer are discussed. Finally, a few remarks are made in connection with unstable 


states 


I. INTRODUCTION 


NY systematic program to explore the analytic 

structure of a scattering amplitude which 
restricts itself to the physical Riemann sheet in the 
energy variables does not seem complete. The properties 
on the physical sheet must be supplemented by a 
knowledge of the analytic behavior on the second 
Riemann sheet as well as some idea of the dependence 
of the position of any singularities on the parameters 
of the theory. For example, the simplest way in which 
the analytic properties on the physical sheet can change 
as some parameter of the theory is varied is that 
singularities on the second sheet migrate to the physical 
sheet through branch cuts already present. 

Such a behavior occurs in the problem of anomalous 
thresholds.'* It is found that as the external masses 
increase, a branch cut moves through the normal cut 
onto the physical sheet and extends the threshold below 
the canonical value. As is demonstrated later, the 
formation of bound states in field theory is also a 
matter of poles and cuts moving to the physical sheet 
as the interaction becomes more and more attractive. 

The problem of unstable particles and the resulting 
scattering resonances has also been discussed in terms 
of poles on the second Riemann sheet. The conjecture 
of Peierls’ is that a pole on the second sheet is to be 
identified with an unstable particle. These poles 
depended strongly on details of the theory and their 
physical interpretation is not clear. It is not clear to 
us, for example, what characteristics the singularities 
on the unphysical sheet defined by crossing the three- 
particle branch cut must have in order to yield a 
consistent physical interpretation. These singularities 
are discussed, and are shown to have a reasonable 
interpretation in terms of an unstable particle. Due to 

* Present address: Centro Brasileiro de Pesquisas, Fisicas, av 
Venceslau Braz. 71, Estado da Guanabara, Brasil 

+ Supported in part by the Air Force Office of Scientific Re 
search, Air Research and Development Command 

S. Mandelstam, Phys. Rev. Letters 4, 84 (1960 

2R. Blankenbecler and Y. Nambu, Nuovo cimento 18, 595 

1960). 

*R. E. Peierls, Proceedings of the 1954 Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, New York, 1954), 
p. 296. See also J. Gunson and J. G. Taylor, Phys. Rev. 119, 
1121 (1960 


our lack of knowledge of unitarity, we are unable to 
make very definite statements in the inelastic case. 
However, we prove that in the two-particle case, the 
only additional singularities allowed on the unphysical! 
sheet are poles. 

It is possible to discuss the many-channel problem 
by utilizing the matrix formulation of Bjorken* and 
Nauenberg.® Only the one-channel problem is discussed 
here, but most of the equations we develop are true in 
the many-channel case if they are looked 
matrix equations. 

We consider first the case of individual partial waves 


upon as 


because the application of unitarity is so simple in this 
case. We further restrict our attention to the scattering 
of scalar ‘‘nucleons” of mass M, exchanging pions of 
mass wu. It is a “simple”? matter to extend the discussion 
to more interesting cases. 

In order to discuss the convergence of a partial wave 
expansion on the second sheet, the full amplitude at 
fixed angle must be considered. This is done by assuming 
that a double dispersion relation holds on the physical 
sheet and discussing the amplitude on the second sheet 
by means of a Fredholm solution to the defining 
integral equation. Finally, the full amplitude at fixed 
momentum transfer is discussed. 

The possibility that singularities originally on the 
second sheet could produce singularities not found in 
perturbation theory is discussed in the case of anoma- 
lous thresholds in form factors and scattering ampli- 
tudes. The problem of bound states is clarified by 
showing in detail how the poles and cuts associated 
with this mass state are produced on the physical sheet 
as the interaction becomes sufficiently attractive 


II. PARTIAL WAVES 


The analytic properties of the partial wave ampli- 
tudes have been well discussed.* The essential result is 
that the function defined by 

f,'(v+te) 


‘2 =) 


exp 16 v) | siné(y pl\v 


‘ J. Bjorken, Phys. Rev. Letters 4, 473 (1960 
*°M. Nauenberg (unpublished thesis and to be published 
*S. N. MacDowell, Phys. Rev. 116, 774 (1959 
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where p(v)=[v/(v+M?) }! is an analytic function of 
the square of the relative center-of-mass momentum, 
v, With a cut along the entire positive real axis and 
along the negative real axis from minus infinity to 
(—y?/4) where 1/u is the range of the effective potential. 
The superscript one is to emphasize that this equation 
is defined on the physical sheet. 

Below the onset of inelastic channels, the phase shift 
is real along the physical cut and the unitarity relation 
takes the usual form. We next remark that by trivial 
manipulation 


fi (v—ie)= fi (v+ieS; '(yt+ie), (2.2) 
where 

Si(v+ie) = exp 276,(v) ]= 14 2ip(v) fil(v+ie). (2.3) 

The scattering amplitude on the second sheet is 
introduced as the continuation across the positive 
branch cut below the inelastic threshold in a counter- 
clockwise direction: 

fE (tie) = fl (v—ie) = fi (vtie)Si(v+ie). (2.4) 

It is immediately obvious that f,!!(v) has the same 
region of analyticity as f;'(v) except that there may be 
poles due to zeroes of the S matrix and the trivial 
kinematic cut coming from the factor of p(y). 

The /th partial cross section, which is defined as 

oi(v)=fil'(v) f(r), (2.5) 
is easily seen to enjoy analyticity in the v plane cut 
along the negative axis to (—y?/4) with poles due to 
the zeroes of S;. The fact that o; has no positive cut in 
the elastic region is easily demonstrated. Similar 
statements hold for the functions p Imf; and Re/f;. An 
interesting and amusing fact, which can be demon- 
strated readily by writing 

Ref)! = fkSi 11 +ipfi' ] (2.6) 
is that 
Refi! — 3 fi 
wherever /;! approaches infinity. 

Let us now see whether or not S; has zeroes close to 
the physical region. The simplest place to look for a 
zero is in the gap between the positive and negative 
cut where S; is real. The complex zeroes of the S$ 
matrix which might lead to scattering resonances are 
strongly dependent upon the details of the theory and 
are therefore difficult to discuss in general. It can be 
shown that S, has at least one zero between v=0 and 
(—y*/4) for every other / if there is a one-particle 
exchange contribution to the negative cut and no 
bound states. 

Since there are no bound states present, S; is bounded 
in the gap. Further, if there is no zero-energy resonance 
or anomalous threshold, the S matrix is unity at zero 
kinetic energy. As v approaches (—y?/4), the singular 


SCATTERING 


AMPLITUDES 


1. S matrix with no 
bound state. 











part of the Yukawa-type Born term approaches 


ry iT dy 
fiw@~- p(1+ yi 1+ ) 
2p 2p pe 


2d 
~— in(O-+-)P,(—1), 

we 
where A is negative for an attractive potential. Thus, 
if J is odd, the Born term has the sign of the potential, 
A, and approaches infinity. On the other hand, if / is 
even, the sign is reversed. In the gap, the S matrix is 
Si:=1-—2 fi. —v/ (v+M?) The two possibilities are 
shown in Fig. 1. These curves, of course, could cross 
the axis several times. It is obvious in any case that the 
function S; must have at least one zero in the gap for 
every other /. If there is a bound state present then S 
is not bounded in the gap. The Born term discussion 
is not changed and since the residue of a bound-state 
pole in S must be positive, the two possibilities are as 
shown in Fig. 2. 

To summarize the situation with an example, we 
consider the /=0 partial wave for the case of an attrac- 
tive potential. We have seen that if there is no bound 
state, then So must have at least one zero in the gap. 
If the potential is made attractive enough to produce 
a bound state, the zeroes may disappear from the gap. 
We return later to an instance of this sort. 

The discussion of a theory in which there is no 
one-particle exchange, or Born term (for example, 
n-m scattering), is less conclusive. One trivial statement 
which can be made is that if the scattering amplitude 
is positive near the negative cut, which starts at 
v=—yp’, S; must have a zero. The infinity in this case 
comes from the phase-space factor p. 


Fic. 2. S matrix with a 


bound state. 





pa 
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Let us turn to a discussion of the nature of the cuts 
of a partial wave amplitude. Consider the general 
problem of the type of singularity at s=a of the function 


W'(s’) 


On the unphysical Riemann sheets, defined by cross- 
ing the cut in the neighborhood of a, we have, for 
example, 


J" (s+ie)=J'(st+ice)— 2iW!(s+ie), 
and 


I 7 


J (s+ ie) = J" (st+ie)— 27 W (stiec) +W" (s+ie) ], 


where, if the point a is a branch point of W’, we choose 
the cut to run towards +. Thus if W'(s) has a 
square-root type of singularity at s=a, then J'!!=/J! 
and J also has a square-root type of branch cut. 
However, if W is analytic in the neighborhood of s=a, 
then J has a logarithmic singularity. 

The general form of the partial wave amplitude for 
the process depicted in Fig. 3, i.e., 2M.— 2M, through 


a state of 2y’s, 1s 


where 


B(s)=p(s)H.(s)H: 
and Hy_») is the partial wave annihilation amplitude 
for the process 2M a3 > Qu. 

Since B(s) has a square-root singularity at s=4,? 
coming from the explicit factor of p(s), the positive 
branch cut in G(s) connects only two Riemann sheets. 
It is clear that this two-sheetedness property holds for 
each two-particle singularity in a multichannel situ- 
ation. 

If there is a one-particle exchange diagram, then its 
contribution to g(s) has singularities of the form 
[ (s—4M,*)(s—4M,7) |. Thus g(s) is analytic in the 
neighborhood of s=a and the left-hand cut of G is 
logarithmic in nature 

The discussion in the cases that have no one-particle 
exchange graph is more involved. Let us consider for 
definiteness the case of pion-pion scattering. If the 
complications due to isotopic spin are neglected, the 
results of Chew and Mandelstam are that a=0, and 


} 


‘ 
> --—(rtp? ’ 


re ; . y + 
= dv’ Pf 1+2 
v v 
y+ 


E ar Pe(1+2 ~ 


v 


ImG; (v’) 


where v= (s—4y*)/4. Since we have just shown that 
ImG,(v’) has a square-root singularity at »’=0, this 
implies g:(s) has a square-root type of singularity at 
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Fic. 3. Scattering graph. 


s=0. In fact, it is easily seen that 
giu(s\~P(—1)age(—s)! 


where do is the S-wave scattering length. In addition, 
gi(s) has a logarithmic cut starting at s=4yu?. The 
square-root behavior at s=0 implies that the negative 
cut in G(s) from two-particle exchange connects two 
Riemann sheets. This result is true in more general 
circumstances. For example, in nucleon-nucleon scat- 
tering, the two-pion exchange contribution is easily 
shown to be two-sheeted in character. 

Let us now turn to a discussion of the scattering 
amplitude without expanding in partial waves. 


III. FIXED ANGLE 


In order to discuss the analyticity of the scattering 
amplitude at a fixed angle, we assume that a Mandel- 
stam representation holds in the physical sheet. This 
then allows a determination of the radius of convergence 
of a partial wave expansion on the second sheet. 

The scattering amplitude F is written in the form 


xz 


Pi(v2)= f du’ A;(u',v)/[u’+2v(1+:) 


+f dt’ 


Subtractions do not affect our general conclusions 
and are therefore suppressed. The only property of the 
weight functions Az and A; that is needed is that they 
are analytic functions of vy with a cut along the positive 
real axis. 


dQ’ 
ImF*(»,2)=p(») f F'(y+i 
dr 


where 


A;(t',v)/[t’+2»(1—2) (3.1) 


x=22/+[(1—2*)(1—2”) }} cosg’. 


In exact analogy with the partial-wave discussion, 
the scattering amplitude on the second sheet is intro- 
duced as 


dy’ 
F"(y,2) = F'(v,z) — 2ip( »f Fl (vx) FB" (p,2 
dor 


(3.3) 


It is convenient to transform this into a nonsingular 
integral equation of the form 


1 


PM) =FU(v2)—2i f dz’ K(z,2'; v)F™(y,2’), (3.4) 
1 


ply) 
K (z,2’; v)= fo F'(y,x). 
dir 


where 





SINGULARITIES OF 


This azimuthal integration is carried out readily and 


the result is 


p(v) 
K(z,2'’; v)= 


dor 


p(y) 
—(1-—2*)(1—3"") ] oe fe A;3(t',v) 
dor 


fw Ao(u’,v)(1+s2’+u'/2r)? 


XC —s2’+0'/2v)?— (1-2) (1-2) F4.(3.5) 

Our next task is to solve the integral Eq. (3.3) for 
F'"'(y,s) and to discuss its analyticity in vy and s. Even 
if F! did not satisfy a Mandelstam representation, it is 
clear from the integral equation that the domain of 
analyticity of F™ is closely connected with that of F', 
except for poles arising from the homogeneous equation 
and the trivial kinematical cut from the explicit p(y) 
factor. The Fredholm solution to this equation can be 
examined readily. This solution can be written in the 
canonical form 


1 


1 
F'\(y,s)=F (ps) + - f ae N(z,2'; v)F'(y,2’), (3.6) 
D(v) l 


where .V and D are the usual Fredholm determinants. 

Since the region of integration is finite, it follows 
from standard arguments that the analyticity domain 
of F'(y,z) in v is at least as large as that of F!'(v,z’) for 
all 2’, except that there are the cuts from p(v) and the 
possibility of zeroes of D(y). 

The connection between these poles and the ones 
discussed earlier in the partial wave amplitudes is made 
apparent by considering the eigenfunctions of the 
kernel. If we write 


K (z,2’; vy) =>0 (214-1) Pilz) Pilz’) (v) filv), (3.7) 


then it follows from general arguments’ that 


x 
D(v)= TI [14+ 2ip(y) fi(v)]. (3.8) 
l=0 


From these results it is possible to discuss the 
analyticity in Z for fixed complex v. In particular, we 
are interested in the possibility of making a partial- 
wave expansion of F!'(y,z). If the nearest singularities 
in s are either complex or real but a finite distance 
outside the interval (—1, 1), it is possible to pass an 
ellipse inside these points enclosing the physical region. 
Then an expansion in a Legendre series is convergent 
within this region. 

From the expression for the kernal K(z,2’; v), it is 
readily seen that for fixed v there is anaiyticity in z 
except when 


+t s+ (1+a/2v)?+222’(1+2%/2r)=1, (3.9) 
where 
wav, —1<2/<1. 


7 See, for example, W. V. Lovitt, Linear Integral Equations 
McGraw-Hill Book Company, Inc., New York, 1924). 
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The condition that this singularity lie in the physical 
region of z is y< —y?/4. Thus, as long as y is not on 
the negative cut, a Legendre expansion is valid for 
F''(y,z). Of course, if v is in the neighborhood of a 
point where one of the S;(v) has a zero, say at », then 
a singular term in the expansion, of the ['P)(z)/(y—»), 
is present. 


IV. FIXED MOMENTUM TRANSFER 


We take up now the analytic properties of the 
scattering amplitude on the second sheet as a function 
of the energy at fixed momentum transfer. We content 
ourselves with a brief discussion, since a more complete 
treatment has been given by Zimmerman. The integral 
equation for the second sheet amplitude is evidently 
F™ (y.t)3) = F' (yy t13) 


—2ip() fda F!(p,ty0)F™ (v,t23), (4.1) 


where the subscripts on the momentum transfer mean 


(4.2) 


t —2y(1—z,;). 


Now assuming that a two-dimensional representation 
holds on the physical sheet, the azimuthal integration 
can be carried out as in the previous section. One 
obtains the integral equation given previously, Eq. 
(3.4), with the understanding that z is to be expressed 
in terms of v and f;3. Since for fixed zo, F!!(y,22) is 
analytic in the cut plane, this integral equation repre- 
sentation implies that F!!(y,t) is analytic in a region 
bounded by the vanishing of one of the denominators: 


(\’A+22)?— (A2— 1) (A2—1)=0, (4.3) 
where 


1+7/2v. 


Solving for v, we find 


, 
l 


y= —{i+i+ (4.4) 


2tt’ (1bze) }!}/2(1F 22). 


Since in the physical region, ‘<0, and also ¢’>0, these 
roots are complex; 
v=xtiy, (4.5) 
where 
x= —(t+2’)/2(1F22); v= —it' (1aAse)/2(1F 22). 
For fixed ¢’ this point moves on a branch of a hyperbola 
as Zo varies. Eliminating z2, we get 
y= —tl'x(4vt+i+/)/ (47. 

The boundary of the region of analyticity occurs when 
t’ reaches its minimum value u?. The equation of the 
boundary curve is 

y= — tpn (40+ p?+)/ (t+). (4.6) 


If (> —y2, then the left-hand branch of this hyperbola 
is the boundary, whereas if ‘<—wy’, the right-hand 


8 W. Zimmerman (private communication). 
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branch takes over. This analyticity region is, of course, 
not the largest possible since we have not used any 
analytic properties of the kernels in the integral 
equation. Thus we consider the iterated solution to 
see if a larger region emerges. 
Using our previous results, the solution can be 
written as 
F'(yt)=F'(v,t)+ dn Ty, (4.7) 


where 


Iy= (—2rip) * f av --dtydzy: - -dtn-1 W(v,lo- + +tn) 


X[(AwA—sy- ?— (Ay?— 1) (7-1 me .* 


 [ (A221 — 50)? — (AZ2— 1) (s2—1) F(A — 20), 
and 


The weight function w is an analytic function of y in 
the plane cut along the positive real axis. Any permu- 
tation of the X’s in the integrand is permissible, since 
it becomes a symmetric function after the z, integrations 
are performed. 

The integration over 2» can be done immediately and 
the result can be studied as a function of 2; for v in 
the physical region, the integral over z) can be written 
in the form 


£ 


f @d1'[ x (Ao,A1,A1’) ] 


(rd) “~3s) 


where 


, r , » “1 
31 (v)=AaWAr +L (Ae— 1) (AP—1) |, 
and 


x (x, 9,2) = La?+ y?-+2?— 2xyz—1 |). 


Now introduce the variable m given by 
di = AArt ml (A 7—] (AP—1 ) }. 
The integral becomes 


f dni (m?— 1)-#(Ay'— 23) 
1 


Now the integral over z; can be performed and the 
above argument repeated successively. The final 
representation for Jy that we consider is 


Iy=(—2rip © fd --dty Wiv,lo---l 


*  dnn dm 1 


“J 


A =AAK 1 +a. [(A2Z—1) A1"?—1) }}. 


(nv?—1)! = (n?—1)! AN’—2 
where 


This function has branch points in the v plane for 
AZ=1, or v=—t,/4 and v=x, where /y becomes 
logarithmically divergent. In addition, there is a branch 
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point when 


An ’—2 =(), 


with 4,=1 for all 7. This equation is symmetric in all 
the \’s and may be written 


2= cosh (go+£)+ os Ey y= 1+ 2p, 
where 
coshé =Xi. 


The roots of this equation are, in general, complex. 
Therefore, one concludes that for a fixed momentum 
transfer, F™ has complex singularities. 


V. APPLICATIONS 


The simplest applications of these results seem to be 
in discussions involving individual partial waves. We 
are interested in those processes in which the singu- 
larities on the second sheet should be quite important. 
The most obvious example is one in which the singu- 
larities on the physical sheet conspire in such a manner 
as to force S; to have a zero in the gap just below the 
physical cut. The resulting pole on the second sheet 
has a dramatic effect on low-energy scattering. This 
can easily occur even if there are no nearby singularities 
on the physical sheet. A nearby pole on the second 
sheet can be just as important as a bona fide bound- 
state pole. A second example is found in the problem 
of the anomalous thresholds. In this case, we know that 
one is forced to extend the physical cut into the gap 
region. Thus, if one of these poles were present in the 
integrand, it might cause a breakdown of the dispersion 
representation which could not be discerned from 
perturbation theory. We now turn to a detailed discus- 
sion of these problems. 


A. Anomalous Thresholds 


As a first application of the previous results, consider 
the form factor for a scalar particle of mass M, which 
interacts with a scalar photon through a pair of scalar 
particles of mass y as illustrated in Fig. 4. For this 
discussion it proves illuminating to follow the procedure 
developed by Mandelstam!' instead of the equivalent 
method described by Blankenbecler and Nambu,’ since 
in the former method, the difficulty with poles on the 
second sheet seem superficially more dangerous. The 
latter authors introduce a representation of the form 
factor which has only normal cuts and then they 
continue to the physical sheet. The Mandelstam 
procedure makes use of the analyticity of the Green’s 
functions in the masses and continues from the normal 
to the anomalous case. In both of these methods one 
is forced to continue certain functions to their second 
Riemann sheet and it is this aspect of the problem 
which is of interest here. 

Following Frazer and Fulco,’ the form factor in the 
normal case (M, small) can be written in the form 


*W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960) 
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Fic. 4. Form factor graph. Mo > aevysvwu 


iT 


2 


F(s)= f ds’ [A(s’) /Es’—s}], 
TH 4° 


where 


A(s)= p(s) exp[A*(s)+A(s) ] 


xf dt(t—s)— a(t) exp[—A(d)]. (5.2) 


—O 


Here a(/) is the discontinuity across the negative cut 
in the partial wave amplitude for the annihilation 
process and A(s) is the usual line integral over the 
relevant phase shift of u-s scattering, /%,:*ds’ 6(s’) 
(s’—s). 

If an analytic continuation to larger values of the 
external mass M, is made by giving it a small negative 
imaginary part, the point @ moves in the path illustrated 
by the solid line in Fig. 5. The line integral from 4u? to 
infinity in F(s) must be deformed to avoid this pro- 
truding branch cut of A(s) as indicated by the dotted 
line. In order to perform these continuations, one must 
introduce the S matrix in the form 


exp[A*(s) ]=exp[A(s) ]S“'(s), 
and also continue the factor exp[—A(¢)] in the inte- 


grand of A onto its second sheet as the upper limit a 
moves around the point 4u?. These continuations yield 


A(s)= p(s) exp[2A(s) 1s (5) 


| 4u2—in 
x} f dt(t—s)“a(t) exp[— A(t) ] 


2-19 


atin 
-f dt(t—s)“a(t)S(t) exp[— A(t) ] | es 


4u7+in 


where we have used the fact that the function a(/) has 
a square-root type cut starting at 4y’. 

One might superficially expect that when the anoma- 
lous threshold a reaches the point where 5, has a zero, 
the continuation would break manner 
foreign to perturbation theory. This is mot the case, 
since from the integral over a(t) a factor of S appears 
to cancel any such pole. The final result after collapsing 
the line integral to the real axis is!!! 


down in a 


o 

oe ~-~~__ 

old behavior. Qq—— _— 
ay" ® 


lic. 5. Anomalous thresh 





” This result was also obtained by R. Oehme (to be published). 

'' For an application of this procedure to the vector magnetic 
moment of the sigma particle, see R. Marr, L. Landovitz, and 
R. Blankenbecler, Bull. Am. Phys. Soc. 6, 80 (1961) (also, to be 
published). 
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F(s)- 


1 tu 
f ds'(s’—s)~'B(s’) 
T 


a 
L 


1 
+ f ds'(s’—s)C(s’), (5.4) 
TM 4y?* 
where 
B(s)=2mip(s)a(s) exp[A(s) ], 
and 


C(s)=o(8) explar+a)} f dt(t—s)—'a(t) exp[— A(t) ] 


4y2 


4u 
+f dt(t—s)“a(t) exp[—A(4 J[I1+S() ]}. 


a 


Results similar to the form factor case hold also for 
the anomalous scattering situation depicted in Fig. 3. 
The absorptive part of the scattering matrix G has the 
form 

ImG(s)= p(s)Hz*(s)H.(s), 


where 
{a,b} 


Hion(s)=expla(s)] f dt(t—s)“ 


x 


xexp[—A(/) ][a(é),8() J, 


if M, and M, are sufficiently small. First consider the 
case where only M, is large enough for an anomalous 
threshold. By the same procedure as before, the 
scattering amplitude G(s) is found to be 


x 


1 
G(s)= f aes 1} (t), 
T 


a 


(5.5) 


where the imaginary part of G in the anomalous region, 
a<s< tu”, is 


J (s)= 2mip(s)a(s)Hy(s). (5.6) 


Now if the mass M, is increased until 6>a, which can 
obviously occur even if H,(s) has a normal threshold, 
then J becomes complex. The condition b>a is just 
the condition found in perturbation theory by Karplus, 
Sommerfield, and Wichmann” for the “super” anoma- 
lous case. There is no ambiguity or difficulty in con- 
tinuing past this point if all the masses are given 
negative imaginary parts as required by the definition 
of the Green’s function of interest. The essential point 
here for our purposes is again that the superficially 
dangerous factor of S~' cancels. It would seem that in 
any approximate evaluation of a scattering amplitude 
with anomalous thresholds, one must make sure that 
the approximations made do not destroy this cancel- 
lation. 


B. Bound States 
Another interesting application of the analytic prop- 
erties of the scattering amplitude on the second sheet 


” R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. 
Rev. 111, 1187 (1958). 
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is found in the problem of bound states. One may 
entertain the question of whether any calculational 
program based on unitarity and analyticity is complete 
in the sense that it yields the masses and coupling 
constants of bound states in terms of more fundamental 
constants. The difficulty is that the bound state must 
be present in the sum over states in the unitarity 
condition. This seems to introduce arbitrary constants. 
We show that by making very reasonable assumptions 
about the analyticity of the production amplitudes, the 
bound-state problem can be solved completely within 
such a framework. 

A physical example is found in nucleon-nucleon 
scattering. If one applies the standard V/D procedure 
without explicitly putting in the deuteron pole, then 
it is reasonable to expect D to develop a zero at the 
deuteron mass. This can even be demonstrated rigor- 
ously in the case of potential scattering. However, in 
field theory a new problem arises. The entire mass 
spectrum singularities due to the deuteron must be 
generated. For example, the contribution to the 
inelastic physical cut from the n+ p+7 intermediate 
state must extend its threshold from (2M+y)* to 
(Mat), and this extra cut must have the two- 
sheetedness properties associated with two-particle 
cuts. The canonical explanation is that these extra 
poles and cuts migrate from the second sheet. We show 
in detail why this explanation is correct. 

We consider scalar nucleon-nucleon scattering as an 
example. The process nucleon-nucleon scattering is 
called reaction one with energy s. The crossed processes, 
nucleon-antinucleon scattering, have energies ¢ and w. 
The Mandelstam representation is written in the form 


1 r 
f ds’(s’—s)— Im f(s’) +G'(s,t.u), (5.7) 
TH“4y* 


where f(s) is the /=0 partial wave amplitude. Therefore 


G(s,t,u) = 


Im/(s)=p(s) f(s) f(s)S—(s), (5.8) 
in the elastic region. 

The essential point is to recall now that if there are 
no bound states and the effective potential is attractive, 
S has a zero for s in the gap. As the potential strength 
increases, this zero is expected to move towards the 
physical region, s>4M*. Guided by what does occur 
in potential scattering, we assume that this zero moves 
in the path illustrated in Fig. 6 and that the scattering 
amplitude is an analytic function of the position of 
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this zero. We need nol assume analyticity in the 
coupling constant. This zero is trapped in the gap and 
on the real axis. Either it moves in the path shown or 
it never reaches 4M*. In the latter case the analyticity 
of the amplitude does not change. When the zero 
passes around the point 4M°, the line integral over 
Im/(s) must be analytically deformed to avoid this 
wandering pole. The deformed path can be shrunk to 
a small circle about the pole plus the contribution from 
4M? to infinity. The small circle yields a contribution 
to G of the form 

r/(s—M/), (5.9) 
where the pole has been placed at M,7., This is the 
mechanism by which poles move from the second to 
the first sheet of the scattering amplitude as true bound 
states are formed. 

Now we examine the contribution of the »+p+r7" 
inelastic intermediate state before a bound state has 
formed. The absorptive part of G probably cannot be 
expanded in the relative angular momentum of the 
two nucleons. However, we restrict our attention to 
the configuration where the neutron and proton are in 
an /=0 state without making such an expansion. This 
particular contribution to the absorptive part of G 
therefore can be written as an integration over the 
center-of-mass energy of the nucleon pair and the angle 
variables of the pion. The result, except for constant 
factors, is 


(W?—s—p?*)? ; 


x (W?2-4M2)) —p* (5.10) 


ds 


The general form for the production amplitude M must 
now be discussed. Since the neutron and proton are in 
a relative S§ state, perturbation-theoretic arguments 
suggest that we can write 

M (s,W QQ.) (5.11) 
where A(W) is the line integral over the neutron-proton 
S-wave phase shift, and J is a very complicated complex 
function which we cannot completely characterize at 
the moment but it does of have the physical cut in W*. 
We assume that whatever its properties, they do not 
interfere with the following discussion. 





2 
(2M +42) 





7. Inelastic cut behavior as a bound state develops. 
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When the amplitude A’ is formed, there occurs a 
factor of explA*], which must be rewritten 
exp 4 |S '(1*). Now we further restrict our attention 
to the pole term in S~, which occurs at M,’. The other 
singularities need not be discussed further: Then the 
pole contribution to the absorptive part can be written 


as 


XJ (s,W2Q,2;) expl2A(W?) ]. (5.12) 
We now need to discuss the analyticity of A” as a 
function of s. The singularity which is of interest to us 
is one of the endpoint singularities due to the pole at 
M?. These occur at (s!—y)?=M,?. The branch point 
closest to the physical cut is s\=u+ M4. If the coupling 
is now increased, this branch point moves in a path 
shown as the solid line in Fig. 7 (see also Fig. 6). Then 
the line integral over A” from (2M+ z) to infinity 
must be deformed to the dotted line in Fig. 7 to avoid 
this oncoming branch cut. When this deformed integral 
is collapsed to the real axis, it can be rewritten as a 
line integral from (M+ y)’ to infinity. Thus the correct 
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two particle cut has been generated in the same manner 
as an anomalous threshold. 

Similar statements hold for all the higher inelastic 
states. Thus, if our assumptions about the structure of 
production amplitudes are true, a new particle of mass 
M, has been added to the mass spectrum. 

This argument concerning bound states can also be 
used to clarify the problem of unstable particles. First, 
assume that S; has a complex zero at M*™, which is 
near the physical cut and produces a scattering reso- 
nance. We have seen that if such a pole exists on the 
second sheet across the elastic cut, then there is a 
branch cut starting at s=(M*+ ,)* on the unphysical 
sheet across the three-particle branch line. This cut 
can be drawn parallel to the real axis toward plus 
infinity, if we like. One possible interpretation which is 
consistent with the identification of M** as a pole due 
to a one (unstable) particle state is that this latter 
branch line singularity represents the rescattering of a 
pion with the unstable particle in the intermediate state. 
If there is a resonance in the three-particle system 
(n+ p+), then it should show up in the s dependence 
of the function J. One would like J* to have a simple 
pole in order to be consistent with the interpretation in 
the two-particle case. It still is not clear that this is a 
consistent and/or unique interpretation of these types 
of singularities. 
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When only two-body correlations are fully taken into account, there appears an energy gap in the excitation 
spectrum for many-boson systems as shown by Girardeau and Arnowitt and confirmed by Wentzel. This 
energy gap is shown to disappear and the spectrum to become phononlike again and proportional to the 


momentum for small momentum, if we construct the eigenmodes of excitations (collective excitations) 


taking into consideration appropriate higher-order terms. 


1. INTRODUCTION 


ANY authors have studied the many-boson system 

and showed the presence of the phonon-roton 
type excitation spectrum as in the actual system of 
liquid helium. Especially, Bogoliubov' noticed the fact 
that the occupation number of the zero-momentum 
state was macroscopically large, and treated the 
quantum amplitude for this state ao’, ao as a classical 
number .V»'. He could get, then, the phononlike 
spectrum by diagonalizing the quadratic terms of 


* Supported in part by the Alfred P. Sloan Foundation. 

+ On leave of absence from Tokyo University of Education, 
Tokyo, Japan. 

1N. N. Bogoliubov, J. Phys. (U.S.S.R.) 9, 23 (1947). 


ay', ay(/k! 40) in the Hamiltonian. Brueckner and 
Sawada’ used essentially the same method and con- 
firmed this result. 

Recently, Girardeau and Arnowitt® showed that 
there appeared an energy gap in the excitation spectrum 
if one used the best trial function which fully took into 
consideration two-body correlations. This result was 
confirmed by Wentzel* who used a slightly different 
method. 

Though they obtained a better ground-state energy 
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than the previous authors, the existence of an energy 
gap in the excitation spectrum does not agree with the 
phonon spectrum in liquid helium, and moreover, is in 
contradiction to the theorem by Hugenholtz and 
Pines,® which states that the excitation spectrum of 
many-boson systems with repulsive interactions should 
vanish at the origin (k=0). Therefore, as Girardeau® 
suggested, this energy gap should vanish in a higher 
approximation in which more than two-body corre- 
lations are taken into consideration. 

The purpose of this paper is to show that this energy 
gap does in fact vanish in a higher approximation. 
In Sec. 2, we show that the results of Girardeau and 
Arnowitt® can be obtained in a simple generalization of 
Bogoliubov’s method. In Sec. 3, we include higher 
approximations in that we construct the eigenmodes 
for collective excitations. We solve the secular equation 
in the vicinity of zero momentum and show that the 
energy spectrum is linear in momentum (phonon 
spectrum). 


2. ENERGY GAP 


The Hamiltonian for a many-boson system is of the 
form 


= >. €,4,'0,+4 aa > >. V q@kiq Gx’ q Ix’, (1) 


where « is the kinetic energy, 
€, = h*k*/ 2m, (2) 


and WV, is the Fourier transform of the interaction 
potential, 
Vya=(1 a) [Vines tr. (3) 


The symbols ay', a, denote the usual creation and 
annihilation operators 

we 

}= Lae jax’ j=0. 


| dx,dn' |= dx k’s [ ax, @x 


We can expect that the occupation number of the 
zero-momentum state .\y=do'd» is very large, and so 
the commutator [a»,ay' | can be neglected compared 
with do'do itself. Noting that we are dealing with the 
system with constant number of particles, we can 
replace do’ and ad» by an operator (V— Dox 0dx'ax)!, as 
was done by Brueckner and Sawada? and Wentzel.* The 
verification of this procedure will be given in the 
Appendix. 
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Then, the Hamiltonian (1) can be written as 


H=U +H2+H;4+H,, 


Vo.V?, 
=PlLet VV ic jan'aet3.VVifax'a x’ +a nx |}, 
bow De (VHD axl ax)? (Viet Ve) 
X [aie pte dee +e de ese, 
La dx De’ V Gx +q' Gx’ q! Gk’ 
—{ Dx De { ( Vot Viet Vie au’ andy: ay 


+Vi;(a,'a x +a ky Ay’ Ay}. 


(4a) 


The diagonalization of Hz can be easily achieved by 
the Bogoliubov transformation, 


ay = Uy QA, — Ve, 
A, = Uy, Ti, , 
We — = :. 
where @ and 2% are given by 
4? = SL (at vVV Fy)+1 l, 
te = 30 (at VV e/ Ex) —1), 
and 
Ix = [ ex (ext VV x) }}. 
The part of the Hamiltonian labeled H. becomes 
H2=} dial Fu (act VVidh}tdx Fxaxta.. (8) 


Thus, /y, the excitation energy of the quasi-particles, 
gives the excitation spectrum of the whole system in 
this approximation. As is seen from (7), for small 

k\, Ay« k!, and for large k , /y« e, similar be- 
havior as for the phonon-roton spectrum in liquid 
helium. This is the result given by Bogoliubov' and 
Brueckner and Sawada.” 

The transformation (5), however, affects the term 
H;, H, in the Hamiltonian (4); especially, if we re- 
arrange every term into normal products with respect 
to a’ and a, there appear extra terms from H, in- 
dependent of and quadratic in a’ and a. Thus, a better 
approximation may be obtained by taking into con- 
sideration these extra 
Uy and 2? . 

After carrying out the transformation (5) and re- 
arranging each term, the Hamiltonian (4) becomes 


terms in the determination of 


H=U HHA t+i3Cy, (9) 
where 


Uo’ = 3 V oN +D aL? (e+ 2V Vu) —2NV eur) J+D x Diu (VotVs we’ Uae Ue" 
—43 202i (Vot Vit Veer? — doe Sot Vice (uv) (U0) $x Doe Vialur) xre’, 


(9a) 


Ko= Dial (m2+r2) (at VVidtdDu(VotVy we — Doe (Vot Vat Verret +E Vier (ure | 
— 2(uv)al VVie— Doe Vice (ur) — Vie Dee De? JN + Da{ — (uv) al (e+ NV Vi) + De (Vot Vin 


— Pou (VotVit Vs 


M. Hugenholtz and D. Pines, Phys. Rev. 116, 489 


Girardeau, Phys. Rev. 115, 1090 (1959 


1959). 


re? +> y Vs (11 er JAB (m2 +02) DNV De Vs ke’ (UU) ye Vy re UY,” |} 


} 


X [ox tex ci  t+a_ya, |. (9b) 
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The explicit expressions for 3; and iC, are not necessary 
here, and will be shown when necessary. 

We determine the parameters um and 1 so as to 
eliminate the nondiagonal term ay'a_y'+a_yax in We. 
It is to be noted that this procedure is nothing but 
“the principle of elimination of the dangerous terms” 
proposed by Bogoliubov’ in his theory of super- 
conductivity. 

In order to simplify the expression, we introduce the 
following quantities: 


K= U’", 
h=De V. k’/Uk’”, 
I= Dow View (ur), 


Ie = xt ( V—A) Vit Uy—l0)+Jo, 
gu=(N—K)Va—J x. 


(11) 


Then, the equation determining um and % can be 
written as 

uy? = 30 (Su/Ex')+1)], 

vu = 3 (fe Ex’)—-1), 


(uv) _= &k 2E,’, 
and 
ky! =( he ge |}. (13) 


Since fx and ge involve the summation of 22 and 
(uv)x, Eq. (12) is a complicated integral equation for 
Uy, and 2. 

When um and v, are thus determined, 30, becomes 
(14) 


n" 7 
KH2= >. ky Oy Oy. 


Therefore, /y’ expresses the energy of the quasi- 
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particle in this approximation, but this does not vanish 
even if |k! — 0. That is, if |k} — 0, 

hi VAN=Kj)+Ie, 

aaa V o( V—K)—Jo, 
and 


Ky! > [4Vo(N—K)Jo]}. (15) 


This gives the magnitude of the energy gap. 

It is to be noted that the condition for the minimum 
ground-state energy gives the same equations for #, and 
% as (12). Thus, the ground-state energy in this case 
is lower than that of the previous case, Eq. (6). This 
result is essentially the same as that of Girardeau and 
Arnowitt,? who employed the variational method. The 
method employed by Wentzel is almost the same as 
ours, but his Hamiltonian is restricted and cannot be 
used in higher approximations as will be shown in the 
next section. 


3. COLLECTIVE EXCITATIONS 
Secular Equation 


The purpose of this note is to point out that the result 
of the previous section, namely the appearance of an 
energy gap, is a consequence of the inclusion of only 
two-body correlations, and hence it is not sufficient 
to explain the phonon spectrum in liquid helium. The 
occurrence of an energy gap is in contradiction with a 
theorem by Hugenholtz and Pines,’ as mentioned in the 
introduction. We that the energy gap does 
vanish when appropriate higher-order terms in the 
Hamiltonian are taken into consideration. 

The remaining terms in our Hamiltonian are 3; and 
34, which are of the form 


show 


Hy=h Diu De (V—Lx antay)'{L(k’, K+K’) (ety) Vi +L (kK, RAK’) (tie toe) Vie’ 
— M (kK k’) (tpi tigi) Vege} (Cig te once ton lon lonse —§ Se Ee (VY au lan)!{M (kK, KK) (yt on) Vie 
+M (k, K+k’) (tito) Vie — M(KK’) (tsi Hc) Vics} (onto: ta k—k’ T+Q___k’QK’/Ay), 
He=} Doe 2k Ok’ VM (k, k+q)M (k’, k’+q) (axi,'e i’ —q ic” 4! FOL OX Hg +q) 
+334 dk De Vai (ky, k+-q)M(K’, kh’ + q)ars q'e tan yg +3 Dog Die Der Val (k, k+q)L(k’, k’+q) 


where we write 
M (k,k’) = Uy TT UgRMy’, 
LK kK’) = yt +n? x, 


(18) 


and 34’ expresses all the terms of the fourth power 
corresponding to the second and third terms in H,, 
Eq. (4a). It is not necessary to consider the quantity 
i,’ further. 

Now, we shall look for the eigenmodes of excitation 
of the form 


Ba! = ¢gqaa'+ XQa_aQ 


+ ¥ox’{(K; Q)ax, g'a K. tn(K: Q)a K aax}, 


7N. N. Bogoliubov, J. Exptl. Theoret. Phys. (U.S.S.R.) ¢ 
(1958 


XOk+q'O_x’ q Ae +Hy’, (17) 
where ¢a@, Xe, €(K;Q) and n(K;Q) are coefficients to 
be determined and satisfy the normalization equation, 


¥Q -— XQ EB 


+ ¥x’{|E(K; Q)|*— /n(K; Q) |*}= 


(19a) 
The prime on the summation means that each pair of 
a'a' or aw must appear only once. The coefficients are 


to be determined by the condition that 8g! satisfies the 
equation 


[7,8 Q' J=QQe8eq". (20) 


To get this equation, some approximations are neces- 
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sary, i.e., linearization of the equation of motion.’ This procedure is familiar in the various calculations 


of collective excitations.° 


In our case, we get the linearized equation of motion as follows": 


[H,aq' |= Eq'agt Xx’ {C(K; Q)ax,'a x'+D(K; Q)a x-Qax}, 


[H, ag ]= —Eq’a_g— Xx’ {D(K; Q)ax,q'a_x'+C(K; Q)a_x_gax}, 


[H, ax.g'a x! |= (Exse’ + Ex’ )ox,q'a_x'+C(K; Q)agi+D(K; Q)a_a 
+¥>x'{A(K,K’; Q)ax,e'a x '+B(K,K’; Q)a K’ Qcx’}, 


(21) 


[H, a_k qax |= — (Exia’+Ex’)a K gax— D(K; Q)agt—C(K; Q)a_a 
—>x {B(K,K’; Q)ax.e'a x '+A(KLK’; Q)a K’ Qax’}, 


where A, B, C, and D are given by the following expressions. 

A(K.K’; Q)= VeM(K, K+Q)M(K’, K’+-Q)+ Ve_x L(K,K’)L(K+Q, K’+Q) 
+Vxix+el(K, K+Q)L(K’, K’+Q), 
B(K,K’; Q)= VeM(K, K+-Q) M(B’, K’+Q)4+ Vxe_x M(K,K’)M(K+Q, K’+Q) 
+Vxix.QeM(K, K+Q)M(K’, K’+Q), 
C(K; Q)= (N)1{ Vx(ux—ex)L(Q, K+ Q)4+ Vie(ux+e—tx+9)L(K,Q)— Ve(uqg—ve)M(K, K+ Q)}, 
D(K; Q)=—(N)'{Vx(ux—tx)M(Q, K+ Q)+4+ Vxio(uxsq—tK+9)M (K,Q)+ V e(uqg—ve)M (K, K+Q)}, 


and 


N= V-—> Ty" \V—-—K. (22a) 


%,’ contributes to A and B only in lower-order terms 
in 2 (normalization volume) than those given by (22), 
and the commutator with the factor [.V—}oy ax'ay }! in 
3; is also of lower order in @. 

From Eq. (20), we obtain the secular equation for 
the coefficients ¢, x, & and 7. It is more convenient to 
introduce the following quantities: 


XQ= gqtXa, 

ye= ¢Qq—Xa, 
X(K; Q)=£(K; Q)+n(K; Q), 
V(K; Q)=£(K; Q)—n(K; Q). 


Then, the equations can be written 


Qere = Ee'yetdXx' (C+D) (K; Q)Y(K; Q), 
QoX (K; Q)= (Ex.q'+Ex’)¥ (K; Q)+ (C+D) (K; Q) 
XvetbLx’(A+B)(K,K’; Q)V(K’;Q), (24a) 


® Generally, [H,8q'] contains higher-order terms which can be 
vritten as products of two operators, one appearing in the defini- 
tion of Ba’ and the other not. Linearization can be achieved by 
replacing this latter operator by its ground-state expectation value. 
In our notation, this procedure corresponds to writing [H,8q'] as 
a normal product form and picking up only the linear terms in 
a*, a, a'a’, and aa. 

* See, for example, K. Sawada, Phys. Rev. 119, 2090 (1960) for 
general formulations; K. Sawada, Phys. Rev. 106, 372 (1957) for 
plasma excitations in the free electron gas; P. W. Anderson, Phys. 
Rev. 112, 1900 (1958); K. Yosida, Progr. Theoret. Phys. 

Kyoto) 21, 731 (1959); and G. Rickayzen, Phys. Rev. 115, 795 
1959) for collective excitations in superconductors. 

10 If H contains the quadratic nondiagonal terms of ata*, that 
is, if ue, te were not determined as in §2, there appear constant 
terms in [H,atat] and [H,aa], which means these modes are 
unstable. This is the reason why we should have eliminated the 
“dangerous” terms in §2 


(22) 


Qeve= EQ'xetd x’ ( ‘"—D)(K; Q )X ( K: Q), 
Qol (K; Q) — (Ex.q’ +Fx')X(K; Q) + (¢ ‘"—D)(K; Q) 
Xxetbx’(A—B)(K.K’; Q)X(K’; Q),  (24b) 
where the prime on the summation means that only one 
pair of (—K, K+Q) should appear. 

As seen from (22), 4, B and C, D are symmetric for 
the replacements of K«+ —K—Q and K’< —K’—Q 
and K«>K’. Thus, only the symmetric parts of 
X(K; Q) and V(K; Q) for the replacement Ke>—K-—Q 
have nonvanishing contributions to the summations, 
and we can take X¥(K;Q) and V(K; Q) as symmetric 
for this replacement. That is, we can replace the 
summation }>~’ by the unrestricted summation } >°. 


Solution of Secular Equation for Small Q 
Since our interest is in the vicinity of 0=0, we can 
expand all quantities in power series of (); for example, 
A(K,K’; Q)= A(K,K’; 0)+6@.4(K,K’; Q) 
+64 (K,K’;Q)+---, (25) 
and 
X(K; Q)=X(K; 0)+X(K;Q)+X®(K;Q)+---, 
where each term is constant, linear, and quadratic in 
V, respectively. 
The zero-order equation can be written as 
Qoro= Eo'yvot 3 Ye x«(C "+- J) (K; 0) Y ( K: 
NX (K; 0)=2Ex’V(K; 0)+(C+D)(K; 0) yo 
+3 > x (A+B)(K,K’; 0) (K’; 0), 
Qovo= Eo'xo+ } > «(¢ '—D)( K : O)X( K ;Q), 
QV (K; 0)=2Fx’X(K ; 0)+ (C—D)(K; 0) x0 
+4 > x (A—B)(K,K’; 0)X (K’; 0). 


(26a) 


(26b) 
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Here each coefficient has the following value, 


(.1+-B)(K,K’; 0) = (2Vo4+-Vk4+Vx-)M(K,K)M (K’,K’) 
+ (Vex +Vxix)L(K,K)L(K’,K’), 
(C+D)(K; 0) =2(N)!(u0— v0) (Vo+Vx)M (K,K) 


+VxL(K,K)], (27a) 


(A—B)(K,K’ ;0)=Vx_x-+Vaix, a 
-— 2ivD 
(C—D)(K;0)=2(N)3 (p+) V 


We can a show that Eqs. (26a) and (26b) have a 
solution Qo- yo= V(K;0)=0; that is, we can show 
that the Sedo 


Eo'xot+ (N)}(uot+0) x VeX(K; 0)=0, 
Y(K; 0) +2 (N)3(t0-+ Vo) )Vxxo 
+33 «(Vex + Vix) X(K’;0)=0 


2Ex’X (28) 


can be satisfied by the following solution 


X(K;0)=a(uv)x, 


Xo= —a(N)!(uo+0)J 9 Ey’, 

where @ is an arbitrary parameter to be determined by 
the normalization condition (19a). This is 
verified by substituting (29) into (28) and 
Eqs. (10)-(13). 

Thus, the excitation energy 2a vanishes when 0 > 0; 
that is, there appears no energy gap. The next step is 
to show that &g is linear in Q for small Q. To do so, we 
must investigate the first- and second-order terms of 
Eq. (24). The first-order terms in Q of Eq. (24) can be 
written as 


easily 
using 


Qe l ‘Xo 


H43 Xx( ‘+ D)(K; 0) 
x VO (K; Q), 
QQ NX (K; 0) = 2k x’ VY (K,Q)+ (C+D) (K; 0) 
Kye +4 Sx (A+B)(K,K’; 0) (K’,Q), 


40 ‘vq 


(30a) 


2kx'X®(K; Q)— 


=NL¥ 


[req 


and 


2Ex’¥(K; Q)—[(C+D)(K; 0)/2E0' Tx: (C+D) (K’; 0 


[(C—D)(K; 0)/2Eo' J¥ox (C—D)(K’; 0)X 


0(K; Q)+[(C—D)(K; 0) 
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Eo'xqgP@ +3 ¥x(C—D)(K; 0)X™ (K; Q) 
+6 Faroth x 6 (C—D)(K; Q)X(K; 0), 
2h-x X'(K; Q)+ (C—D)(K; 0)xQ +3 Six: (30) 
x (A—B)(K,K’; 0)X(K’; Q)+6%Lx,Q” 
x X(K; 0)+6@(C—D)(K; Q)xo+3 ¥x: 
<6" (A — B)(K,K’; Q)X(K’; 0), 
where 
6“) (C—D)(K; Q) 
(A—B)(K,K’; Q) 


(N)3 (9+ 00)5 


VV ira (34) 
6" VxiK'+Q, 
and 

E'=0, 


since //g9’ is an even function of Q. Substituting these 
values and the zero-order solution (29) into (30b), we 
can see that Eq. (30b) has a solution 


xe" =(), 
¥(K; Q)= 


The value of 29" can be determined from Eq. (30a) 
and the second-order equation of (24b), which can be 


written as 


and (32) 


Sad I (uv) K+Q. 


‘ = Ko'xq »+3 5'~(C—D)(K; 0) 
xX@(K; Q)+¢, 
YO (RK; Q)=2Fx’X@(K; Q)+(C—D)(K;0) (33) 
XK xq? +3 ¥ x (A—B)(K,K’; 0) 
xX (K’; Q)+P(K; Q), 
where p and P(K; Q) are given by 
p=5 Eq'xo +} Sx{b" (C—D)(K; Q) 
«x X¥©(K; Q)+6@(C—D)(K; Q)X(K; 0)}, 
P(K: Q)=6 : Ex,q’X(K; Q)+6 2 Ex,9'X(K;0) 
(C—D)(K; 0)xo+3 Nix {6 (A—B) 
x (K,K’; Q)X (K’; Q)+6@(A—B) 
x (K,K’; Q)X (K’; 0)}. 
Solving the first equation of and (30a) with 


respect to xq” and y@" and substituting them into 
the second equation of (33) and (30a), we obtain 


(34) 


(33) 


@ (K’; Q)+3 Sx (A—B)(K,K’; 0) X (R’; Q) 


2Eo" > x (C+D) (K’; 0) ¥™ (K’; Q) ] 
(C—D)(K; 0) Qe"! 
+( 


) (C-D)(K; 0), (35) 
Ey’ 


Ey! 


y¥®(K’; Q)+2 Yx-(A+B)(K,K’; 0) ¥(R’; Q) 


(C+D)(K; 0) 
vo} (36) 
Ey’ 


—) 0[ x Y(K: 1 
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Equation (35) is an integral equation for X¥°(K; Q), 
whose homogeneous part vanishes if we put X°(K; Q) 
x (uv)x, as is seen from the discussion of the zeroth- 
order equation (28). If we put 2Fx’X®(K; Q)= /(K), 
the left-hand side of Eq. (35) can be written as 
/(K)— dx T(K,K’) /(K), 

where the integral kernel ['(K,K’) is of the form 
r(K,K’)= —[(C—D)(K; 0)(C—D)(K’; 0)/4Fy' Ex.) 

+[(4— B)(K,K’; 0)/42x.’). 
The integral equation with the transposed kernel 

/(K)— x: T'(K’,K) /(K’)=0 

has an eigenfunction /(K)=(uv)x. Therefore, the 
right-hand side of Eq. (35) should be orthogonal to this 
eigenfunction, in order that the inhomogeneous equation 


(35) has a solution. Thus, we derive a relation between 


Qe") and ¥“(K; Q): 
QM '{ Sn (ur) VO (K; Q)+(1/2Eo’)x(C—D)(K; 0) 
 (ur)e x (C+D)(K’; 0)¥™(K’; Q)} 


— 


°,, ‘ 
44Q 


1 1)2 
= Ex(u)xP(K;Q)+—(— --?) 
E,’ Ey’ 


X¥x(C—D)(K;0)(uv)x. (37) 
It is easily seen from (36) that ¥“?(K;Q) is propor- 
tional to Qg"’, and if we put VY") (K;Q)=Q9"' Fx’ 
(the Q dependence of Vx’ is unnecessary), Eqs. (36) 
and (37) become 


2F x’ Vx’—[(C+D)(K; 0) /2E oJ} x (C+D) 
« (K’; 0) ¥x’+3 Sx (A+B)(K,K’; 0) Vx’ 
= X(K;0)—[(C+D)(K;0)/Eo’]xo,  (36’) 
and 


(Qe™)*{ Sox (ur)e Ve’ + (1/ 2E 9’) x(C—D)(K; 0) 
x (uv)x Sx (C+D)(K’; 0) Vx’—(1/ Eo’) dx 
x (C—D)(K; 0) (uv)x} = Ex (ur)KP(K; Q) 
— (p/ Eo’) x(C—D)(K;0)(ur)g. (37) 


If we solve (36’) with respect to Vx.’ and substitute it 
into (37’), we get the value of 29". The right-hand 
side of (37’) has a nonvanishing value, which is very 
complicated, but is proportional to (?, and so we can 
say that 2g" does not vanish and is proportional to Q. 
Since QQ=Q+NQ"’+NQ 2+--- and Qo=0, Qe is 
proportional to Q for small 0; thus, we obtain a phonon 
spectrum again. The numerical value of the proportion- 
ality constant, which corresponds to the value of the 
sound velocity, can in principle be obtained from a 
solution of the integral equation for Vx’, (36’). Un- 
fortunately, however, this cannot be done in practice 
and need not be done if we are satisfied with the quali- 
tative result that the energy gap appearing in §2 
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vanishes in higher approximations and the excitation 
spectrum is a phononlike one. 


4. CONCLUSIONS 


We have shown that the energy gap obtained by 
Girardeau and Arnowitt is only an apparent one, and 
the energy spectrum is proportional to momentum for 
small momentum without an energy gap. We have 
constructed the eigenmodes of excitations using the 
approximation of linearization of equation of motion, 
in which the third- and fourth-power terms with 
respect to the quasi-particles are taken into considera- 
tion appropriately. 

We can show that the excitation energy for this mode 
becomes zero when the momentum () tends to zero, and 
is proportional to Q for small Q, although the propor- 
tionality constant cannot be evaluated. 

We have not discussed the ground-state energy 
which must be modified in this method; the calculation 
of it is an interesting problem and will require knowl- 
edge of the excitation spectrum for all momenta. This 
appears complex even if we employ some approxi- 
mations such as the low-density limit used by Girardeau® 
in his calculation of the ground-state energy U9’, (9a). 
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APPENDIX "' 


We want to show that in the Hamiltonian (1) one 
can put [.V—Yox 0 4x'ax |! for ao’ or ap in the case of 
(ao'ao)>1. 

First, we consider the following complete orthonormal 
set of wave functions in which the total number .V of 
particles is fixed, 


1 
C(V—Soum)!}! 


(ay')¥—=% 


(ay!) 
x Il 0), (A1) 


k0 (n,!)! 


Vy: nk! 


where |0) denotes the vacuum in which there are no 
particles. 


Next, we consider the following orthonormal set of 
wave functions 
(a,')™* 
bisa TE ——l0), 
kao (m!)! 


which is in one-to-one correspondence to Vy, ;,,) if 
ds m< V. This is complete in the space V which is 


(A2) 


" Note added in proof. This procedure was given by N. Fukuda 
in an article published in Nuclear Physics (Kyoritsu, Tokyo, 
Japan, 1959), Vol. 1. Because this article is written in Japanese, 
we present the essential argument briefly 
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constructed by excluding the zero momentum state 
from the original space. 

If we construct the Hamiltonian H’ (or any operator) 
in this V space such that 

(Wy > ink’ |» Hv N: {nk}) = (Pray, H’®,,,;), (A3) 

the operator ao! or do in H can be seen to be replaced by 
LV— Xx m+e]', where ¢€ is a finite number. For 
example, 
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f (ax! ax )ay' dy Sf (ax! au) (.V —> x nN) 
= f (ay x) LV —>. dx'dy |, 
f(y" ay )ag? — f(ay" ay) 
XO(V—dou me) (V— Xe m1) J}, 
(dy! )? f (ax' ax) > [ ( V-> m+1 \(V—-dy m+ 2) ]! 
X f(ax' ax). 
In any case, € can be neglected compared with VN—}ox nx 
if V—>°x m is of the order of .V, so that we obtain the 
Hamiltonian (4), (4a). 
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Test of Global Symmetry in Pion-Baryon Interactions by K +p Reactions* 


JocesH C. Patit 
Department of Physics, University of Maryland, College Park, Maryland, and Norman Bridge Laboratory of Physics, 
California Institute of Technology, Pasadena, California 
(Received March 8, 1961) 


Under the hypothesis that the A-meson interactions do not mask the symmetries of the pion-baryon 


interactions appreciably, the branching ratios of the K 


+p reactions are studied to test the validity of global 


symmetry. The 7 !-matrix formalism of Matthews and Salam is adopted to calculate the branching ratios. 
The new Dalitz-Tuan solutions for KN scattering lengths, which incorporate the (K*+,K°) mass difference 
and the new branching ratios of the various K~ + reactions, presented at Kiev, are adopted in the analysis. 
The errors in the experimental branching ratios are so chosen as to satisfy the Amati-Vitale inequality. It 
is found that the a~ and 6* (also a*, though poorly) Dalitz-Tuan solutions can explain the branching ratios 
for K~ captured at rest. The extension of the analysis to 30-Mev incident K~ mesons under the zero-range 
approximation leads to very poor agreement with experiments. 


I. INTRODUCTION 


T is of great interest to ascertain whether the very 

strong pion-baryon interactions possess any sym- 
metry higher than charge independence. It is now clear 
that experiments exclude’ the possibility of very high 
symmetry in both pion and A-meson interactions. So 
the symmetries of the pion interactions, even if they 
exist in the bare Lagrangian, could be distorted badly 
by the A-meson interactions. If so, such symmetries are 
not useful (except, possibly, at very high energies), 
since we cannot calculate accurately the consequences 
of strong couplings. In order to test the usefulness of 
the proposed symmetries of the pion interactions, we 
would therefore consider the possibility that the A- 
meson interactions may not be strong enough to break 
the symmetries of the pion interactions appreciably, 
even though, to some, this may be of academic interest 
only. We would apply this hypothesis specifically to the 
K~+ reactions. 

* This work had its inception during the author’s stay at the 
Summer School of Theoretical Physics, University of Colorado, 
Boulder, Colorado, in 1959, the stay made possible by the financial 
support of the U.S. Air Force through the Air Force Office of 
Scientific Research and Development Command. 

* Now at the California Institute of Technology, where this 
work was completed in the present form and prepared for publi 
cation with support from the Richard C. Tolman postdoctoral 
fellow ship 

1 A. Pais, Phys. Rev. 110, 574 (1958). 


It was first pointed out by Amati and Vitale? that 
the low-energy A~+> reactions provide a good tool for 
testing the hypotheses of the restricted and global 
symmetries,’ if the A-meson interactions do not break 
them badly. These authors established an inequality* 
involving the branching ratios of the various K~+ p 
reactions on the basis of the restricted symmetry alone. 
This inequality will be referred to as the AV inequality 
in this paper. Starting with the work of Amati and 
Vitale, a number** of works have appeared in the 
literature on the same problem, with stress on the 
individual branching ratios for the different reaction 
modes, in particular on the 2~/2* ratio. These various 
attempts may be classified into two groups on the basis 

2D. Amati and B. Vitale, Nuovo cimento 9, 895 (1958). 

3M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Phys. Rev. 104, 1164 (1956 

*See Eq. (14) of footnote 2, which reads 

(Weta + W-e* —4W5%9)?+4 (W399 W 49,9 — Wet -We-s*) 20, 
where W, is the branching ratio for the reaction a. This relation is 
referred to as the AV inequality in this paper. 

5 A. Salam, Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959 (unpublished). 

®B. D. Espagnat and J. Prentki, Nuovo cimento, 15, 130 
(1960) 

7K. Kawarabayashi, Progr 
(1958) 

5M. L. Gupta, Nuovo cimento 16, 737 (1960). 

*M. Ross and G. L. Shaw, Bull. Am. Phys. Soc. 
See also, Phys. Rev. 115, 1773 (1959). 


Theoret. Phys. (Kyoto) 20, 117 


5, 504 (1900), 
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of their starting assumptions: one,>-* in which the 
symmetries of the pion interactions are assumed not to 
be broken by the A interactions, so that one can obtain 
the pion-hyperon scattering phase shifts directly from 
the pion-nucleon scattering phase shifts (in case of the 
global symmetry); and the other,’ in which the effect 
of the presence of the (KV) channel on the pion- 
hyperon-production amplitudes is taken into account 
approximately. Without further apology we would, as 
mentioned before, quickly include ourselves in the 
former group for the purpose of the present paper. The 
relationship of this work with that of Ross and Shaw® 
will be taken up in detail in a subsequent paper. 

In view of the fact that several attempts have 
already been made under the category of the first 
group, one could ask: What is the purpose of the 
present work? To answer this question we begin by 
summarizing the previous attempts.*~* 

It was pointed out by Salam* at Kiev that the energy 
dependence of =~:=*:=° branching ratios is not con- 
sistent with global symmetry. This analysis was based, 
however, on the old branching ratios (2~:2*:2°:A° 
~2:1:1:}) which violate the AV inequality. Hence the 
disagreement with global symmetry is not unexpected. 
Furthermore, this analysis adopted the old Dalitz- 
Tuan” scattering lengths, which neglected (AK*,A°) 
mass difference. The work of d’Espagnat and Prentki® 
and Kawarabayashi’ are also based on the old branch- 
ing ratios, and hence their conclusions need not hold. 
Recently Gupta® has shown that it is possible to obtain 
a set of real values for the phase shifts" a; and a, of the 
pion-hyperon system, if one adopts the new” branching 
ratios. From this, he concludes that restricted sym- 
metry may be a useful concept. In his analysis, however, 
he chooses the mean values of the branching ratios, 
which contradict the AV inequality and hence the 
restricted symmetry. It is not immediately obvious how 
sensitive is his analysis to the choice of errors'® in the 
experimental branching ratios. Hence, the conclusion 
on the usefulness of the restricted symmetry seems to be 
rather ambiguous. Furthermore, like the previously 
mentioned authors, Gupta also uses the old Dalitz-Tuan 
scattering lengths. 

In view of the above, it was felt necessary to test 
the validity of the global symmetry by adopting the 
new branching ratios’ and the new Dalitz-Tuan" 
scattering lengths which include the (K*,K°) mass 

 R. H. Dalitz and S. F. Tuan, Ann. Phys. 8, 100 (1959 

'! ay and ay denote the pion-hyperon phase shifts in J=4 and 4 
states, respectively, and are defined in Sec. III. 

2. Alvarez, Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959 (unpublished). 

“It is to be noted that the mean values of the experimental 
branching ratios"? (Y~:2*+:2°:A°~45:21:27:7) lead to a value of 
p= (ks/ka)lo(A)/oris(2 0.41, which is a parameter in Gupta’s 
analysis. Gupta chooses »~0.5. However, if we choose the errors 
in the experimental branching ratios, so that the AV inequality is 
satisfied, then p~1.36 


4 R. H. Dalitz and S. F. Tuan, Ann. Phys. 10, 307 (1960). 
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difference. We start with such choice! of errors in the 
branching ratios, which satisfy the AV inequality. 
We assume the following in the analysis: 


(i) A low-energy K~ (laboratory kinetic energy of 
K~ S30 Mev) is captured predominantly in the S state. 

(ii) K~ has odd'® parity relative to the hyperon- 
nucleon system. 

(iii) The (2,A) parity is even. 

(iv) The (2,A) mass difference may be neglected in 
the dynamics of calculations. 

(v) The presently known 
complete. 

(vi) The pion-baryon coupling constants satisfy 
global symmetry, which is not masked appreciably by 
the A-meson interactions. 

(vii) The new Dalitz-Tuan" scattering lengths hold, 
and the zero-range approximation is valid up to a A~ 
laboratory kinetic energy of at least 30 Mev. 

In Sec. IITA we discuss the scheme of pion-baryon 
interactions to define the restricted and global sym- 
metries. In Sec. IIB we develop the 7~'-matrix formal- 
ism of Matthews and Salam for calculating the branch- 
ing ratios of the various K~+ reactions. In Sec. ITI, 
global symmetry is applied to determine the pion- 
hyperon scattering lengths from pion-nucleon scattering 
lengths and the results are used to determine the 7- 
matrix elements for the various reaction channels. In 
Sec. IV the results of the calculation of branching ratios 
for the various K~+> reactions are given for capture of 
K~ at rest and at 30 Mev laboratory kinetic energy. It 
is found that there exist solutions for a~ and 6* (also 
rather poorly for a*) Dalitz-Tuan scattering lengths 
which can explain the =~:2*:2° branching ratios 
reasonably well for A~ capture at rest. However, the 
agreement for 30-Mev K~ mesons is very poor. This 
casts doubts on the validity of the global symmetry 
Thus the conclusion regarding the global symmetry 
hypothesis remains essentially the same as _ before,° 
even with the new” data and the Dalitz-Tuan 
scattering lengths. 


baryon spectrum is 


new 


II. FORMALISM 
A. Pion-Baryon Interactions 


It is well-known" that under the hypothesis of 
charge independence, Yukawa-type _ interactions, 
equality of the ({Aw) and (227) coupling constants, 
and assumptions (iii) and (iv), the pion-baryon inter- 
actions take the form 


H,= gN itis Vv; ‘a+ gol Nixiy sVet+ N 3 


6 It is easy to check that this choice is very limited 
‘6 The analysis is not sensitive, however, to the choice of this 


parity, essentially because both S; and Py (#—N) phase shifts are 
small at the energies involved. 

‘7M. Gell-Mann, Phys. Rev 
Rev. 110, 574 (1958). 


106, 1296 (1957); A. Pais, Phys 
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where 


(). GC) € 


Y= (A—2)/v2; Z=(A+2")/v2. 

The symmetry involved in Eq. (1), i-e., the isospinor 
description of all baryons, is referred to as “restricted 
symmetry.” The hypothesis of “global symmetry” 
[assumption (vi)] is to enlarge the above symmetry 
by assuming 


S1= g2= fs (3) 


It is clear that H, given by Eq. (1) conserves the 
usual isotopic spin T and the doublet'® spin I, which is 
} for members of the four doublets V,, V2, V3, and V4, 
and 1 for the pions. Thus the 7.V;, Vo, w.V3, and w.V, 
systems can be in ]=} and 3 states and the scattering of 
each of these systems in a given angular momentum 
state can be described by two scattering amplitudes,'® 
one for the 7=} and the other for the 7/=3 state. This 
is the outcome of “restricted symmetry.” 

If we further assume global symmetry [Eq. (3) ], the 
mV> and mV; scattering amplitudes in J=} and 3 
states can be equated to the corresponding 7.V, scatter- 
ing amplitudes. The precise energy at which these 
should be compared is not clear, since the mass differ- 
ence between nucleons and hyperons is large. However 
for low-energy A~ absorption the relative pion-hyperon 
energy is nearly that of resonance for the w.V, system. 
At these energies the J=3 w.V, phase shifts are small 
and slowly varying, so we will choose some mean value 
of these phase shifts. 


B. T~'-Matrix Formalism of Matthews 
and Salam 


Let us consider the reactions involving two particles 
in, and two particles out, with » possible channels, and 
let us assume that only S-wave interaction is important 
in the energy region of interest. Following Matthews 
and Salam,’ we define the 7 matrix in terms of the 
S matrix by 

S 5:= 8 i+ 2i(ky)!T (ki), (4) 


where &; and ky denote the relative momenta measured 
in the c.m. frame in the initial and final channels, 
respectively. The unitarity of the S matrix implies that 
it can, be written in terms of a Hermitean matrix as 
follows: 
S= (1+7k!Kk!)/(1—ik!KR!), (5) 
where 
(k*) 5p =8i7(ky)?. (6) 


18 A. Pais, Phys. Rev. 112, 624 (1958). 
'§ These amplitudes are necessarily the same for V2 and w.V3 
systems because of Eq. (1). 


*” P. T. Matthews and A. Salam, Nuovo cimento 13, 381 (1959). 


INTERACTIONS 


BY K-+p REACTIONS 


By Eqs. (4) and (5) 
(T) ¢= (K™) is — th 6 i;. (7) 
By time-reversal invariance, S and hence A are sym- 
metric. But K is Hermitean by unitarity of the S$ 
matrix. Hence K is real and symmetric. So also is AW. 
This reduces the number of parameters needed to 
describe the 7~' matrix [see Eq. (7) ] and makes the 
kinematic structure of 7! particularly simple. This is 
the motivation for adopting the 7~'-matrix formalism. 
For a system with only one channel. A~ is related 
to the S-wave phase shift a by 
K=k cota=Z, (8) 
where & is the relative momentum in the two-particle 
center-of-mass system, and Z is the inverse of the 
scattering length. 


C. T-! Matrices for K~- +p Reactions 


The following three*! channels are to be considered 
for K~+p) processes in the energy region of interest: 
K-+p— K+N, 

K-+p—2+1, (9) 
K-+p— A+n. 
The initial state can have isotopic spin 0 or 1. So the 
7~ matrix for the above processes can be decomposed 
to (7~')® and (7~")', where the superscripts denote the 
isotopic spin of the system. By Eq. (7) and the fact 
that A is real and symmetric, we can write 
KN Ln 
aod KN (ao—iky ho ) 
(r= rae 
bo—tke 


ir | ho 

KN <r Ar 

KN (a—ik, h g 
(T—)'= Ze h b—iks f 


Ar g J c—tk 


(11) 


ky, ko, and ks denote the relative momenta in the center- 
system in the K.V, =x, and Am channels, 
respectively. The nine parameters do, /to, bo, a, h, g, 6, f, 
and ¢ are real and determine the (7~') matrix com- 
pletely. Denoting the K.V, =x, and Aw channels by the 
numbers 1, 2, and 3, respectively, we have from Eq. (10) 


of-mass 


1 
[ ao— he? (bo—tke) ]—ik, 
ee (Zo—ik1), 


T 1° 


(12) 


where Zo is the inverse of the complex Dalitz-Tuan 
scattering length for the 7 =0 state of the A.V system. 

2 We neglect (Aw) and (227) channels, since their cross 
sections are very small compared to (Ar) and (27) channels in the 
energy region under consideration. 
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Writing Zo= Xo—i¥o, we have 

X o= do— (ho*bo/ be? +2"), 

V o=herko/ (be? +h"). 
From Eq. (10) we also have 

—ho/ (bo—tk2) 
of eas: » 

[ao— he?/ (bo—ikz) ]—ik; 
(VY o/k2)'e* 
fel” 


where 

tando= ka/ do. 

By Eq. (11) we have 
= 1 
Ti = = i : 
Z,—thk 
Ay/ An 
Zl. 


att 
> f-h 


where D denotes the determinant of the (7~')' matrix, 
and Z,;=X,—/Y; is the inverse of the complex Dalitz- 
Tuan scattering length for 7=1 state of the A.V system. 
The quantities A,,;s are given by 

A 1, = (b—tke) (c—iks)— f°, 

A R= —h(c—ik;—xf), 

Ay3=h{ f—(b—ik:)}, 
where 


x=g/h. (18) 


If we assume the validity of restricted symmetry 
[Eq. (1)] and that the K-meson interactions do not 
break it appreciably, the four real parameters bo, b, f, 
and c for pion-hyperon scattering can be expressed in 
terms of two parameters (K~'),; and (K~-'),; correspond- 
ing to J-spin=} and 3, respectively, as follows*: 


bo= (Sa! K- (K+), 

b= (Z| K- §(K-);+9(K~),, 
f=(2e| K™| Aw): =4v2[(K~),— (K-),] 
c= (Aw| K™| Aw), =$[2(K")3+ (A), ], 


=r) 


<r); 
(19) 


’ 


The subscripts 1 and 0 correspond to the usual 
isotopic spin 1 and 0, respectively, while 4 and 3 
correspond to /-spin=} and 3, respectively. 

If we assume global symmetry [Eq. (3) ], we can 
evaluate (A~'),; and (K from the known experi- 
mental data on pion-nucleon scattering. This gives us 
four of the nine parameters needed to specify the (7~') 
matrix elements. Four more parameters are given by 


Cc. PATI 


the two complex Dalitz-Tuan scattering lengths. To 
determine the remaining one parameter, we use one 
experimental number involving the branching ratios 
for > and A production. We choose this number to be 
Gabsorption(2 =1)/a(A). Thus we determine all the 
parameters of the (7~') matrix. 


Ill. APPLICATION OF GLOBAL SYMMETRY 


The quantities (A~'); and (A~'); referring to the 
pion-hyperon scattering can be written in terms of the 
relevant phase shifts as 


(K—'); =n, cota, 


(A- )3=7, COtay, 
where 


"c= k,/ Mz. (20) 


k, denotes the relative momentum in the c.m. frame 
of the pion-hyperon system. We adopt the units, in 
which #=c=1 and represent all lengths in units of pion 
Compton wavelength. By global symmetry, we relate the 
pion-hyperon phase shifts a; and a; to the corresponding 
pion-nucleon phase shifts. As a convention, we compare 
these phase shifts for the same pion-baryon relative 
momentum in the c.m. frames. Since these phase shifts 
are small, 9, cota; and yn, cota; may be approximated by 
nr/a, and 7,/a;, respectively, which are nearly con- 
stants for low energies. The outgoing pion kinetic 
energy in K~+p— =(A)+7 is nearly 90 (150) Mev in 
the c.m. frame for =(A) production. Using the values” 
of 9,/a; and 9,/a; for S-wave .V scattering around 
these energies, we adopt™ 


(K ')i=+6, 
(K-),; = —10. 


(21) 


By Eqs. (19) and (21), we have 
b= +6, 
b=, 
f=—755, 


c=—14/3. 


Capture of K~ at Rest 
The relative momenta &;, ko, and &; in the c.m. frame 
in A.V, =x, and Aw channels are given by 
m,?(E.2—m;,”) 
kev=— re 
m+m,?+2m,F,""” 


CE*— (ms.,+m,)* LEW — (my ,- 
k» = 


m,)* | 


4E* 


Puppi, /958 Annual International Conference on High 
Energy Physics at CERN (CERN Scientific Information Service, 
Geneva, 1958). B. Pontecorvo, Ninth Annual International 
Conference on High-Energy Physics, Kiev, 1959 (unpublished 

*% The analysis is not very sensitive to slight alteration of the 
values of (K~')y and (K~*),. 


2G 
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where /:* denotes the total incident energy in the c.m. 

frame and Ex the total energy of the K meson in the 

laboratory system. For capture of K~ at rest, we obtain 
k,=0, 
kom~1.3m,, 


kx~™~1.8m,. 


(24) 


By Eqs. (17), (22), and (24) we have 
Ay —62.3+5.9i, 
Aj. —h(—14/34+7.5x—1.87), 
A 13> +h/( — 7.5- 2+ 1.3.27). 
The only remaining unknowns in the 7 matrix are 
the parameters h and x or, equivalently, 4 and g. We 


proceed to determine « first by using the following 
relation: 
Pabsorption( 7 = 1) ko Ay 2+k: Aj; 2 


a(A) tR3|A43(? 


2(=++2-)—42°+2A° 


’ 


A® 


2 Ai 2 ks Aj, 


=[2(S++2-)—42°//2N°=a (say). (26) 


By Eqs. (25) and (26) we can evaluate x provided 
we use the experimental value of a. The branching 
ratios reported at Kiev” are: 

K-+9— 2" +2", 
K-+p—2t+7, 
K +p aul Y*+7", 
K +p — N+r", 


45+1; 
21+1; 
27+2.5; 
7+1.5. 
It is pertinent to notice that if we choose the mean 
values By of the above branching ratios, then there is 
not much point in proceeding further, since By violates 
the AV inequality. We therefore choose the following 
branching ratios (roughly consistent with the errors 
in Eq. (27)) for our analysis. 
2-322: APs 43.5: 20: 29: 7.5. (28) 
The above choice is rather limited in order to satisfy the 
AV inequality. By Eq. (28) we have** 
a~0.75. (29) 


Equations (25), (26), and (29) yield a quadratic 
equation for x, solving which we obtain 


+ 1.81 
x™~ . 
—0).344 
* Note that the mean values of the branching ratios in Eq. 
(27) lead to a~1.7. 


(30) 
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We shall henceforth represent the results by a fwo-row 
matrix; the top row corresponding to x«=1.81 and the 
bottom row to x= —0.344. By Eqs. (25) and (30) we 
have 

A yy — 62.34+5.97, 


8.99 
A py - il ( 
8.74 
A il = ( 
7.31 


We determine the only remaining unknown parameter 
h by using the unitarity condition on the 7" matrix 
elements, which gives 


Im T1'= kh; Ti! 2+ Ry T 12) 24+ ks T 13! 2. (32) 


By Eqs. (16), (31), and (32), we obtain 


(33) 


The inverses of new Dalitz-Tuan"™ scattering lengths 
in units of pion mass are the following: 


Z,=X,—1Y = (0.831—70.208) 
= (—1.37—10.246) 
= (+1.84—70.577) 
= (—1.30—71.97) 

and, , 

Z y= X o—tY o= (+0.415—71.66) 
= (—0.160— 70.853) 
= (+0.442—70.442) 


= (—0.706—70.235) 
By Eqs. (33) and (34), 
at bt b- 


1.78 2.97 5.48 
k= (+)( ). 
6.75 


2.19 2.39 
The top row, as mentioned before, corresponds to 
x=+1.81 and the bottom row to x= —0.344. The four 
columns correspond to the four possible Dalitz-Tuan 
solutions for the K.V scattering lengths. 

We have now determined all the parameters of the 
T° and 7T' matrices and can proceed to calculate the 
~-:2+:° branching ratios from the following expres- 
sions for the matrix elements of the various A~+ ) 
reactions. 


(36) 


3.65 


= +2": 
at+-7 
>°+-7°: 
A°+7n°: 


(1/4/6)T 1° +43T 2! ; 
(1/x/6)T 1° —3T 2! ; 
(1/\/6)T 12"; 
(1/v2)T\3'. 
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IV. 
A. Results for Capture at Rest 


The results of the calculation of the branching ratios 


for a+ and } solutions of A.\-scattering lengths are 
given below. 


1.2 


0 


0 


v-—. V+. TOR 
' 


i 
0. 


1.¢ 


0.7 
~ (6-) (38) 


( 
~( 
( 
( 


2.8 0. .28 


The first and the second row in each parenthesis 
corresponds to *=+1.81 and —0.344, respectively 
[see Eq. (30) ], while the first and second column in 
each bracket corresponds to positive and negative signs 
of h, respectively, [see Eq. (36) ]. Comparing with the 
observed branching ratios =~:=*+:2°~1.5:0.7:1 [see 
Eq. (28) ], we that there exist solutions, in 
particular for the a@~ and 6* Dalitz-Tuan scattering 
lengths, which can explain reasonably well the observed 
branching ratios at threshold. The agreement is not too 
bad for the a* Dalitz solution (consider the set 2:0.7:1) 
while it is rather poor for b-. From this, we may 
conclude that the data on the branching ratios at 
threshold are consistent with global symmetry. 

We next extend the same procedure to capture of K 
in flight with low enough energy so as to permit the 
assumptions (i) and (vii). As an example, we consider 
capture of K~ at 30 Mev of laboratory kinetic energy. 


notice 


B. Capture of K~ at 30 Mev 


We assume the zero-range approximation [assumption 
(vii) ], by which we treat the parameters do, /o, bo, a, h, 
g, b, f, and ¢ as constants. Thus we take their values at 
30. Mev to be those at threshold. The change in the 
matrix elements occur only through a change in the 
values of the relative momenta &), ke, and ky. Their 
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values for 2.x =(mx+30) Mev are [see Eq. (23) |: 
k, ~0.809m,, 
k.=1.44m,, 


k3=1.93m,. 


(39) 


By following the same procedure for the calculation of 
the branching ratios, as at threshold, we obtain 


0.6 2 2 0.6 
za ( ):( jaa (at 
24 63 3S 24 
2 2 
a . he 
1.9 1.9 
a , * 


3.7 3.7 
no) ” 
All of the above results are clearly in contradiction 
with the experimental branching ratios*® (2~:2*+~1:1) 
at 30 Mev. Thus one may conclude, granting the 
validity of the assumptions (i), (ii), (iii), (iv), (v), and 
(vii), that, 

(i) either global symmetry does not exist even in the 
bare pion-baryon interactions, or 

(ii) it exists in the bare interaction, but is heavily 
masked by the K-meson interactions, so that it is not a 
useful symmetry at low energies. At very high energies,”* 
experiments may still confirm its validity. 


(40) 
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2% There is not any reliable data for the 2°-branching ratio 
around 30 Mev kinetic energy of A~. For the =~/Z*-ratio at 30 
Mev, see M. F. Kaplan, 1958 Annual International Conference on 
High Energy Physics at CERN (CERN Scientific Information 
Service, Geneva, 1958). 

26 There is some hope that the symmetries of the bare re- 
normalisable interactions may be exhibited in the limit of certain 
high energies [M. Gell-Mann and F. Zachariasen, Phys. Rev. 
to be published) ] 
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